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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
70 ]. This is test number [ 124 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (70 ) | 0.00 (0)
Mathematica | 100.00 ( 70 ) | 0.00 (0 )
Maple | 100.00 (70) | 0.00 (0)
Fricas | 100.00 (70 ) | 0.00 (0 )
Mupad | 70.00 (49) | 30.00 ( 21)
Maxima | 68.57 (48) | 31.43 (22)
Giac 65.71 (46 ) | 34.29 (24)
Sympy 429 (3) | 95.71(67)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 78.571 2.857 18.571 0.000
Maple 65.714 1.429 32.857 0.000
Fricas 64.286 5.714 30.000 0.000
Maxima, 61.429 7.143 0.000 31.429
Giac 35.714 30.000 0.000 34.286
Sympy 4.286 0.000 0.000 95.714
Mupad 0.000 70.000 0.000 30.000

Table 1.3: Antiderivative Grade distribution of each CAS




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.



System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 0 0.00 0.00 0.00
Mupad 21 0.00 100.00 0.00
Maxima, 22 100.00 0.00 0.00
Giac 24 100.00 0.00 0.00
Sympy 67 92.54 7.46 0.00

Table 1.4: Faijlure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.



System Mean time (sec)
Rubi 0.07

Fricas 0.21

Maxima 0.23

Giac 0.29
Mathematica 0.48

Maple 1.44

Sympy 2.07

Mupad 13.21

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 38.00 1.93 49.00 1.65
Mupad 60.37 1.37 42.00 1.10
Maxima 68.92 1.90 44.50 1.18
Rubi 69.46 1.00 64.00 1.00
Mathematica | 75.79 1.27 60.50 1.00
Fricas 80.67 1.21 69.50 1.16
Giac 84.67 1.66 60.00 1.62
Maple 213.20 2.38 59.00 1.33

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps

Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used
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The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals

based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/

18

X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

[ Mathematica script + grading +verification ]4>
[ Rubi script + grading + verification POST

PROCESSOR
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High level overview of the CAS
independent integration test
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build system

One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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2.1 List of integrals sorted by grade for each

CAS
Rubi . . . . e e
Mma . . . . e e 27
Maple . . . . . e e e 23
Fricas . . . . . . e e e 23
Maxima . . . . . . . e e e e e
Giac . . . e
Mupad . . . . . . e e 24
SYMPY . . . o e e e e e e e 24

Rubi

I3_8LI3_9L @@@@l@ll@@@@
llllllllll@ 661676869470} }

B grade {}

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[L2I[3, 14 51[6, 7 8[9, 10 (L1} [12}[13}[16, 18} 20} 22, 24, 26, [27] 28} 29} 30} 31} 33| 35, 36
Q@@@@@@@@@@@@@@@@@

B grade {3234 }
C grade { [14[15[17}[19,21} 23} 25} 65, 66}[67} (68, 6% [70] }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }
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Maple

A grade {[123,{4)5,6}[7, 8%} 10, L]
146}64

B grade {24}
C grade { [16,[17,[18} 1920}, 21} 22} 23} 26} 27} 47} 48} 49} 50} 51} 52} 53} 65} 66,67} 68} 69} 70) }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

mﬂmmmmmmlllll
59,60,61] 62163,64 }

)
B

Fricas

A grade {[}2, 345,68 P10} 1}[12[T3[14)
[B7}[38}[39} [42} |43} |44} |45, |46, 54} 55, [56

B grade {[7[40,[41}[58 }
C grade { [16,[17[18][19} 20, 21} [22} 23| 47} [48) [49} [50} b1} 52} [53} [651 66,67} 68} 6% [70] }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

l

2l
g
[
RIS

5

Ot
N
[
(@)
ot
(@)
&

Maxima

A grads (128ABA0E0M B354 35, 5,87 B8 B9

[42} 43,44, 45} 4654} 55} 56 64}

B grade {[14[15[25,[26,[41] }

C grade { }

F noximal fail { [L6,[17[18} 19} 20} 21} [22}[23} 24, 47 (48} 149} 50} 51} 52} 53} 65, (66, (67} 68} 69} O]

F(-1) timedout fail { }
F(-2) exception fail { }
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Giac
A grade {[1}[2[3[4,[5}6}[7}[8} 9} [L0} 11} 12}, [13} [26} 27} [28} [29} 30} 31}, 32} [33)}, 134} [35} [36} [46] }
B grade {[24[37,[38[39 [40} 41} |42 [43] 44} |45} [54} |55} [56} [57} [58), (59} [60} (611,62} [63} [64] }

C grade { }

¥ HOf?ﬂ { 415,16} [17}[18}[1% [20} 21} 22} [23} [25} 47, {48} 49} 50} 5 T} 52} 53, 65}, 66} 67} 68}
70

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad
A grade { }

B grade {E%I@IEIEL
[364[37 38} 39} (40} 41} 42 16

C grade { }
F normal fail { }

F(-1) timedout fail {[16}[17,[18}[19}[20} 21} 22} 23} 47, 48, 49} 50} 51} 52} 53} (65} 66} (67} [68} [69}
[0}

F(-2) exception fail { }

R
&3
&
&l
E

&

[261[27, 28} 29
56,57, 53,59 |

<l
&)
'
3l
E
K
RE
R
-

Sympy

A grade {93233}
B grade { }

C grade { }

F normal fail {1} 5} 5}y B0} 11 2 14 15,16, 7 15} 19} 20, 21) 23,2 25,6, 27 25
29,301, 31}, 34} 135} 361,137} 38, 139}, [0, {1}, 42} {3} (A4}, 45}, 47, 48], (49}, [0}, 51}, 52, 54} 55, 56}, 571, 58,
59,160,162, 63,65, 66} 67,681 69/ )

F(-1) timedout fail {[13][23/[46/53,[64 }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 87 81 78 60 74 0 79 56
N.S. 1 1.00 093 0.9 0.69 0.85 0.00 0.91 0.64
time (sec) N/A 0.060 0.259 4.590 0.214 0.291 0.000 0.289 15.170

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 98 98 137 108 126 114 0 121 102
N.S. 1 1.00 1.40 1.10 1.29 1.16 0.00 1.23 1.04
time (sec) N/A 0.070 0.022 049 0231 0304 0.000 0.295 0.238

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 65 65 61 58 43 56 0 57 42
N.S. 1 1.00 0.94 0.89 0.66 0.86 0.00 0.88 0.65

time (sec) N/A 0.049 0.161 0.245 0.278 0.268 0.000 0.306 14.966
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 70 70 93 85 97 95 0 98 7
N.S. 1 1.00 1.33 1.21 1.39 1.36 0.00 1.40 1.10
time (sec) N/A 0.052 0.009 0.312 0.227 0.291 0.000 0.306 15.548
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 43 36 35 34 37 0 34 28
N.S. 1 1.00 0.84 0.81 0.79 0.86 0.00 0.79 0.65
time (sec) N/A 0.043 0.068 0.191 0.205 0.289 0.000 0.300 15.745
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 40 40 48 55 58 72 0 60 41
N.S. 1 1.00 1.20 1.38 1.45 1.80 0.00 1.50 1.02
time (sec) N/A 0.030 0.009 0.118 0.208  0.267 0.000 0.299 16.080
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 16 15 31 0 15 17
N.S. 1 1.00  1.00 1.07 1.00 2.07 0.00 1.00 1.13
time (sec) N/A 0.015 0.002 0.045 0.192 0.246  0.000 0.268 16.025
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 35 30 38 40 0 40 22
N.S. 1 1.00 1.46 1.25 1.58 1.67 0.00 1.67 0.92
time (sec) N/A 0.028 0.013 0.099 0.200  0.252 0.000 0.270 0.056
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 33 24 37 28 51 37 25
N.S. 1 1.00 1.06 0.77 1.19 0.90 1.65 1.19 0.81
time (sec) N/A 0.031 0.027 0.080 0.286 0.248 2523 0.274 15911
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 50 31 27 28 0 34 28
N.S. 1 1.00 1.67 1.03 0.90 0.93 0.00 1.13 0.93
time (sec) N/A 0.053 0.009 0.154 0.197 0.254 0.000 0.273 0.046
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 61 61 45 44 73 49 0 73 67
N.S. 1 1.00 0.74 0.72 1.20 0.80 0.00 1.20 1.10
time (sec) N/A 0.048 0.075 0.219 0.290 0.272 0.000 0.279 16.433
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 50 50 71 49 43 45 0 57 43
N.S. 1 1.00 1.42 0.98 0.86 0.90 0.00 1.14 0.86
time (sec) N/A 0.076 0.008 0.228 0.197 0.265 0.000 0.276 15.990
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 89 89 68 61 103 68 0 96 91
N.S. 1 1.00 0.76 0.69 1.16 0.76 0.00 1.08 1.02
time (sec) N/A 0.060 0.079 0.256 0.279  0.252 0.000 0.280 16.137
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 113 46 304 33 0 0 42
N.S. 1 1.00 4.35 1.77 11.69 1.27 0.00 0.00 1.62
time (sec) N/A 0.044 0.442 0.724 0.429  0.273 0.000 0.000 15.610
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 111 44 296 33 0 0 41
N.S. 1 1.00 4.44 1.76 11.84 1.32 0.00 0.00 1.64
time (sec) N/A 0.044 0.299 0.340 0.428  0.257 0.000 0.000 15.212
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 110 110 84 291 0 142 0 0 0
N.S. 1 1.00 0.76 2.65 0.00 1.29 0.00 0.00 0.00
time (sec) N/A 0.089 1.113 22.693 0.000 0.099 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 110 110 184 798 0 143 0 0 0
N.S. 1 1.00 1.67 7.25 0.00 1.30 0.00 0.00 0.00
time (sec) N/A 0.093 1.201 5.330 0.000  0.098 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 72 72 58 220 0 111 0 0 0
N.S. 1 1.00 0.81 3.06 0.00 1.54 0.00 0.00 0.00
time (sec) N/A 0.061 0.458 2.141 0.000  0.094 0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 68 126 763 0 99 0 0 0
N.S. 1 1.00 1.85 11.22 0.00 1.46 0.00 0.00 0.00
time (sec) N/A 0.060 0.795 3.781 0.000  0.088 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 66 218 0 100 0 0 0
N.S. 1 1.00 0.88 291 0.00 1.33 0.00 0.00 0.00
time (sec) N/A 0.067 0.443 2.913 0.000  0.095 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 133 798 0 108 0 0 0
N.S. 1 1.00 1.73 10.36 0.00 1.40 0.00 0.00 0.00
time (sec) N/A 0.069 1.218 5.274 0.000  0.091 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 112 112 79 291 0 119 0 0 0
N.S. 1 1.00 0.71 2.60 0.00 1.06 0.00 0.00 0.00
time (sec) N/A 0.091 0.925 4.658 0.000  0.092 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 112 112 143 866 0 129 0 0 0
N.S. 1 1.00 1.28 7.73 0.00 1.15 0.00 0.00 0.00
time (sec) N/A 0.091 1.325 7.760 0.000  0.101 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 21 41 0 19 0 46 21
N.S. 1 1.00 1.00 1.95 0.00 0.90 0.00 2.19 1.00
time (sec) N/A 0.025 0.217 1.561 0.000 0.247 0.000 0.323 0.215
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 107 40 283 29 0 0 37
N.S. 1 1.00 5.10 1.90 13.48 1.38 0.00 0.00 1.76
time (sec) N/A 0.033 0.386 1.148 0.428 0.249 0.000 0.000 15.392
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 41 42 19 0 22 42
N.S. 1 1.00 1.00 2.16 2.21 1.00 0.00 1.16 2.21
time (sec) N/A 0.026 0.031 0.319 0.195 0.235 0.000 0.312 0.126
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 41 30 19 0 30 19
N.S. 1 1.00  1.00 2.16 1.58 1.00 0.00 1.58 1.00
time (sec) N/A 0.024 0.035 0.240 0.203 0.251 0.000 0.296 15.172
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 36 33 19 0 23 23
N.S. 1 1.00 1.00 1.89 1.74 1.00 0.00 1.21 1.21
time (sec) N/A 0.026 0.028 0.194 0.199 0.245 0.000 0.299 0.059




31

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 32 20 19 0 20 21
N.S. 1 1.00 1.00 1.68 1.05 1.00 0.00 1.05 1.11
time (sec) N/A 0.027 0.032 0.138 0.202 0.241  0.000 0.285 15.139
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 18 22 19 0 24 22
N.S. 1 1.00 1.00 1.06 1.29 1.12 0.00 1.41 1.29
time (sec) N/A 0.018 0.015 0.109 0.194 0.232 0.000 0.290 15.104
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 12 11 19 0 11 11
N.S. 1 1.00 1.00 1.09 1.00 1.73 0.00 1.00 1.00
time (sec) N/A 0.009 0.002 0.062 0.197 0.236 0.000 0.269 15.275
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 23 12 11 11 14 11 11
N.S. 1 1.00  2.09 1.09 1.00 1.00 1.27 1.00 1.00
time (sec) N/A 0.005 0.014 0.078 0.199 0.251 0.059 0.266 0.022
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 33 15 23 17 49 14 14
N.S. 1 1.00 1.94 0.88 1.35 1.00 2.88 0.82 0.82
time (sec) N/A 0.023 0.008 0.122 0.207  0.249 3.627 0.269 15.225
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 46 26 21 19 0 21 22
N.S. 1 1.00 2.42 1.37 1.11 1.00 0.00 1.11 1.16
time (sec) N/A 0.026 0.035 0.150 0.232 0.250 0.000 0.276 0.046
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 31 29 33 19 0 23 19
N.S. 1 1.00 1.63 1.53 1.74 1.00 0.00 1.21 1.00
time (sec) N/A 0.026 0.086 0.165 0.191 0.261 0.000 0.282 15.435
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 38 37 30 19 0 30 23
N.S. 1 1.00 2.00 1.95 1.58 1.00 0.00 1.58 1.21
time (sec) N/A 0.028 0.030 0.204 0.207  0.251 0.000 0.287 15.531
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 85 85 59 73 95 99 0 164 153
N.S. 1 1.00 0.69 0.86 1.12 1.16 0.00 1.93 1.80
time (sec) N/A 0.078 0.175 0.345 0.201 0.268 0.000 0.314 18.027
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 63 60 60 70 88 0 122 109
N.S. 1 1.00 0.95 0.95 1.11 1.40 0.00 1.94 1.73
time (sec) N/A 0.061 0.121  0.256 0.208 0.275 0.000 0.298 17.120
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 47 47 47 58 74 0 107 85
N.S. 1 1.00 1.00 1.00 1.23 1.57 0.00 2.28 1.81
time (sec) N/A 0.048 0.009 0.182 0.198  0.270 0.000 0.326 15.824
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 24 30 31 60 0 57 47
N.S. 1 1.00 1.00 1.25 1.29 2.50 0.00 2.38 1.96
time (sec) N/A 0.021 0.007 0.100 0.194 0.264 0.000 0.278 15.308
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 29 37 36 0 43 57
N.S. 1 1.00 1.00 1.81 2.31 2.25 0.00 2.69 3.56
time (sec) N/A 0.029 0.002 0.115 0.196 0.260 0.000 0.284 15.211
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 26 16 20 17 0 39 17
N.S. 1 1.00 1.73 1.07 1.33 1.13 0.00 2.60 1.13
time (sec) N/A 0.034 0.004 0.121 0.195 0.260 0.000 0.285 15.416
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 38 35 32 34 29 0 82 31
N.S. 1 1.00 0.92 0.84 0.89 0.76 0.00 2.16 0.82
time (sec) N/A 0.047 0.049 0.150 0.197 0.250 0.000 0.290 15.318
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 54 54 57 44 46 42 0 98 55
N.S. 1 1.00 1.06 0.81 0.85 0.78 0.00 1.81 1.02
time (sec) N/A 0.053 0.046 0.184 0.214 0.256 0.000 0.292 15.615
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 76 76 73 57 57 53 0 140 75
N.S. 1 1.00 0.96 0.75 0.75 0.70 0.00 1.84 0.99
time (sec) N/A 0.069 0.087 0.227 0.205  0.259 0.000 0.293 15.253
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 92 92 89 69 69 64 0 154 113
N.S. 1 1.00 0.97 0.75 0.75 0.70 0.00 1.67 1.23
time (sec) N/A 0.071 0.076  0.275 0.216  0.255 0.000 0.287 19.245
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 169 169 102 555 0 207 0 0 0
N.S. 1 1.00  0.60 3.28 0.00 1.22 0.00 0.00 0.00
time (sec) N/A 0.161 0.821 1.923 0.000  0.099 0.000 0.000 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 135 135 90 534 0 183 0 0 0
N.S. 1 1.00 0.67 3.96 0.00 1.36 0.00 0.00 0.00
time (sec) N/A 0.127 0.527 2.878 0.000  0.094 0.000 0.000 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 109 109 73 460 0 143 0 0 0
N.S. 1 1.00 0.67 4.22 0.00 1.31 0.00 0.00 0.00
time (sec) N/A 0.108 0.792 1.839 0.000  0.096 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 85 85 57 414 0 122 0 0 0
N.S. 1 1.00 0.67 4.87 0.00 1.44 0.00 0.00 0.00
time (sec) N/A 0.092 0.350 2.864 0.000  0.094 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 116 116 81 536 0 150 0 0 0
N.S. 1 1.00 0.70 4.62 0.00 1.29 0.00 0.00 0.00
time (sec) N/A 0.114 0.511 1.727 0.000  0.100 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 147 147 91 566 0 164 0 0 0
N.S. 1 1.00 0.62 3.85 0.00 1.12 0.00 0.00 0.00
time (sec) N/A 0.143 1.237 2.811 0.000  0.105 0.000 0.000 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 176 176 104 582 0 175 0 0 0
N.S. 1 1.00 0.59 3.31 0.00 0.99 0.00 0.00 0.00
time (sec) N/A 0.153 1.324 1.725 0.000  0.108 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 122 122 80 104 127 122 0 246 197
N.S. 1 1.00 0.66 0.85 1.04 1.00 0.00 2.02 1.61
time (sec) N/A 0.116 0.485 0.474 0.215 0.271  0.000 0.309 17.674
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 97 97 71 106 139 117 0 230 160
N.S. 1 1.00 0.73 1.09 1.43 1.21 0.00 2.37 1.65
time (sec) N/A 0.094 0.198 0.394 0.219 0.279 0.000 0.306 17.938
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 78 78 51 68 79 94 0 162 123
N.S. 1 1.00 0.65 0.87 1.01 1.21 0.00 2.08 1.58
time (sec) N/A 0.096 0.165 0.261 0.205 0.265 0.000 0.299 17.097
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 51 51 59 63 75 82 0 115 89
N.S. 1 1.00 1.16 1.24 1.47 1.61 0.00 2.25 1.75
time (sec) N/A 0.057 0.005 0.206 0.206  0.268 0.000 0.314 15.737
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 27 35 34 71 0 60 161
N.S. 1 1.00 1.00 1.30 1.26 2.63 0.00 2.22 5.96
time (sec) N/A 0.026 0.001 0.026 0.205 0.264 0.000 0.294 14.946
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 38 37 46 45 0 70 68
N.S. 1 1.00 1.41 1.37 1.70 1.67 0.00 2.59 2.52
time (sec) N/A 0.064 0.014 0.157 0.209 0.270 0.000 0.306 14.916
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 42 42 55 35 42 33 0 86 34
N.S. 1 1.00 1.31 0.83 1.00 0.79 0.00 2.05 0.81
time (sec) N/A 0.077 0.037 0.151 0.195 0.246  0.000 0.288 14.848
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 56 56 53 49 55 45 0 138 66
N.S. 1 1.00 0.95 0.88 0.98 0.80 0.00 2.46 1.18
time (sec) N/A 0.087 0.077 0.184 0.199 0.272 0.000 0.297 14.711
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 88 88 70 63 7 65 0 200 81
N.S. 1 1.00 0.80 0.72 0.88 0.74 0.00 2.27 0.92
time (sec) N/A 0.098 0.124 0.239 0.206  0.254 0.000 0.286 15.058
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 98 98 87 79 89 73 0 222 104
N.S. 1 1.00 0.89 0.81 0.91 0.74 0.00 2.27 1.06
time (sec) N/A 0.139 0.128 0.282 0.196 0.272 0.000 0.308 14.919
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 132 132 102 95 115 93 0 284 126
N.S. 1 1.00 0.77 0.72 0.87 0.70 0.00 2.15 0.95
time (sec) N/A 0.117 0.217 0.342 0.219  0.279 0.000 0.297 15.013
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 178 178 308 949 0 225 0 0 0
N.S. 1 1.00 1.73 5.33 0.00 1.26 0.00 0.00 0.00
time (sec) N/A 0.182 5.708 2.950 0.000  0.105 0.000 0.000 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 136 136 302 611 0 193 0 0 0
N.S. 1 1.00 2.22 4.49 0.00 1.42 0.00 0.00 0.00
time (sec) N/A 0.159 2.201 1.528 0.000  0.093 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 110 110 156 847 0 153 0 0 0
N.S. 1 1.00 1.42 7.70 0.00 1.39 0.00 0.00 0.00
time (sec) N/A 0.132 1.394 2.734 0.000  0.094 0.000 0.000 0.000
Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 117 117 143 608 0 160 0 0 0
N.S. 1 1.00 1.22 5.20 0.00 1.37 0.00 0.00 0.00
time (sec) N/A 0.153 1.721 1.594 0.000  0.098 0.000 0.000 0.000




39

Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 150 150 169 956 0 176 0 0 0
N.S. 1 1.00 1.13 6.37 0.00 1.17 0.00 0.00 0.00
time (sec) N/A 0.172 2.198  2.692 0.000  0.102 0.000 0.000 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 185 185 177 726 0 193 0 0 0
N.S. 1 1.00 0.96 3.92 0.00 1.04 0.00 0.00 0.00
time (sec) N/A 0.201 2.600 1.543 0.000  0.106 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf
number of rules
integrand size
is, the harder the integral is to solve. In this test file, problem number [39] had the largest

ratio of [.230800000000000005]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of n(Trma?lize.d integrand umber of rules
# | grade i“:é); uzﬁ;e antlfa(}r:i/jzlve leaf size integrand leaf size
1 A 3 2 1.00 21 0.095
2 A 4 3 1.00 21 0.143
3 A 3 2 1.00 21 0.095
ul A 3 3 1.00 21 0.143
5! A 3 3 1.00 21 0.143
6 A 2 2 1.00 19 0.105
7 A 3 2 1.00 12 0.167
3 A 2 2 1.00 19 0.105
9 A 2 2 1.00 21 0.095
10 A 3 2 1.00 21 0.095
11 A 3 3 1.00 21 0.143
12 A 4 3 1.00 21 0.143
13 A 4 3 1.00 21 0.143
14 A 1 1 1.00 29 0.034
15 A 1 1 1.00 28 0.036
16 A 4 4 1.00 25 0.160
17 A 4 4 1.00 25 0.160
18 A 3 3 1.00 25 0.120
19 A 3 3 1.00 25 0.120
20 A 3 3 1.00 25 0.120
21 A 3 3 1.00 25 0.120
22 A 4 4 1.00 25 0.160
23 A 4 4 1.00 25 0.160
24] A 1 1 1.00 23 0.043
Continued on next page
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number of numjber of nohrmah,lize.d integrand number of rules
# | grade Sj;f; uzile‘:e antlf:fms‘i,::we leaf size integrand leaf size
25 A 1 1 1.00 24 0.042
26 A 1 1 1.00 21 0.048
27 A 1 1 1.00 21 0.048
28 A 1 1 1.00 21 0.048
29 A 1 1 1.00 21 0.048
30 A 1 1 1.00 19 0.053
31 A 2 2 1.00 10 0.200
32 A 1 1 1.00 8 0.125
33 A 1 1 1.00 19 0.053
34 A 1 1 1.00 21 0.048
35 A 1 1 1.00 21 0.048
36 A 1 1 1.00 21 0.048
37} A 7 ) 1.00 28 0.179
38 A 6 5 1.00 28 0.179
39| A 6 6 1.00 26 0.231
40 A 4 3 1.00 19 0.158
41 A 4 4 1.00 26 0.154
42 A 3 3 1.00 28 0.107
43 A ) ) 1.00 28 0.179
44 A 6 5 1.00 28 0.179
45 A 7 ) 1.00 28 0.179
46 A 7 5 1.00 28 0.179
AT A 10 7 1.00 32 0.219
48 A 9 7 1.00 32 0.219
49 A 8 7 1.00 32 0.219
50 A 7 6 1.00 32 0.188
51 A 8 7 1.00 32 0.219
52 A 9 7 1.00 32 0.219
53 A 10 7 1.00 32 0.219
54 A 7 5 1.00 29 0.172
55 A 6 5 1.00 29 0.172
56 A 6 6 1.00 29 0.207
57 A 5 5 1.00 27 0.185
58 A 4 3 1.00 20 0.150
59 A 4 4 1.00 27 0.148

Continued on next page
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number of

number of

normalized

#|eade| s | i | g | RO | e,
60 A 4 4 1.00 29 0.138
61 A 6 5 1.00 29 0.172
62 A 6 5 1.00 29 0.172
63 A 8 6 1.00 29 0.207
64 A 7 5 1.00 29 0.172
65 A 8 6 1.00 33 0.182
66 A 7 6 1.00 33 0.182
67 A 6 5 1.00 33 0.152
68 A 6 5 1.00 33 0.152
69 A 7 6 1.00 33 0.182
70 A 8 6 1.00 33 0.182
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LISTING OF INTEGRALS
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\/m S

f A+C'sec?(c+dz) dz

(b sec(c+da:) 3/2 ..................................

f A+C sec? A+C sec®(c+dzx) dz

(b sec(c+dm) 5/2 .................................

f A+C sec? A+C sec®(c+dzx) dz

(b sec(c+dm) 7/2 .................................

J" A+C sec? A+C sec®(c+dzx) dz

(b sec(c+dm) 9/2 ..................................

3+3sec?(c+dx) dz

\/m .................................
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[ sec™(e + fz) (m — (1 +m)sec(e + fz)) dz
[ sec®(e+ fz) (5 — 6sec’*(e+ fz)) dx . . . .

(4 —5sec’(e+ fx)) dz . . . .

(B—dsec’(e+ fx))dr. . . . . ...
[sec?(e+ fz)(2—3sec*(e+ fz))dx . . . . . ..
[sec(e+ fz) (1 —2sec?*(e+ fz)) dz . . . .
[ —sec*(e+ fz)dz . . ... ... ...
[—cos(e+ fx)dz . .. ...
2+sec’(e+ fz))dr . ...

)
[ sect(e + fz)
[ sec®(e + fx;

)
[ cos*(e + fz) (—
[ cos*(e + fx) (=3 + 2sec*(e + fx)) dz . . .
[ cos*(e + fx) (—4+ 3sec*(e + fx)) dz . . .
[ cos®(e+ fz) (=5 +4sec*(e + fz)) dz . . .
[ sec®(c + dz) (Bsec(c + dz) + C'sec*(c + dz))

)
[ sec?(c + dz) (B sec(c + dz) + C'sec*(c + dz))

[ sec(c+ dz) (Bsec(c+dz) + Csec?(c+dz))dx . . . ... ... . .....

[ (Bsec(c+ dz) + Csec*(c+dx)) dz . . . .

[ cos(c+ dz) (Bsec(c+dxz) + Csec*(c+dz))dz . . .. .. ... ... ...
[ cos®*(c+dz) (Bsec(c+dz) + Csec*(c+dz)) dz . . ... ... ... ....
[ cos*(c+dz) (Bsec(c+dz) + Csec*(c+dzx)) dz . . ... ... ... ....
[ cos*(c+dz) (Bsec(c+dx) + Csec*(c+dz))dz . . . ... ... ....
[ cos®(c+dz) (Bsec(c+dx) + Csec*(c+dzx)) dz . . . ... .........
[ cos®(c+dz) (Bsec(c+dz) + Csec*(c+dx))dz . . . . .. ... ... ...
[(bsec(c+ dz))3? (Bsec(c + dz) + Csec’(c+dzx)) dx . . . .. .......

J Vbsec(c+ dx)(Bsec(c+dz) + Csec*(c+dz)) dz . . .. ... .. ....

f Bsec(c+dz)+C sec(c+dx) dz
\/bsec(c+dz)
J" B sec(ct+dz)+C sec? (c+dzx) dz

(bsec(ctdx))3/2 O e e e

J" B sec(c+dz)+C sec?(c+dzx) dz

(bsec(c+dz))5/2 .............................

J" B sec(c+dz)+C sec? (c+dzx) dz

(bsec(ctdx))7/2 e e

f Bsec(c+dz)+C sec?(c+dx) dz

Gocioraoyois —dz
[ sec*(c + dz) (A + Bsec(c+ dz) + Csec®*(c + dz
[ sec®(c + dz) (A + Bsec(c+ dz) + Csec?(c + dzx
[ sec?(c + dz) (A + Bsec(c+ dz) + Csec?(c + dzx
[ sec(c+ dz) (A + Bsec(c + dz) + C'sec?(c + dz)

| (A + Bsec(c + dz) + Csec*(c + dz)) dz

~—
~
IS
&

[ cos(c+dz) (A+ Bsec(c+dz) + Csec*(c+dz))dx . . .. .........

)
[ cos®(c + dz) (A+ Bsec(c + dz) + C'sec*(c + dz)
[ cos*(c + dz) (A+ Bsec(c + dz) + C'sec*(c + dz)
) )
) )

(
+ C'sec?(
(

(
[ cos*(c+ dz) (A+ Bsec(c + dz
[ cos®(c + dzx) E

c+dz
A + Bsec(c + dzx) + Csec®(c + dx
[ cos®(c+ dz) (A + Bsec(c+ dz) + C'sec?(c + dx)

Ydxr ... ...
Ydxr . ...
Ydz . ...
Ydz . ...
) dx

[(bsec(c+dz))3/? (A+ Bsec(c+dz) + Csec?(c+dx))dx . . .. ......
J bsec(c+ dx)(A+ Bsec(c +dz) + Csec®*(c+dx))dz . . ... ... ...



3.67
3.68
3.69
3.70

J
J
J
J

A+ B sec(c+dz)+C sec?(c+dzx) dz
\/bsec(c+dz)
A+ B sec(c+dz)+C sec? (c+dzx) dz
(bsec(c+dzx))3/2
A+ B sec(c+dz)+C sec? (c+dzx) dz

(bsec(c+dzx))>/2
A+ B sec(c+dz)+C sec? (c+dzx) dz

(bsec(c+dz))7/2
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3.1 [ sec®(c + dz) (A + Csec?(c+ dx)) dz

Optimal result . . . . . . . . . . . e 40l
Rubi [A] (verified) . . . . . . . . 46
Mathematica [A] (verified) . . . . . . . . . . .. 47
Maple [A] (verified) . . . . . . . .. 43
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 43
Sympy [F] . . o 49
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 49
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 49
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 50

Optimal result

Integrand size = 21, antiderivative size = 87

(TA+6C) tan(c + dx)
7d
N C'sec®(c + dz) tan(c + dx)

7d
N 2(7TA + 6C) tan®(c + dx)

21d
(TA + 6C) tan’(c + dz)

35d

/secﬁ(c + dz) (A + C'sec’(c+ dz)) dz =

[Out] 1/7*(7xA+6%C)*tan(d*x+c)/d+1/7*Cxsec(d*x+c) ~6xtan(d*x+c)/d+2/21% (7*xA+6%C) *t
an(d*x+c) ~3/d+1/35% (7*A+6%*C) *tan (d*x+c) ~5/d

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 3, number of rules used = 2, integrand size 0.095, Rules used = {4131,
3852}

_ (TA+6C) tan®(c + d) N 2(7TA + 6C) tan®(c + dz)
B 35d 21d
(TA+ 6C) tan(c + dz)

7d
N C tan(c + dz) sec®(c + dz)

7d

/secG(c—i-dx) (A+Csec*(c+dz)) dz

[In] Int[Sec[c + d*x]~6*%(A + C*Secl[c + d*x]~2),x]
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[Out] ((7*A + 6xC)*Tan[c + d*xx])/(7*d) + (CxSec[c + d*xx] 6xTan[c + d*xx])/(7xd) +
(2% (7T*A + 6%C)*Tan[c + d*x]~3)/(21*d) + ((7*A + 6*C)*Tan[c + d*xx]~5)/(35%*d)

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((bxCsc[e + f*x]) m/(f*(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] &% NeQ[C*m + A*x(m + 1), 0] && !'LeQ[m, -1]

Rubi steps

C'sec®(c + dz) tan(c + dx) N 1
7d 7

_ CsecS(c+dz)tan(c+dz) (TA+6C)Subst( [ (14 22+ z*) dx,z, — tan(c + dx))
- 7d - 7d

(TA +6C) tan(c + dzx) L C sec®(c + dz) tan(c + dz)

7d 7d
N 2(7TA + 6C) tan®(c + dz) N (TA+ 6C) tan®(c + dz)
21d 35d

integral = (TA+60) / sec’(c + dz) dz

Mathematica [A] (verified)

Time = 0.26 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.93

/ sec’(c + dz) (A+ Csec’(c + dz)) dz

_ A(tan(c + dz) + 2 tan®(c + dz) + § tan®(c + d))
B d
N C(tan(c + dz) + tan3(c + dz) + £ tan’(c + dz) + % tan"(c + dz))
d

[In] Integrate[Secl[c + d*x]~6*(A + C*Sec[c + d*x]~2),x]

[Out] (A*(Tan[c + d*x] + (2*Tan[c + d*x]~3)/3 + Tan[c + d*x]~5/5))/d + (Cx(Tanl[c
+ d*x] + Tan[c + d*x]~3 + (3*Tan[c + d*x]~5)/5 + Tan[c + d*x]~7/7))/d
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Maple [A] (verified)

Time = 4.59 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.90

method result
_A (_i _ sec(dz+c)4 _ 4 sec(dav+c)2 ) ta.n(dac+c)—C (_ 16 _ sec(da:+c)6 _ 63ec(d:c+c)4 _ SSec(dz+c)2 ) tan(dw—i—c)
. . .. 15 5 15 35 7 35 35
derivativedivides 7
4 2 6 4 2
d f l _A (_%_sec(d;-ﬁ:) _ 4sec(f5.7;+c) ) tan(d:c—l—c)—C’(—%— sec(d:-ﬁ-c) _ 6566(;51+C) _ Ssec(gg:-kc) ) tan(dz—i—c)
efault p
A 8 sec(dz+c)4 4sec(dz+c)2 t d C 16 Sec(derC)G 6sec(dz+c)4 Ssec(dz+c)2 " (d + )
157 5 - 15 an(dz-+c) 35 7 - 35 - 35 an{azre
parts — 3 — 3
isch 164 (70A e34(d+¢) 1175 4 e64(d+¢) 1-210C 0¥(d2+0) 1147 A e4i(d2+0) 1126C eti(d2+¢) £ 49 A e2i(d2+0) 1420 e2(dn+0) L 74
T1SC 105d(62i(dw+c)+1)7
. 1176 A4+1008C) sin(3dz+3c)+(392A+336C) sin(5dz+5¢)+ (56 A+48C) sin(7dz+T7c)+840 sin(dz+c) (A+2C
parallelrisch
105d(cos(7dz+T7c)+7 cos(5dz+5¢)+21 cos(3dz+3c)+35 cos(dz+-c))
2(A+C)tan (9 +§)  2(A+C)tan(9E+5) 13 4(54430) tan(dTw+%)3 4(5A+3C) tan (4§ +§) 1 g914+4530) tan( 92 +5)
norman — d — d + 3d + 3d + 35d
2 7
(tan(%“rg) —1)

[In] int(sec(d*x+c) 6% (A+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(-A*x(-8/15-1/5*sec(d*x+c) ~4-4/15xsec(d*x+c) ~2)*tan(d*x+c)-Cx(-16/35-1/7
*sec (d*x+c) ~6-6/35*sec (d*x+c) ~4-8/3b6*sec (d*x+c) ~2) *tan (d*x+c))

Fricas [A] (verification not implemented)

none

Time = 0.29 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.85

/secG(c + dz) (A + C'sec’(c+dz)) dz

(8(TA+6C)cos(dx+¢)®+4(TA+6C)cos(dz +c)* +3(7A+6C)cos (dz + ¢)* + 15C) sin (dz + c)
105 d cos (dz + ¢)”

[In] integrate(sec(d*x+c) 6% (A+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/105%(8%(7*A + 6*%C)*cos(d*x + c)~6 + 4% (7*A + 6%xC)*cos(d*x + c)~4 + 3*(7*A
+ 6%C)*cos(d*x + c)~2 + 156%C)*sin(d*x + c)/(d*cos(d*x + c)~7)
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Sympy [F]
/sec6(c + dz) (A + C'sec’(c+ dz)) dz = / (A + Csec? (c+dx)) sec® (c + dz) dz

[In] integrate(sec(d*x+c)**6x(A+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + C*sec(c + d*x)*x2)*sec(c + d*x)**6, x)

Maxima [A] (verification not implemented)

nomne

Time = 0.21 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.69

/secﬁ(c + dz) (A + C'sec’(c+dz)) dz

_15Ctan(dz+c¢)" +21(A+3C)tan (dz +c)° +35 (24 + 3C) tan (dz + )’ + 105 (A + C) tan (dz + ¢
B 105d

[In] integrate(sec(d*x+c) 6% (A+C*sec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/105%(15%Cxtan(d*x + c)~7 + 21*x(A + 3*C)*tan(d*x + c)~5 + 35%(2xA + 3*C)*t
an(d*x + c)~3 + 105%(A + C)*tan(d*x + c))/d

Giac [A] (verification not implemented)
none

Time = 0.29 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.91

/secﬁ(c + dz) (A+ Csec’(c+dz)) dz

_ 15Ctan(dz +c¢)" + 21 Atan (dz + ¢)° + 63 C'tan (dz + ¢)’ + 70 Atan (dz + ¢)® + 105 C'tan (dz + ¢)* -
B 105d

[In] integrate(sec(d*x+c) 6% (A+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/105%(15%Cxtan(d*x + c)~7 + 21xAxtan(d*x + c)~5 + 63*Cxtan(d*x + ¢c)~5 + 70
*A*tan(d*x + c)~3 + 105xCxtan(d*x + c)~3 + 105%Axtan(d*x + c) + 105%Cxtan(d
xx + c))/d
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Mupad [B] (verification not implemented)

Time = 15.17 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.64

/secﬁ(c + dz) (A + C'sec’(c+dz)) dz

—Ctan(;+dx)7 + (% + %) tan(c + dac)5 + (% + C’) tan(c + alav)3 + (A+C) tan(c+ dzx)
d

[In] int((A + C/cos(c + d*x)~2)/cos(c + d*x)~6,x)

[Out] (tan(c + d*x)~3*%((2%A)/3 + C) + (Cxtan(c + d*x)~7)/7 + tan(c + d*x)*(A + C)
+ tan(c + d*x)~5*%(A/5 + (3%C)/5))/d
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3.2 [ sec®(c + dz) (A + Csec?(c+ dx)) dz

Optimal result . . . . . . . . . . . e 531
Rubi [A] (verified) . . . . . . . . b1l
Mathematica [A] (verified) . . . . . . . . . .. .. B3l
Maple [A] (verified) . . . . . . . . .. 53]
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., !
Sympy [F] . . o !
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. !
Giac [A] (verification not implemented) . . . . . . . ... ... Lo oL 55
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... k%)

Optimal result

Integrand size = 21, antiderivative size = 98

(6A + 5C)arctanh(sin(c + dz))
16d
L (6A + 5C) sec(c + dz) tan(c + dz)

16d
N (6A + 5C) sec®(c + dz) tan(c + dz)

24d
N C'sec®(c + dz) tan(c + dz)

6d

/secs(c + dz) (A+ Csec*(c+dz)) dr =

[Out] 1/16%(6*A+5*C)*arctanh(sin(d*x+c))/d+1/16*(6%A+5%C)*sec(d*x+c)*xtan(d*x+c)/d
+1/24% (6*xA+5*C) *sec (d*x+c) ~3*xtan(d*x+c) /d+1/6*Cxsec (d*x+c) ~5*xtan(d*x+c)/d

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 3, Bumber of rules _ 143 Ryjes used = {4131,

’ integrand size
3853, 3855}

(6A + 5C)arctanh(sin(c + dz))
16d
N (6A + 5C) tan(c + dz) sec®(c + dz)

24d
L (6A + 5C) tan(c + dzx) sec(c + dx)

16d
N C tan(c + dz) sec®(c + dz)

6d

/sec5(c + dz) (A+ C'sec’(c+ dz)) dz =

[In] Int[Sec[c + d*x]~5%(A + CxSec[c + d*xx]~2),x]



52

[Out] ((6%A + 5%C)*ArcTanh[Sin[c + d*x]])/(16%d) + ((6%xA + 5%C)*Sec[c + d*x]*Tan[
c + d*x])/(16xd) + ((6%xA + 5xC)*Sec[c + d*x] " 3*Tan[c + d*x])/(24*d) + (CxSe
clc + d*x]"5xTan[c + d*x])/(6%*d)

Rule 3853
Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b”2*%((n - 2)/(n - 1)),

Int[(bxCsclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x])"m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] &% NeQ[C*m + A*x(m + 1), O] && !'LeQ[m, -1]

Rubi steps

5 1
C'sec’(c + dgc)lta‘n(c *da) 5(64+5C) / sec’(c + dz) dx

_ (6A+5C)sec?(c+ dx) tan(c + dz)

24d

5
| Csec’(c+ dg;ta“(c *dz) | %(6A +5C) / sec’(c + dz) do

(64 + 5C) sec(c + dz) tan(c + dz) (64 + 5C) sec3(c + dzx) tan(c + dx)
- 16d * 24d

5
L Osec’(e dgc)ltan(c +da) | 1_16(6A +50) / sec(c + dz) dz

_ (6A+ 5C)arctanh(sin(c + dz)) n (6A + 5C) sec(c + dz) tan(c + dx)

16d 16d
N (6A + 5C) sec®(c + dx) tan(c + dz) N C'sec®(c + dz) tan(c + dx)

24d 6d

integral =
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.40

/sec5(c + dz) (A + C'sec’(c+ dz)) dz
_ 3Aarctanh(sin(c + dz)) = 5Carctanh(sin(c + dx)) 4 3Asec(c + dx) tan(c + dx)

8d

16d 8d

5C
L sec(c+

dzx) tan(c + dx) N Asec3(c + dz) tan(c + dx)
16d 4d

+ 5C sec®(c + dz) tan(c + dz) N C'sec®(c + dz) tan(c + dz)

24d 6d

[In] Integrate[Sec[c + d*x]~5*%(A + C*Sec[c + d*x]~2),x]

[Out] (3*AxArcTanh[Sin[c + d*x]])/(8*%d) + (5xCxArcTanh[Sin[c + d*x]])/(16*%d) + (3
*AxSec[c + d*x]*Tan[c + d*x])/(8*d) + (5*C*Sec[c + d*x]*Tan[c + d*x])/(16*d

) + (AxSec[c + d*x]~3#Tan[c + d*x])/(4%d) + (5*CxSec[c + d*x]~3*Tan[c + d*x
1)/(24xd) + (CxSec[c + d*x] 5*Tan[c + dx*x])/(6xd)

Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.10

method result
A (_ (_ sec(d:v+c)3 _ 3sec(dz+c) ) tan(dm-{—c)—i— 31n(sec(dz+c)+tan(dz+c)) ) +C <_ (_ sec(dz+c)5 _5 sec(dx+c)3 _ 5sec(dx
. . L. 1 8 8 6 24 16
derivativedivides 4
d f 1 A (_ (_ sec(dz-kc)s 3 sec(éia:+6)> tan(de4-c)+ 3 1n(sec(da:+08)+tan(da:+c)) ) +C (_ (_ sec(dg;+c)5 5 SeC(;I+C)3 5 sec(lém.
efault p)
A (_ (_ sec(dz+c)3 3 sec(ngrc)) tan(de4-c)+ 3 1n(sec(dz+c§+tan(dz+c))) c (_ (_ sec(dg+c)5 5 sec(t212+c)3 5 seC(:
parts 3 +
11 1 ) h —270 < cos(6f;+6c) + 2 cos(4;1z+4c) +COS(2dZ+2C)+%> (A-l-%) In (tan(%‘+%) _1> +270 ( cos(6¢f;+6c) + 2 cos(4;iz+4c) +
parallelrisc 48d(cos(6dz+6¢)+6 cc
(2A+150) tan(é}+g)5 N (24+150) tan(Q}+5)7 N (10A+110) tan(%z—rg) N (10A+110) tan(%z—rg)n _ (424-50) tan(%&-r
norman 4d 4d 8d 5 8d 24d
2
(tan(d{+§> —1)
risch _ jet(dz+c) (18AelOi(daH—c)+15CelOi(dw+c)+102A e8i(dz+c) +85C e8i(dz+c) 484A eGi(dw+c)_|_1980 ebi(dztc) _gg A edil
24d(e2i(dz+c)+1)6

[In] int(sec(d*x+c) 5x(A+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(A*x(-(-1/4%sec(d*x+c) ~3-3/8*sec(d*x+c))*tan(d*x+c)+3/8*1n(sec(d*x+c)+ta

n(d*x+c)))+C* (- (

-1/6xsec(d*x+c) ~5-5/24xsec (d*x+c) ~3-5/16%sec (d*x+c) ) *xtan(dx*

x+c)+5/16x1n(sec(d*x+c)+tan(d*x+c))))
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Fricas [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.16

/sec5(c + dz) (A + C'sec’(c+ dz)) dz

_3(6A+5C’)cos(dw+c)6log(sin(dx+c) +1) —3(6A+5C)cos (dz + ¢)° log (—sin (dz +¢) + 1) + 2 (
a 96 d cos (dz + ¢)°

[In] integrate(sec(d*x+c) 5% (A+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/96%(3%(6*%A + 5xC)*cos(d*x + c) 6xlog(sin(d*x + c) + 1) - 3*(6*%A + 5xC)*co
s(d*x + c)~6xlog(-sin(d*x + c) + 1) + 2x(3*(6*%A + 5xC)*cos(d*x + c)~4 + 2x(
6*A + 5%C)*cos(d*x + c)~2 + 8+C)*sin(d*x + c))/(d*cos(d*x + c)~6)

Sympy [F]
/secs(c + dz) (A + C'sec’(c+ dz)) dz = / (A+ Csec® (c+dx)) sec® (c + dz) dz

[In] integrate(sec(d*x+c)**5x(A+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Cxsec(c + d*x)*x2)*sec(c + d*x)**5, x)

Maxima [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.29

/sec5(c + dz) (A + C'sec’(c+dz)) dz

2 (3 (6 A+5 C) sin(da+c)®—8 (6 A+5 C) sir
3(6A+5C)log(sin(dx+¢c)+1)—3(6A+5C)log(sin(dr+c)—1)— (3¢ ) S(in(dmj_c)e_(3 sin(dmj_c)

- 96 d

[In] integrate(sec(d*x+c) 5% (A+Cxsec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/96%(3*(6%A + 5%C)*log(sin(d*x + c) + 1) - 3%(6%A + 5xC)*log(sin(d*x + c)
- 1) - 2x(3*(6%xA + 5xC)*sin(d*x + c)~5 - 8%(6*A + 5xC)*sin(d*x + c)~3 + 3x*(
10*%A + 11*%C)*sin(d*x + c¢))/(sin(d*x + ¢c)~6 - 3*sin(d*x + ¢c)~4 + 3*sin(d*x +
c)"2 - 1))/d
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Giac [A] (verification not implemented)

none

Time = 0.29 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.23

/sec5(c + dz) (A + C'sec’(c+ dz)) dz

2 (18 Asin(dz-+c)®+15 C sin(dz+c)®

3(6A+5C)log(|sin(dx+c)+1]) —3(6A+5C)log(|sin (dz +c) — 1|) —

96 d

[In] integrate(sec(d*x+c) 5% (A+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/96%(3*(6%A + 5%C)*log(abs(sin(d*x + c) + 1)) - 3%(6*%A + 5%C)*log(abs(sin(
dkx + c) - 1)) - 2*%(18xA*sin(d*x + c)”5 + 15%Cksin(d*x + c)~5 - 48*Axsin(dx*

X + ¢)73 - 40%C*sin(d*x + c)~3 + 30*A*sin(d*x + c) + 33*Cxsin(d*x + c))/(si
n(d*x + ¢c)”2 - 1)73)/d

Mupad [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.04

/ sec’(c + dz) (A + C'sec®(c + dz)) dz

_atanh(sin (c+dz)) (32 + 39)

N d

(24 +39) sin(c+d2)° + (—A - 3E) sin(c+dz)’ + (32 + 1E) sin(c + d )
d (sin(c+dx)® — 3sin(c+dz)* + 3sin (c + dz)* — 1)

[In] int((A + C/cos(c + d*x)~2)/cos(c + d*x)~5,x)

[Out] (atanh(sin(c + d*x))*((3%A)/8 + (5%C)/16))/d - (sin(c + d*x)*((5*%A)/8 + (11
*C)/16) - sin(c + d*xx)~3*x(A + (5%C)/6) + sin(c + dxx)~5x((3%A)/8 + (5%C)/16
))/(d*(3*sin(c + d*x)~2 - 3*sin(c + d*x)~4 + sin(c + d*x)~"6 - 1))
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3.3 [ sec*(c + dz) (A + Csec?(c+ dx)) dz

Optimal result . . . . . . . . . . . e Hol
Rubi [A] (verified) . . . . . . . . 56
Mathematica [A] (verified) . . . . . . . . . . .. by
Maple [A] (verified) . . . . . . ... BT
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... bY
Sympy [F] . . o bY¢)
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... bY¢)
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 59
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 60

Optimal result

Integrand size = 21, antiderivative size = 65

(5A 4+ 4C) tan(c + dx)
5d
N C'sec*(c + dz) tan(c + dx)

5d
N (5A + 4C) tan3(c + dz)

15d

/sec4(c + dz) (A + C'sec’(c+ dz)) dz =

[Out] 1/5%(5%A+4*C)*tan(d*x+c)/d+1/5%C*sec(d*x+c) ~4xtan(d*x+c)/d+1/15% (5xA+4xC) *t
an(d*x+c)~3/d

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 3, number of rules used = 2, integrand size 0.095, Rules used = {4131,
3852}

(5A + 4C) tan®(c + dz) N (5A + 4C) tan(c + dx)
15d 5d
C'tan(c + dz) sec*(c + dx)
+ 5d

/sec4(c+dx) (A+Csec’(c+dz)) dz =

[In] Int[Seclc + d*x]~4*(A + C*Sec[c + d*x]~2),x]

[Out] ((5%A + 4xC)*Tan[c + d*x])/(5%d) + (CxSec[c + dxx] 4*Tan[c + d*x])/(5xd) +
((5%A + 4xC)*xTan[c + d*x]~3)/(15%d)

Rule 3852
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Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Csc[e + f*x]) m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*x(m + 1), 0] && !'LeQ[m, -1]

Rubi steps
4
integral = Csec(c+ d;:c)l tan(e + dz) + %(514 +4C) / sec’(c + dz) dx
_ Csec!(c+dz)tan(c+dz)  (5A+4C)Subst(/ (1 +2°) dz,, —tan(c + dz))
N 5d 5d
(5A +4C) tan(c+ dx) Csect(c+dr)tan(c+dz) (5A+4C)tan3(c+ dz)
N 5d * 5d * 15d

Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.94

/ sec*(c + dz) (A + C'sec®(c + dz)) dz

_ A(tan(c + dz) + ; tan®(c + dz)) N C(tan(c+ dz) + 2 tan®(c + dz) + £ tan®(c + dz))
N d d

[In] Integrate[Sec[c + d*x]~4*(A + C*Sec[c + d*x]~2),x]

[Out] (A*(Tan[c + d*x] + Tan[c + d*x]~3/3))/d + (Cx(Tan[c + d*x] + (2*Tan[c + d*x
1°3)/3 + Tan[c + d*x]~5/5))/d

Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.89
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method result
2 4 2
] a0~ et im0 vaae s
derivativedivides 3
2 4 2
—-A (— 2_ Sec(d§+c) ) tan(dz+c)—C (— 2- Sec(d§+c) -4 Sec(fg"'c) ) tan(dz+c)
default 7
2 4 2
A (— 2_ sec(dete)” ) tan(dz+c) C (— 8 _sec(dote)”  dsec(doto) ) tan(dz+c)
parts - p] - 3
. (50A+40C) sin(3dz+3c)+(10A+48C) sin(5dz+5¢)+40 sin(dz+c) (A+2C)
parallelrlsch 15d(cos(5dz+5¢)+5 cos(3dz+3c)+10 cos(dz+-c))
isch 4i(15A %¥(dzte) 135 4 eti(date) 1400 etH(dr+e) 425 4 e2H(d2+¢) 1200 e2i(do+€) 1 5 A4+4C)
T1SC -
S 15d(e2i(de+e) 11)°
2(A+0) tan(de+%) 2(A+C) tan(%ﬂug)g N 8(24+0) tan(dTEJr%)S N 8(24+C) tan(%ﬂugf 4(25A4+29C) tan(%}Jrg)s
norman d d 3d — 3d 15d
(tan(%z-i-%) —1)

[In] int(sec(d*x+c) ~4x(A+Cksec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*(-Ax(-2/3-1/3*sec(d*x+c) ~2)*tan(d*x+c)-C*(-8/15-1/5*sec(d*x+c) ~4-4/15%s

ec(d*x+c) ~2)*tan(d*x+c))

Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.86

/sec4(c + dz) (A + C'sec’(c+ dz)) dz

(2(5A+4C)cos(dz +c)* + (5A+4C)cos (dz +c)* +3C) sin (dz + ¢)
15 d cos (dz + ¢)°

[In] integrate(sec(d*x+c) ~4*(A+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/15%(2%(5%A + 4xC)*cos(d*x + c)~4 + (5*%A + 4xC)*cos(d*x + c)~2 + 3*C)*sin(

d*x + c)/(d*cos(d*x + c)~5)
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Sympy [F]
/sec4(c + dz) (A + C'sec’(c+ dz)) dz = / (A + Csec? (c+dx)) sec* (c + dz) dz

[In] integrate(sec(d*x+c)**4x(A+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + C*xsec(c + d*x)*x2)*sec(c + d*x)**4, x)

Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.66

/sec4(c + dz) (A + C'sec’(c + dz)) dz

_ 3Ctan(dz+c¢)’ +5(A+20)tan (dz + )’ + 15 (A + C) tan (dz + )
B 15d

[In] integrate(sec(d*x+c) ~4x(A+Cxsec(d*x+c)~2),x, algorithm="maxima")
[Out] 1/15%(3*Cxtan(d*x + c)~5 + 5x(A + 2xC)*tan(d*x + c)~3 + 156%(A + C)*tan(d*x
+c))/d

Giac [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.88

/sec4(c + dz) (A+ Csec’(c+dz)) dz

_ 3Ctan(dz +c)’ + 5 Atan (dz + ¢)* + 10 C'tan (dz + ¢)® + 15 Atan (dz + ¢) + 15 C tan (dz + c)
B 15d

[In] integrate(sec(d*x+c) “4*(A+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/15%(3*Cxtan(d*x + c)~5 + 5xAxtan(d*x + c)~3 + 10*Cxtan(d*x + c)~3 + 15%Ax
tan(d*x + c) + 15*%Ckxtan(d*x + c))/d
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Mupad [B] (verification not implemented)

Time = 14.97 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.65

/sec4(c + dz) (A + C'sec’(c + dz)) dz

—Ctan(?dx)s + (2 + 25) tan(c+ dz)’ 4+ (A+ O) tan(c+ dz)

d

[In] int((A + C/cos(c + d*x)~2)/cos(c + d*x)~4,x)

[Out] ((Cxtan(c + d*x)~5)/5 + tan(c + d*x)*(A + C) + tan(c + d*x)~3*x(A/3 + (2xC)/
3))/4d
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3.4 [ sec®(c + dz) (A + Csec?(c+ dx)) dz

Optimal result . . . . . . . . . . . . e 611
Rubi [A] (verified) . . . . . . . . . 611
Mathematica [A] (verified) . . . . . . . . . .. 621
Maple [A] (verified) . . . . . . . .. 63
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 63
Sympy [F] . o o o 64
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. 64
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 64
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 65

Optimal result

Integrand size = 21, antiderivative size = 70

(4A 4 3C)arctanh(sin(c + dz))
8d
N (4A + 3C) sec(c + dz) tan(c + dx)

8d
N C'sec®(c + dz) tan(c + dz)

4d

/sec3(c + dz) (A+ C'sec’(c+ dz)) dz =

[Out] 1/8%(4%A+3*C)*arctanh(sin(d*x+c))/d+1/8%(4xA+3*C)*sec(d*x+c)*xtan(d*x+c)/d+1
/4xCxsec (d*x+c) ~3*xtan(d*x+c)/d

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Iﬁ%ﬁ%ﬁ;ﬁé 1;1i1zlgs = 0.143, Rules used = {4131,

3853, 3855}
/8603(C+ dz) (A+ C'sec?(c + da)) dz = (4A + 3C)arct§;1h(sm(0+ dz))
(4A + 3C) tan(c + dzx) sec(c + dz)
- 8d
C tan(c + dz) sec®(c + dx)
- id

[In] Int[Secl[c + d*x]~3*(A + CxSec[c + d*x]~2),x]

[Out] ((4xA + 3*C)*ArcTanh[Sin[c + d*x]])/(8*d) + ((4*A + 3*C)*Sec[c + d*x]*Tan[c
+ d*x])/(8*d) + (CxSec[c + d*x] 3*Tan[c + d*x])/(4x*d)
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Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*xCsclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2xn]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4131

Int[(cscl(e_.) + (£_.)*x(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1"2x(C_.)
+ (A))), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x])“m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rubi steps
3
integral = Csec’(c+ d:c)i tan(c + dz) + }1(414 +3C) /sec3(c + dz) dz
_ (4A+3C)sec(c+ dz) tan(c + dz)
B 8d
3

N C'sec (c+d:()1tan(c+dx) + %(4A—|—3C’)/sec(c+dx)dx
_ (4A+ 3C)arctanh(sin(c + dz))
B 8d

(4A 4 3C) sec(c + dz) tan(c + dz) = Csec®(c + dz)tan(c + dx)
* 8d - 4d

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.33

i h(si d
/ sec3(c +dx) (A +C secz(c + dx)) dr = Aarctanh(zszln(c +dv)) + 3Carctan ézln(c + dz))
N Asec(c + dz) tan(c + dz)

2d
n 3C sec(c + dz) tan(c + dz)

8d
N C'sec®(c + dz) tan(c + dz)

4d
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[In] Integrate[Sec[c + d*x]~3*%(A + C*Sec[c + d*x]~2),x]

[Out] (A*ArcTanh([Sin[c + d*x]])/(2*d) + (3*%CxArcTanh[Sin[c + d*x]])/(8*d) + (A*Se
clc + d*x]*Tan[c + d*x])/(2*d) + (3*C*Sec[c + d*x]*Tan[c + d*x])/(8%d) + (C
xSec[c + d*x]~3+Tan[c + d*x])/(4*d)

Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.21

method result

A < sec(dz+c)2tan(dz+c) + ln(sec(dz+c)2+tan(dz+c)) —|—C( ( sec(dm+c)3 3 SeC(gm+C) ) tan(dm—i—c)—i— 3 1n(sec(d:1:+cg+tan(da:
derivativedivides

A < sec(dz+c)2tan(dz+c) + 1n(sec(dz+c)2+tan(dz+c)) +C( < sec(dz+c)3 3 sec(éiz+c) ) tan(da:+c)+ 3 1n(sec(dz+c8)+tan(dz
default

3

A ( sec(dz+c)2tan(dz+c) + ln(sec(dz+c)2+tan(dz+c)) C( ( sec(dz+c) _3 Sec(;iz—{—c) ) tan(dz-l—c)-i-w

parts = + d
lelrisch -8 (%—l— Wliw"'zlc)-l—cos@dx-l—%)) (A+ %) In (tan(%’ -I—%) —1) +8 (%-{—M—l—cos(?dw—l—?c)) (A—i—%) In (tan
parallelrisc 4d(cos(4dz+4c)+4 cos(2dz+2c)+3)
3 5 7

_(4A—3C)tan(d7$+%) _(4A—30)tan(d7z+%) +(4A+5C) tan(%”+%) (4A+5C)tan(dw+g) (4443C) ln(tan<d—;

norman 4d 4d I 4d 4d _ 5
(tan(d; +g) —1)
. iei(da:+c) (4Ae6i(da:+c)+3Ce6i(dm+c)+4Ae4i(dm+c)+110e4i(da:+c) _4Ae2i(da:+c)_110e2i(d:t+c) —4A—3C) ln(s
risch — : - 4+ —
4d(e21(dz+c)+1)

[In] int(sec(d*x+c) ~3*(A+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(A*(1/2*sec(d*x+c)*tan(d*x+c)+1/2*1n(sec(d*x+c)+tan(d*x+c)))+Cx(-(-1/4x%
sec (d*x+c) "3-3/8*sec (d*x+c) ) *tan (d*x+c)+3/8*1n(sec (d*x+c)+tan(d*x+c))))

Fricas [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.36

/sec3 (c+dz) (A+ Csec’(c+dr)) dz

_ (4A+3C)cos (dz + ¢)* log (sin (dz + ¢) + 1) — (4 A+ 3C) cos (dz + ¢)* log (— sin (dz + ¢) + 1) + 2 ((4
B 16 d cos (dz + ¢)*

[In] integrate(sec(d*x+c) ~3*(A+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/16%((4*A + 3*C)*cos(d*x + c) 4xlog(sin(d*x + c) + 1) - (4xA + 3%C)*cos(d*
X + c)"4xlog(-sin(d*x + c) + 1) + 2x((4*A + 3xC)*cos(d*x + c)~2 + 2xC)*sin(

d*x + c))/(d*cos(d*x + c)~4)
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Sympy [F]
/secS(c + dz) (A + C'sec’(c+ dz)) dz = / (A + Csec? (c+dx)) sec® (c + dz) dz

[In] integrate(sec(d*x+c)**3*(A+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Cxsec(c + d*x)*x2)*sec(c + d*x)**3, x)

Maxima [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.39

/sec3(c + dz) (A + C'sec’(c+dz)) dz

2 ((4 A+3C) sin(dz+c)®—(4 A+5 C) sin(dz+c)
(4A-+3C) log sin (do +¢) + 1) — (4 A-+ 3.C) log sin (do + ¢) — 1) — ~(LABO 0045 et

16d

[In] integrate(sec(d*x+c) 3% (A+Cxsec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/16%((4*A + 3*C)*log(sin(d*x + c) + 1) - (4xA + 3*%C)*log(sin(d*x + c) - 1)
- 2%x((4%A + 3*%C)*sin(d*x + ¢c)~3 - (4*A + 5%C)*sin(d*x + c))/(sin(d*x + ¢c)~
4 - 2%sin(d*x + ¢c)"2 + 1))/d

Giac [A] (verification not implemented)

none

Time = 0.31 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.40

/sec3(c + dz) (A+ Csec’(c+dz)) dz

2 (4 Asin(dz+c)3+3 C sin(dz+c)3—4 Asin
2 2
(sin(dz—i—c) —1)

(4A+3C)log(Jsin(dz +¢c)+1|) — (4 A+ 3C)log (|sin (dz + ¢) — 1]) —

16d

[In] integrate(sec(d*x+c) 3% (A+Cxsec(d*x+c)~2),x, algorithm="giac")
[Out] 1/16%((4*A + 3*C)*log(abs(sin(d*x + c) + 1)) - (4xA + 3*C)*log(abs(sin(d*x

+ ¢c) - 1)) - 2%x(4%A*sin(d*x + c)~3 + 3*%Cxsin(d*x + c)~3 - 4xAxsin(d*x + c)
- B5xC*sin(d*x + c))/(sin(d*x + ¢c)"2 - 1)"2)/d



Mupad [B] (verification not implemented)

Time = 15.55 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.10

i dz) (44 59) —si dz)® (4 + 3¢
/sec3(c+dx) (A+Csec2(c+dx)) do — sm(C+ x) (2 + 84) sm(c+ ac (2 + 8)
d (sin(c+dz)* — 2sin(c+dz)* + 1)
N atanh(sin (c + dz)) (4 + 2£)
d

[In] int((A + C/cos(c + d*x)~2)/cos(c + d*x)~3,x)

[Out] (sin(c + d*x)*(A/2 + (5%C)/8) - sin(c + d*xx)~3*%(A/2 + (3%C)/8))/(d*(sin(c +
d*x)~4 - 2%sin(c + d*x)~2 + 1)) + (atanh(sin(c + d*x))*(A/2 + (3%C)/8))/d
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3.5 [ sec’(c + dz) (A + Csec?(c+ dx)) dz

Optimal result . . . . . . . . . . . 66!
Rubi [A] (verified) . . . .. . ... . 66
Mathematica [A] (verified) . . . . . . . . ... L 67
Maple [A] (verified) . . . . . . . .. 68
Fricas [A] (verification not implemented) . . . . . . . ... ... ... .. ...... 68
Sympy [F] . . . o 68
Maxima [A] (verification not implemented) . . . . . . ... ... ... . ... 69
Giac [A] (verification not implemented) . . . . . . . . ... ... L. 69
Mupad [B] (verification not implemented) . . . .. ... ... ... .. ....... 69

Optimal result

Integrand size = 21, antiderivative size = 43

(3A+ 2C) tan(c+dz) C'sec?(c+ dz) tan(c + dz)
3d + 3d

/sec2(c—|—d:c) (A+C'sec*(c+dz)) dz =
[Out] 1/3%(3*%A+2*C)*tan(d*x+c)/d+1/3*C*sec(d*x+c) ~2*xtan(d*x+c)/d

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.00, number

_ __ o number of rules _ _
of steps used = 3, number of rules used = 3, integrand size — 0.143, Rules used = {4131,
3852, 8}

2
/sec2(c+dx) (A+C sec(c+da)) dz = (3A+ 20)31;13,11(6 + dz) 4 C'tan(c+ da;)dsec (c+dzx)

[In] Int[Sec[c + d*x]~2*(A + C*Secl[c + d*x]~2),x]

[Out] ((3*A + 2+C)*Tan[c + d*x])/(3*d) + (C*Sec[c + d*x] 2+Tan[c + d*x])/(3xd)
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && I1GtQ[n/2, 0]

Rule 4131
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Int[(cscl(e_.) + (£_D*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x]) m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rubi steps
2
integral = Cseci(ct d??i tan(e + dz) + %(3A +20) / sec’(c + dz) dz
_ C'sec?(c + dzx) tan(c + dx) B (3A+ 2C)Subst( [ 1dz, z, — tan(c + dz))
B 3d 3d
(83A+2C)tan(c+dz) Csec*(c+ dz)tan(c+ dz)
= 3d + 3d

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.84

_ Atan(c +dz) N C(tan(c + dz) + 3 tan®(c + dz))

/ sec’(c+dz) (A4 C'sec’(c+dz)) dz y y

[In] Integrate[Sec[c + d*x]~2*(A + C*Sec[c + d*x]~2),x]
[Out] (AxTan[c + d*x])/d + (C*(Tan[c + d*x] + Tan[c + d*x]~3/3))/d
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Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.81

method result size
Atan(dz+c)—C (— 2_secldzto)® ) tan(dz-+c)

derivativedivides 7 35
Amnwx+d—0(—%—$ﬂ%ﬂﬁ>tmmh+@

default 7 35

C —2—7sec(dz+c)2) tan(dz+c)

Atan(dz+c) < 3 3

parts v — ] 37

. (3A+2C) sin(3dz+3c)+3 sin(dz+c) (A+20)
parallelrlsch 3d(cos(3dz+3c)+3 cos(dz+c)) 57

% (3A e4i(dz+c) +6A e2i(dw+c) +6C e21’((1:@-ﬁ-c) +3A+20) 63
3d(e2i(dw+c)+1)3

risch

2(A+0) tan(%ﬂug) 2(A+0) tan(%ﬂugf +4(3A+C) tan(%ug)s
norman d d 3d 75

(tan(‘%’—}-%)2—l)3

[In] int(sec(d*x+c) 2% (A+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/d*(A*tan(d*x+c)-C*(-2/3-1/3*sec(d*x+c) ~2)*tan(d*x+c))

Fricas [A] (verification not implemented)

none

Time = 0.29 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.86

((BA+20C)cos (dz + o)’ + C) sin (dz + c)
3dcos (dz + ¢)*

/sec2(c + dz) (A+ Csec’*(c+dz)) dr =

[In] integrate(sec(d*x+c) 2% (A+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/3*x((3*%A + 2*C)*cos(d*x + c)~2 + C)*sin(d*x + c)/(d*cos(d*x + c)~3)

Sympy [F]
/secQ(c + dz) (A + C'sec’(c+ dz)) dz = / (A + Csec? (c+dx)) sec® (c + dz) dz

[In] integrate(sec(d*x+c)**2x(A+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Cxsec(c + d*x)*x2)*sec(c + d*x)**2, x)
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Maxima [A] (verification not implemented)

none
Time = 0.21 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.79

/ sec’(c + dz) (A + Csec®(c + dz)) dz

_ (tan(dz +¢)’ + 3 tan (dz + ¢))C + 3 Atan (dz + c)
N 3d

[In] integrate(sec(d*x+c) ~2*(A+C*sec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/3*x((tan(d*x + ¢c)~3 + 3*tan(d*x + c))*C + 3*xAxtan(d*x + c))/d

Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.79

/sec2 (c+dz) (A+ Csec’(c+ dr)) dz

_ C'tan (dz + ¢)* 4+ 3 Atan (dz + ¢) + 3 C tan (dz + ¢)
B 3d

[In] integrate(sec(d*x+c) 2% (A+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/3*(Cxtan(d*x + c)~3 + 3*A*tan(d*x + c) + 3*Cxtan(d*x + c))/d
Mupad [B] (verification not implemented)
Time = 15.74 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.65

3
/Sec2(c+dx) (A+ Csec®(c+ da)) dz = C’tan(;;—dm) tan(c—i—dz) (A+C)

[In] int((A + C/cos(c + d*x)~2)/cos(c + d*x)~2,x)
[Out] (Cxtan(c + d*x)~3)/(3*d) + (tan(c + d*x)*(A + C))/d
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3.6 [ sec(c + dz) (A + C'sec’(c + dx)) dx

Optimal result . . . . . . . . . . . . e e 701
Rubi [A] (verified) . . . . . . . . . 701
Mathematica [A] (verified) . . . . . . . . ... L ral|
Maple [A] (verified) . . . . . . . . . 72
Fricas [A] (verification not implemented) . . . . . . . ... .. .. ... ....... 72
Sympy [F] . . . 73]
Maxima [A] (verification not implemented) . . . . . . ... ... ... L. 73]
Giac [A] (verification not implemented) . . . . . . . .. ... ... 73
Mupad [B] (verification not implemented) . . . . ... .. ... ... ... ...... 74

Optimal result

Integrand size = 19, antiderivative size = 40

(2A + C)arctanh(sin(c + dx))

2d
C'sec(c + dz) tan(c + dz)
* 2d

/sec(c + dz) (A + C'sec’(c+ dz)) dz =

[Out] 1/2*(2*xA+C)*arctanh(sin(d*x+c))/d+1/2*%Cxsec(d*x+c)*tan(d*x+c)/d

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.105, Rules used = {4131,
3855}

(2A + C)arctanh(sin(c + dzx))
2d
C'tan(c + dx) sec(c + dz)
* 2d

/sec(c + dz) (A + C'sec’(c+ dz)) dz =

[In] Int[Seclc + d*x]*(A + CxSecl[c + d*x]~2),x]

[Out] ((2*xA + C)*ArcTanh([Sin[c + d*x]])/(2xd) + (CxSec[c + d*x]*Tan[c + d*xx])/(2*
d)

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 4131
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Int[(cscl(e_.) + (£_D*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x]) m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rubi steps

C'sec(c + dz) tan(c + dz)
2d

(2A 4 C)arctanh(sin(c + dz)) =~ C'sec(c + dzx) tan(c + dzx)
2d * 2d

_|_

(2A+C) /sec(c +dz)dx

integral =

— N

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.20

/ sec(c + dz) (A + C'sec’(c+dz)) dz = Aarctanh(zln(c +do)) + Carctanh(;;n(c +dv))

C'sec(c + dz) tan(c + dzx)
* 2d

[In] Integrate[Sec[c + d*x]*(A + C*Sec[c + d*x]~2),x]

[Out] (AxArcTanh[Sin[c + d*x]])/d + (CxArcTanh[Sin[c + d*x]])/(2*d) + (CxSec[c +
d*x]*Tan[c + d*x])/(2*d)
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.38

method result Size
Aln(sec(dz+-c)+tan(dz+c)) +C(sec(dz+c) ;an(dm+c) I ln(sec(dm+c)2+tan(d:c+c)) )
derivativedivides 7 bY)
A ln(sec(dw+c)+tan(d:c+c))+C ( sec(dm+c)2tan(dm+c) + 1n(sec(dm+c)2+tan(dm+c)) >
default i 55
sec(dz+c) tan(dz+c) | In(sec(dz+c)+tan(dz+c))
parts Am@aﬂm+3+mnww+@)+_c( 2 +d 2 ) 57
. — <A+ %) (14cos(2dz+2¢)) In (tan ( %” +§> —1) + (A-i— %) (14cos(2dz+2¢)) In (tan ( %x +§> +1) +C'sin(dz+-c)
parallelrisch 86
d(1+4-cos(2dz+2c))
Ctan(di+9) Ctan(d—z+9)3 de | c de | c
Fr5) Cren(F3 (24+C)In(tan(%+£)-1) | (24+C)In(tan(%2+5)+1)
norman % — 5 + 5d 93
dzx | ¢
<tan<7+§> —1)
risch _jCGQ““+@—&W””U _ln@““+@—ﬁA._ln@““+@—ﬁc_+]n@““+@+0A +ln@““+@+ﬁc 118
d(e2idz+e) 4 1) 2 d 2d d 2d

[In] int(sec(d*x+c)*(A+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(A*1n(sec(d*x+c)+tan(d*x+c))+Cx(1/2xsec(d*x+c)*tan(d*x+c)+1/2*x1n(sec(d*
x+c)+tan(d*x+c))))

Fricas [A] (verification not implemented)

nomne

Time = 0.27 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.80

/sec(c + dz) (A + C'sec’(c+dz)) dz

(2 A+ C) cos (dz 4 ¢)*log (sin (dz + ¢) + 1) — (2A 4 C) cos (dz + ¢)* log (—sin (dz + ¢) + 1) 4 2 C'sin (a
4dcos (dz + ¢)®

[In] integrate(sec(d*x+c)*(A+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/4%((2%xA + C)*cos(d*x + c)~2xlog(sin(d*x + c) + 1) - (2%xA + C)*cos(d*x + c
)"2%log(-sin(d*x + c) + 1) + 2*C*sin(d*x + c))/(d*cos(d*x + c)~2)
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Sympy [F]

/sec(c + dz) (A + C'sec’(c+ dz)) dz = / (A + Csec? (c+ dz)) sec (c + dz) dx

[In] integrate(sec(d*x+c)*(A+Cxsec(d*x+c)**2),x)

[Out] Integral((A + Cxsec(c + d*x)**x2)*sec(c + d*x), x)

Maxima [A] (verification not implemented)

none
Time = 0.21 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.45

/sec(c + dz) (A + C'sec’(c+dz)) dz
2 C'sin(dz+c)

(2A+C)log (sin (dz +c¢) + 1) — (2A + C)log (sin (dz +c¢) — 1) — sin(dz+c)2—1
= 4d

[In] integrate(sec(d*x+c)*(A+Cxsec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/4%((2%A + C)*log(sin(d*x + c) + 1) - (2%A + C)*log(sin(d*x + c) - 1) - 2%
Cxsin(d*x + c)/(sin(d*x + ¢)"2 - 1))/d

Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.50

/ sec(c + dz) (A + C'sec’(c + dz)) dzx
2 C'sin(dz+c)

(2A+ C)log (|sin (dz +¢c) + 1|) — (2A+ C)log (|sin (dz + ¢) — 1|) — sin(dato) 1
- 4d

[In] integrate(sec(d*x+c)*(A+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/4%((2%xA + C)*log(abs(sin(d*x + c) + 1)) - (2%A + C)*log(abs(sin(d*x + c)
- 1)) - 2*%C*sin(d*x + c)/(sin(d*x + ¢c)~"2 - 1))/d
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Mupad [B] (verification not implemented)

Time = 16.08 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.02

B Csin(c+dx)
2d (sin(c+dz)* — 1)

[In] int((A + C/cos(c + d*x)~2)/cos(c + d*x),x)

[Out] (atanh(sin(c + d*x))*(A + C/2))/d - (C*sin(c + d*xx))/(2xd*(sin(c + d*x)"2 -
1))
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3.7 [ (A+ Csec’(c+dx)) dr

Optimal result . . . . . . . . . . e 751
Rubi [A] (verified) . . . . . . . . 75
Mathematica [A] (verified) . . . . . . . . . .. 761
Maple [A] (verified) . . . . . . . .. 76
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ... . [7]
Sympy [F] . o o o (|
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. e
Giac [A] (verification not implemented) . . . . . . . .. ... L. (77
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 78

Optimal result
Integrand size = 12, antiderivative size = 15

Ctan(c + dx)

/(A-I— C'sec’(c+dz)) dz = Az + ¥

[Out] Axx+Cxtan(d*x+c)/d

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, number of rules _ 147 , Rules used = {3852,
integrand size
8}

C'tan(c + dz)

/(A—I— C'sec’(c +dz)) dz = Az + g

[In] Int[A + C*Sec[c + d*x]~2,x]

[Out] A*x + (CxTan[c + d*x])/d

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotlc + d*x]]1, x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]
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Rubi steps
integral = Az + C / sec?(c + dz) dzx

_ CSubst(/ 1dz,z, —tan(c + dz))

= Az g

C'tan(c + dx)

= Az + ]

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

C'tan(c + dx)

/(A-I— C'sec’(c+dz)) dz = Az + 7

[In] Integrate[A + CxSec[c + d*x]~2,x]
[Out] A*x + (CxTan[c + d*x])/d

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.07

method result size
default Az + % 16
parts Ax + % 16
derivativedivides (dz+c)A+§mn(d$+c) 21
I'iSCh ACL’ + d(e%(gi—gc)_'_l) 25
2Ctan( 424 ¢
parallelrisch — ( d +2,2 ) + Az 35
d(tan(%x+%> —1)

Aztan(d{+9>2—Az—

4 51

norman tan(%+§)2_1

[In] int(A+Cxsec(d*x+c)~2,x,method=_RETURNVERBOSE)
[Out] A*x+Cxtan(d*x+c)/d
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 31 vs. 2(15) = 30.

Time = 0.25 (sec) , antiderivative size = 31, normalized size of antiderivative = 2.07

Adz cos (dz + ¢) + C'sin (dz + ¢)
2 —
/(A-l—C’sec (c+dz)) dz = dcos (dz 10

[In] integrate(A+Cxsec(d*x+c)~2,x, algorithm="fricas")

[Out] (Axd*x*cos(d*x + c) + Cxsin(d*x + c))/(d*cos(d*x + c))
Sympy [F]

/(A+Cse02(c+dx)) d:c:/(A+Cse02 (c+dz)) dx

[In] integrate(A+C*sec(d*x+c)**2,x)

[Out] Integral(A + Cxsec(c + d*x)**2, Xx)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/ (A+ Csec’(c+dz)) dz = Az + w

[In] integrate(A+Cxsec(d*x+c)~2,x, algorithm="maxima")

[Out] A*xx + Cxtan(d*x + c)/d

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

[In] integrate(A+Cxsec(d*x+c)”2,x, algorithm="giac")

[Out] A*xx + Cxtan(d*x + c)/d
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Mupad [B] (verification not implemented)
Time = 16.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

/ (A+ Csec’(c+dx)) dz = Ctan(c + Zx) +Adz

[In] int(A + C/cos(c + d*x)~2,x)
[Out] (Cxtan(c + d*x) + A*xd*x)/d
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3.8 [ cos(c + dzx) (A + Csec?*(c + dz)) dx

Optimal result . . . . . . . . . . e [79]
Rubi [A] (verified) . . . . . . . . 79
Mathematica [A] (verified) . . . . . . . . . .. 80)
Maple [A] (verified) . . . . . . . .. R0
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ... ..., BT
Sympy [F] . o o o 3
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. 1]
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. 82
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... R2

Optimal result

Integrand size = 19, antiderivative size = 24

/ cos(c + dz) (A+ Csec’(c + dz)) dz = Carctanh(zm(c + dz)) 4 A sm(;—i— dz)

[Out] Cxarctanh(sin(d*x+c))/d+A*sin(d*x+c)/d

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.105, Rules used = {4130,
integrand size
3855}

Asin(c+dz)  Carctanh(sin(c + dx))
- a7 d

/cos(c + dz) (A + C'sec’(c+dz)) dz

[In] Int[Cosl[c + d*x]*(A + C*Secl[c + d*x]~2),x]
[Out] (CxArcTanh([Sin[c + d*x]])/d + (A*Sin[c + d*x])/d
Rule 3855

Int[cscl[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 4130

Int[(cscl(e_.) + (£_)*x(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]"2x(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscle + f*x]) m/(f*m)), x] +
Dist[(Cxm + A*x(m + 1))/(b"2*m), Int[(b*Cscl[e + f*x])"(m + 2), x], x] /; Fre
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eQ[{b, e, f, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && LeQ[m, -1]

Rubi steps

¢+ dz)
d

Carctanh(sin(c + dz))  Asin(c + dz)
= d Ty

) Asin(
integral =

+C / sec(c + dz) dz

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.46

/ cos(c + dz) (A + C'sec’(c + dz)) dz = Camaﬂh(zm(c +dz))
Acos(dz)sin(c)  Acos(c)sin(dzx)
+ g 4 ;

[In] Integrate[Cos[c + d*x]*(A + CxSec[c + d*x]~2),x]
[Out] (CxArcTanh[Sin[c + d*x]])/d + (A*Cos[d*x]*Sin[c])/d + (A*Cos[c]*Sin[d*x])/d

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.25

method result size
e e 1. i 1 d tan(d
derivativedivides | Asin(dz+o)+C n(“’;( 2tc)+tan(dztc)) 30
default Asin(dz+c)+C ln(se;(dz—{—c)—}-tan(dw—}-c)) 30
. Asin(dz+c)—Cln(tan( 9€4+£)—1)4+Cln(tan( & +<)+1
parallelrisch (ton(% 2d> ) (tan( % +5)+1) 43
. 1A et(dz+c) 1A e—i(dz+c) ln(ei(dw"‘c)—i—i)C _ ln(ei(dw"‘c)—i)o
risch =5+ 5d + 3 = 71
2Atan(4}+%) 2Ata"(g}+%)3 Cln(tan(d—w+£>+1> Cln(tan(d—z+£)—1>
norman — d + d 2 2 — 2 2 101

(1+tan(d§+g)2) (tan<d2—z+§)2—1> + d d

[In] int(cos(d*x+c)*(A+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*(A*sin(d*x+c)+C*1n(sec(d*x+c)+tan(d*x+c)))
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.67

/cos(c + dz) (A + C'sec’*(c+dz)) dz

_ Clog(sin (dz + c) + 1) — Clog (—sin (dz + ¢) 4 1) + 2 Asin (dz + c)
B 2d

[In] integrate(cos(d*x+c)*(A+Cxsec(d*x+c)~2),x, algorithm="fricas")
[Out] 1/2*%(C*log(sin(d*x + c) + 1) - Cxlog(-sin(d*x + c) + 1) + 2xAxsin(d*x + c))
/d

Sympy [F]

/cos(c + dz) (A + C'sec’(c+ dz)) dz = / (A + Csec? (c+dz)) cos (c+ dz) dz

[In] integrate(cos(d*x+c)*(A+Cxsec(d*x+c)**2),x)

[Out] Integral((A + Cksec(c + d*x)**x2)*cos(c + d*x), x)

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.58

/cos(c + dz) (A + C'sec’(c+ dz)) dz

_ C(log (sin (dz + ¢) + 1) — log (sin (dz 4 ¢) — 1)) + 2 Asin (dz + ¢)
B 2d

[In] integrate(cos(d*x+c)*(A+Cxsec(d*x+c)~2),x, algorithm="maxima")
[Out] 1/2%(C*(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1)) + 2xAxsin(d*x + c))/
d
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Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.67

/cos(c + dz) (A + C'sec’(c + dz)) dz

_ Clog(Jsin (dz + c) 4 1|) — C'log (|sin (dz + ¢) — 1|) 4+ 2 Asin (dz + c)
B 2d

[In] integrate(cos(d*x+c)*(A+Cxsec(d*x+c)~2),x, algorithm="giac")
[Out] 1/2*%(C*log(abs(sin(d*x + c) + 1)) - Cxlog(abs(sin(d*x + c) - 1)) + 2%A*sin(
dxx + c))/d

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.92

/cos(c + dz) (A + C'sec?(c + dr)) dz = Asin(c+da) + C;tanh(sm (c+dz))

[In] int(cos(c + d*x)*(A + C/cos(c + d*xx)~2),x)
[Out] (A*sin(c + d*x) + C*atanh(sin(c + d*x)))/d
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3.9 [ cos?(c+ dx) (A + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . . e 83|
Rubi [A] (verified) . . . . . . . . . . ]3]
Mathematica [A] (verified) . . . . . . .. ... L L (!
Maple [A] (verified) . . . . . . ... !
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 85
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 85
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... ... .. ]5)
Giac [A] (verification not implemented) . . . . . . .. ... ... o oL 36
Mupad [B] (verification not implemented) . . .. . ... ... ... ... ...... R0

Optimal result

Integrand size = 21, antiderivative size = 31

A cos(c + dz) sin(c + dx)
2d

/cos2(c + dz) (A + C'sec®(c + dz)) dz = %(A +2C)z +

[Out] 1/2*%(A+2%C)*x+1/2*A*cos (d*x+c)*sin(d*x+c)/d

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 495 Ryjles used = {4130,
integrand size
8}

_ Asnlebdr)eo(e ) 1y oy

/cos2 (c+dz) (A+ Csec*(c+dz)) dz

[In] Int[Cosl[c + d*x]~2*(A + C*Secl[c + d*x]~2),x]

[Out] ((A + 2xC)*x)/2 + (A*Cos[c + d*x]*Sin[c + d*x])/(2%d)
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 4130

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.)) " (m_.)*(cscl[(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + fxx]*((bxCscle + f*x]) m/(f*m)), x] +
Dist[(Cxm + A*x(m + 1))/(b"2*m), Int[(b*Cscl[e + f*x])"(m + 2), x], x] /; Fre
eQ[{b, e, £, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]
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Rubi steps

Acos(c+ dz)sin(c + dzx)
2d

integral =

+%(A+20)/1da:

Acos(c + dz) sin(c + dz)
- 2d

1
Mathematica [A] (verified)
Time = 0.03 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.06

A(c+ dz) N Asin(2(c + dz))
2d 4d

/cosQ(c+ dz) (A+ Csec’(c+dx)) do = Cz +
[In] Integrate[Cos[c + d*x]~2*(A + C*Sec[c + d*x]~2),x]
[Out] Cxx + (A*(c + d*x))/(2%xd) + (A*Sin[2*(c + d*x)])/(4*d)

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.77

method result
i Asin(2dz+2
risch Az | O 4 Asin(dstic)
i Asin(2dz+2c)+2(A+2C)zd

parallelrisch sin(2dz+ Z);r (A+20)z

A( sintdate) cos(date) | do | ) | O(dp-c)
derivativedivides < 2 , 2 2)

A((mndee) contdote) 4 do ) L O(date)
default .

2 6 A A dzx

(-4-0)or(-4-C)otan(t5)"+(§+c)etan(d+5)"(4C)stm(p o)~ 22(E78) 2o

norman . : (%
(1+tan(7+%) ) (tan(7+%> _1)

[In] int(cos(d*x+c) 2% (A+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/2%A*xx+C*x+1/4*%A/d*sin(2xd*x+2%c)



85

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.90

/0052(c+dx) (A+ Csec*(c+dx)) dz = (A-I—2C’)d:v+Acozs(§dx+c)sm(dx+c)

[In] integrate(cos(d*x+c) ~2*(A+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/2*x((A + 2*C)*d*x + Axcos(d*x + c)*sin(d*x + c))/d

Sympy [A] (verification not implemented)

Time = 2.52 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.65

/cos2 (c+dz) (A+ Csec*(c+ dz)) dz

x sin? (c+dz) + z cos? (ctdz) + sin (C+d$)2205 (ctdz) for d 7& 0

— 4 g 2
z cos? (c)

+ Cx
otherwise

[In] integrate(cos(d*x+c)**2x(A+Cxsec(d*x+c)**2) ,x)
[Out] Ax*Piecewise((x*sin(c + d*x)**2/2 + x*cos(c + d*x)**2/2 + sin(c + d*x)*cos(c
+ d*x)/(2*d), Ne(d, 0)), (x*cos(c)**2, True)) + C*x

Maxima [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.19
(dz + ¢)(A+20C) + Atanldrta.
/COS2(C+ dCL') (A + CSGCz(C—F dCL')) dr = F tan(dz+c)2+1

[In] integrate(cos(d*x+c) 2% (A+C*sec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/2*x((d*x + c)*(A + 2*%C) + Axtan(d*x + c)/(tan(d*x + ¢c)"2 + 1))/d
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Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.19

Atan(dz+c
(dx + C) (A +2 C) + tant(dx(-i-c)—g—l?l

/0032(0 + dz) (A + C'sec’(c+ dz)) dz = 57

[In] integrate(cos(d*x+c) 2% (A+C*sec(d*x+c)~2),x, algorithm="giac")
[Out] 1/2%((d*x + c)*(A + 2%C) + Axtan(d*x + c)/(tan(d*x + c)”2 + 1))/d

Mupad [B] (verification not implemented)

Time = 15.91 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.81

Asin(24c+2da:) +dz (%_i_c)

/0052(0 + dz) (A + C'sec’(c+dz)) dz = y

[In] int(cos(c + d*x)~2*%(A + C/cos(c + d*x)~2),x)
[Out] ((A*sin(2*c + 2*d*x))/4 + d*x*(A/2 + C))/d
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3.10 [ cos®(c+ dz) (A + C'sec’(c + dx)) dx

Optimal result . . . . . . . . . . . . e B
Rubi [A] (verified) . . . . . . . . . &7
Mathematica [A] (verified) . . . . . . . . . .. 88
Maple [A] (verified) . . . . . . . .. 88
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... ]9
Sympy [F] . . o 89
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... ]9
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. 89
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 90

Optimal result

Integrand size = 21, antiderivative size = 30

. -
/cos3(c+dx) (A+ Csec*(c + dz)) dz = (A+0C) sclln(c+d:v) _ Asin :(;Z+ dz)

[Out] (A+C)*sin(d*x+c)/d-1/3*A*sin(d*x+c)~3/d

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, Bumber of rules _ 0.095, Rules used = {4129,
integrand size
3092}

(A+O)sin(c+dz)  Asin’(c+dx)
d 3d

/ cos®(c + dz) (A + C'sec’(c + dz)) dz =

[In] Int[Cos[c + d*x]~3*(A + CxSecl[c + d*x]~2),x]
[Out] ((A + C)*Sin[c + d*x])/d - (A*Sin[c + d*x]~3)/(3*d)
Rule 3092

Int[sinl(e_.) + (£_)*(x_ )1 (m_.)*((A_) + (C_.)xsin[(e_.) + (f_.)*(x_)1°2),
x_Symbol] :> Dist[-f~(-1), Subst[Int[(1 - x72)"((m - 1)/2)*(A + C - C*x"2)
, x], x, Cos[e + f*xx]], x] /; FreeQ[{e, f, A, C}, x] && IGtQ[(m + 1)/2, 0]

Rule 4129

Int[cscl(e_.) + (£_)*(x_)]1"(m_.)*(cscl(e_.) + (£f_.)*x(x_)]1"2x(C_.) + (A.)),
x_Symbol] :> Int[(C + AxSin[e + f*x]~2)/Sin[e + f*x]~(m + 2), x] /; FreeQ[
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{e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && ILtQ[(m + 1)/2, 0]

Rubi steps

integral = / cos(c+ dz) (C + Acos®*(c+ dz)) dz

Subst( [ (A+ C — Az?) dz, z, —sin(c + dz))
- d
(A+C)sin(c+dz) Asin®(c+ dzx)
B d - 3d

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.67

/ cos® (¢ + dz) (A + Csec?(c + da)) dz = £c05(d2)sIn(e) | Ccos(c)sin(dz)

d d
N Asin(c+dz)  Asin®(c + dz)
d 3d

[In] Integrate[Cos[c + d*x]~3*%(A + C*Sec[c + d*x]~2),x]

[Out] (CxCos[d*x]*Sin[c])/d + (C*Cos[c]l*Sin[d*x])/d + (A*Sin[c + d*x])/d - (A*Sin
[c + d*x]~3)/(3*d)

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.03

method result o
parallelrisch ASin(3dx+3c)+91<2‘2+%> sin(da-+c) "
derivativedivides - (2+CDS(M+;)2) Sin;dHC) +C'sin(da+c) 33
default Aromtins ) Sin;%) +Csin(da+) 33
s e o

2(A—3C) tan(dTm+%)3 2(A—3C) tan(%-&-?)‘r’ 2(A+C) tan(i}-ﬁ-

(4
bl
3d — 3d
2
(1+tan(%’”+§) ) (tan )

[In] int(cos(d*x+c) ~3*(A+Cksec(d*x+c)~2),x,method=_RETURNVERBOSE)

) 2(A+C) tan(%-&-%)?

d 111

norman

[Out] 1/12%(Ax*sin(3*d*xx+3*c)+9%* (A+4/3*C) *sin(d*x+c))/d
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.93

Acos (d 242A4+30C)sin(d
/COS3(C+d$)(A+CSGC2(C+dx)) iy = \(Acos(dz+0) +3d+ ) sin (dz + ¢)

[In] integrate(cos(d*x+c) ~3*(A+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/3*x(A*xcos(d*x + c)~2 + 2%A + 3*C)*sin(d*x + c)/d
Sympy [F]

/(3033(0 + dz) (A + C'sec’(c+ dz)) dz = / (A + Csec® (c+dx)) cos® (c + dz) dx

[In] integrate(cos(d*x+c)**3*(A+Cksec (d*x+c)**2),x)

[Out] Integral((A + Ckxsec(c + d*xx)**2)*cos(c + d*x)**3, x)

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.90

. 3 .
/ cos’(c+ dz) (A + C'sec’(c+ dz)) dz = _ Asin (dz + ¢) 33(;4 + C) sin (dz + ¢)

[In] integrate(cos(d*x+c) ~3*(A+C*sec(d*x+c)~2),x, algorithm="maxima")

[Out] -1/3*x(A*sin(d*x + ¢)~3 - 3*(A + C)*sin(d*x + c¢))/d

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.13

/0083 (c+dz) (A+ Csec’(c+dz)) dz

. Asin (dz + ¢)® — 3 Asin (dz 4 ¢) — 3C'sin (dz + ¢)
T 3d

[In] integrate(cos(d*x+c) ~3*(A+C*sec(d*x+c)~2),x, algorithm="giac")
[Out] -1/3*(A*sin(d*x + c)~3 - 3*A*sin(d*x + c) - 3*Cxsin(d*x + c))/d
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.93

Asin(ct+dxz)® o d ALC
/COS3(C+d.'L‘) (A—|—Csec2(c+da;)) der = — 3 Smc(ic-l_ z) (A+C)

[In] int(cos(c + d*x)~3*(A + C/cos(c + d*xx)~2),x)
[Out] -((A*sin(c + d*x)~3)/3 - sin(c + d*x)*(A + C))/d
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3.11 [ cos*(c+ dz) (A + C'sec’(c + dx)) dx

Optimal result . . . . . . . . . . . e OT]
Rubi [A] (verified) . . . . . . . . . 1]
Mathematica [A] (verified) . . . . . . . . . .. . 92
Maple [A] (verified) . . . . . . . . . . 92
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .. 93]
Sympy [F] . . o o 93]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... 94
Giac [A] (verification not implemented) . . . . . . . ... ... L. 94
Mupad [B] (verification not implemented) . . ... ... ... ... ... ....... 94

Optimal result

Integrand size = 21, antiderivative size = 61

(3A + 4C) cos(c + dzx) sin(c + dx)
8d

/cos4(c+da:) (A+Csec’(c+dz)) dr = %(3A+4C’)x+

Acos?(c + dz) sin(c + dz)
* 1d

[Out] 1/8%(3%A+4%C)*x+1/8%(3%xA+4*C)*cos (d*x+c)*sin(d*x+c)/d+1/4*A*xcos (d*x+c) ~3*si
n(d*x+c)/d

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 143 Ryjes used = {4130,
integrand size

2715, 8}
/COS4(c + dz) (A + CsecX(c + dz)) da = (3A+40) sm(cs-; dz) cos(c + dx)
i 3
+ Asin(c + d:cidcos (c+ dx) N %x(3A 40)

[In] Int[Cos[c + d*x]~4*(A + CxSecl[c + d*xx]~2),x]

[Out] ((3%A + 4xC)*x)/8 + ((3%A + 4*C)*Cos[c + d*x]*Sin[c + d*x])/(8*d) + (A*Cos[
c + d*x]~3*%Sin[c + d*xx])/(4*d)

Rule 8
Int[a_, x_Symbol] :> Simp([a*x, x] /; FreeQ[a, x]

Rule 2715
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Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4130

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*xx]*((bxCscl[e + f*x])"m/(f*m)), x] +
Dist[(Cxm + A*(m + 1))/(b"2+#m), Int[(b*Cscl[e + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, £, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && LeQ[m, -1]

Rubi steps

\ .
Acos®(c + dﬁ sin(c +dz) | }1(314 +40) / cos(c + dz) dx

: 3 i
_ (3A+4C) cos(cg—cll— dx) sin(c + dx) N Acos®(c+ d;ccg sin(c + dz) +%(3A+4C) / 1dzx

integral =

(3A 4 4C) cos(c + dzx) sin(c + dx) + A cos®(c + dzx) sin(c + dz)

1

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.74

/ cos’(c+ dz) (A + C'sec’(c +dz)) dz

_ 4(3A+4C)(c+dz) + 8(A + C)sin(2(c + dz)) + Asin(4(c + dz))
B 32d

[In] Integrate[Cos[c + d*x]~4*(A + CxSec[c + d*x]~2),x]

[Out] (4%x(3%A + 4*C)*(c + d*x) + 8%x(A + C)*Sin[2*(c + d*x)] + A*Sin[4*x(c + d*x)])
/(32xd)

Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.72
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method result
) (8A+8C) sin(2dz+2¢)+A sin(4dz+4c)+12d(,4+%)z
parallelrisch
32d
: 3Azx Cz Asin(4dz+4c) Asin(2dz+2c) sin(2dz+2¢)C
risch g T2 T 324 + id + 4d

+3(;q;+38¢) +C < sin(dz+c)2(:os(d:v+c) +d7m +%)
derivativedivides 3

cos(dm+c)3+w sin(dz+-c) .
< ( . ) +%+% +C ( sm(dm+c)2cos(da:+c) +d71 _’_%)

default i
(—M—Q)m+<— 9A—30)wtan(%”“‘+g>2+(—%—C)ztan<%+g)4+(%+C>ztan(d{+g)6+(%+%>ztan<9

<1+tan1

< (cos(dz+c)3+ w) sin(dz+-c)
4

norman

[In] int(cos(d*x+c) ~4x(A+Cksec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/32%((8%A+8*C)*sin (2xd*x+2%c)+A*sin(4*d*xx+4*c)+12*%d* (A+4/3%C)*x)/d

Fricas [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.80

/cos4(c + dz) (A + C'sec’(c+dz)) dz

_ (8A+40C)dz + (2 Acos(dz +¢)* + (3 A +4C) cos (dz + ¢)) sin (dz + ¢)
B 8d

[In] integrate(cos(d*x+c) ~4*(A+C*sec(d*x+c)~2),x, algorithm="fricas")
[Out] 1/8%((3%A + 4*C)*d*x + (2*%A*cos(d*x + c)~3 + (3%A + 4*C)*cos(d*x + c))*sin(
d*xx + c))/d

Sympy [F]
/cos4(c + dz) (A+ Csec*(c+dz)) dr = / (A + Csec® (c+dz)) cos* (c + dz) dx

[In] integrate(cos(d*x+c)**4x(A+Cxsec(d*x+c)**2),x)

[Out] Integral((A + C*xsec(c + d*x)**2)*cos(c + d*x)*x4, x)
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Maxima [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.20

/cos4(c + dz) (A+ C'sec’(c+ dz)) dz

(3 A+4C) tan(dz+c)3+(5 A+4 C) tan(dz+c)
. (dCL' + C) (3 A + 4 C) + tan(dw+c)4-|—2 tan(dx+c)2+1

B 8d

[In] integrate(cos(d*x+c) ~4*(A+C*sec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/8*x((d*x + c)*(3*%A + 4%C) + ((3*A + 4xC)*tan(d*x + c)~3 + (5xA + 4x*xC)x*tan(
dxx + c))/(tan(d*x + c)~4 + 2xtan(d*x + c)~2 + 1))/d

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.20

/cos4(c + dz) (A + C'sec’(c+dz)) dz

34+4C tan(dz+c)3+5 A tan(do+c)+4 C tan(dz+c)
2
(tan(dw+c)2+1)

(dx+c)(3A+4C) + 3 Atan(dz+c)
- 8d

[In] integrate(cos(d*x+c) ~4*(A+Cksec(d*x+c)”2),x, algorithm="giac")

[Out] 1/8*((d*x + c)*(3%A + 4xC) + (3*Axtan(d*x + c)~3 + 4xCxtan(d*x + c)~3 + 5*A
xtan(d*x + c) + 4xCxtan(d*x + c))/(tan(d*x + c)~2 + 1)"2)/d

Mupad [B] (verification not implemented)

Time = 16.43 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.10

/cos4(c + dz) (A+ Csec’(c+dz)) dz
o (344C), (24§ ke dal (5 ) ntera
8 2 d (tan(c+dz)* + 2tan (c+dz)* +1)

[In] int(cos(c + d*x)~4*(A + C/cos(c + d*x)~2),x)
[Out] x*x((3*%A)/8 + C/2) + (tan(c + d*x)*((5%A)/8 + C/2) + tan(c + dx*xx)~3*((3*A)/8
+ C/2))/(d*(2xtan(c + d*x)~2 + tan(c + d*x)~4 + 1))
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3.12 [ cos®(c+ dz) (A + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . . . e 95}
Rubi [A] (verified) . . . . . . . . . 95
Mathematica [A] (verified) . . . . . . . . . ... 96
Maple [A] (verified) . . . . . . . . . 97
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ... ... 97
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... .. L oL
Mupad [B] (verification not implemented) . . .. ... ... ... ... ....... 99

Optimal result

Integrand size = 21, antiderivative size = 50

/cos5(c + dz) (A + C'sec’(c+ dz)) dz = (A+C) Sclln(c + dz)
_ (2A+ C)sin’(c + dx) N Asin®(c + dz)
3d 5d

[Out] (A+C)*sin(d*x+c)/d-1/3*%(2%A+C)*sin(d*x+c) ~3/d+1/5%A*sin(d*x+c)~5/d

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ 0.143, Rules used = {4129,
integrand size

3092, 380}
3
/cos5(c + dz) (A+ C'sec’(c+dz)) dz = — (24+0) ;1;1 (c+ dz)
(A+ C)sin(c+dz) Asin’(c+ dx)
d + 5d

[In] Int[Cos[c + d*x]~5*%(A + CxSec[c + d*x]~2),x]

[Out] ((A + C)*Sin[c + d*x])/d - ((2%A + C)*Sin[c + d*x]"3)/(3*d) + (A*Sin[c + dx
x]75)/(56%d)

Rule 380

Int[((a_) + (b_)*(x_)"(n D))" (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.), x_Symbol
1 :> Int[ExpandIntegrand[(a + b*x~n) p*(c + d*x"n)~q, x], x] /; FreeQ[{a, b
, ¢, d, n}, x] && NeQ[b*c - axd, 0] && IGtQ[p, 0] && IGtQ[q, O]
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Rule 3092

Int[sin[(e_.) + (£_)*(x_)]1"(m_.)*((A_) + (C_.)*sin[(e_.) + (f_.)*(x_)]1"2),
x_Symbol] :> Dist[-f~(-1), Subst[Int[(1 - x72)"((m - 1)/2)*(A + C - Cxx"2)
, Xx], x, Cosle + f*x]], x] /; FreeQ[{e, f, A, C}, x] && IGtQ[(m + 1)/2, 0]

Rule 4129

Int[cscl(e_.) + (£_)*(x_)]1"(m_.)*(cscl(e_.) + (f_.)*(x_)]1"2x(C_.) + (A_)),
x_Symbol] :> Int[(C + AxSin[e + f*x]~2)/Sinf[e + f*x]~"(m + 2), x] /; FreeQ[
{e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && ILtQ[(m + 1)/2, 0]

Rubi steps

integral = / cos®(c + dz) (C + Acos’(c + dz)) dz

_Subst(f (1—2?)(A+ C — Az?) dz, z, —sin(c + dz))

d
Subst([ (A(1+ ) — (24 + C)z? + Az*) dz, z, —sin(c + dx))
T d
_(A+O)sin(c+dz) (2A+C)sin’(c + dx) N Asin®(c + dz)
B d 3d 5d

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.42

_ Asin(c + dz) N Csin(c+dz) 2Asin®(c + dz)
d d 3d
_ Csin®(c +dx) N Asin®(c + dz)
3d 5d

/cos5(c + dz) (A+ C'sec’(c+dz)) dz

[In] Integrate[Cos[c + d*x]~5*(A + C*Secl[c + d*x]~2),x]

[Out] (A*Sin[c + d*x])/d + (CxSin[c + d*x])/d - (2%A*Sin[c + d*x]~3)/(3%d) - (CxS
inf[c + d*x]"3)/(3*d) + (A*Sin[c + d*x]~5)/(5%d)
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Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.98

method result

. (25A+20C) sin(3dz-+3c)+3A sin(5dz+5¢)+150 sin(dz+c) (A+ %)
parallelrisch 240d

2
8 4, 4cos(dz+c) .
A < §tcos(dz+c)*+——5——— | sin(dz+c) N c (2+cos(dz+6)2> sin(dz+c)
3

derivativedivides = =

2
4 , 4cos(dx+c .
A<§+cos(dx+c) 4 4eos( ) ) sin(dz+c) +C(2+Cos(dz+c)z) sin(dz+c)
3

default 5 =
. 5Asin(dz+c) 3C sin(dz+c) Asin(5dz+5c) 5A sin(3dz+3c) sin(3dz+3c)C
risch ga v 4 T sad T 48d + = 1
2(4+C)tan (4P 1+§)  24+0)tan( G +5)" 2(a+50)tan(9E+§)°  2(a+50)tan(dE+§)°  4194+450) tan( 9P 15)°
norman _ d + d — 3d 2"' . 3d - — 15d -
dr | c dz 4 c
<1+tan<7+§> ) (tan( 2 +2) —1)

[In] int(cos(d*x+c) 5*(A+Cxsec(d*x+c)~2),x,method= RETURNVERBOSE)
[Out] 1/240%((25%A+20%*C)*sin(3*d*x+3*c)+3*A*xsin (5xd*x+5%c)+150*sin (d*xx+c) * (A+6/5%
C))/d

Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.90

/0035(0 + dz) (A + C'sec’(c + dz)) dz

(3 Acos (dz +c)* + (4 A+5C)cos (dz + ¢)* + 8 A+ 10C) sin (dz + )
15d

[In] integrate(cos(d*x+c) ~5*(A+C*sec(d*x+c)~2),x, algorithm="fricas")
[Out] 1/15%(3%A*cos(d*x + c)~4 + (4%A + 5*C)*cos(d*x + c)~2 + 8%A + 10*C)*sin(d*x
+ c)/d
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Sympy [F]
/coss(c + dz) (A + C'sec’(c+ dz)) dz = / (A + Csec? (c+dx)) cos® (c + dz) dx

[In] integrate(cos(d*x+c)**5x(A+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Cxsec(c + d*x)*x2)*cos(c + d*x)**5, x)

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.86

/0035(0 + dz) (A + C'sec’(c + dz)) dz

_ 3Asin(dz+c¢)’ —5(2A4+ O)sin(dz + ¢)* + 15 (A + C) sin (dz + ¢)
B 15d

[In] integrate(cos(d*x+c) 5% (A+Cxsec(d*x+c)~2),x, algorithm="maxima")
[Out] 1/15%(3*Axsin(d*x + c)”5 - 5x(2*%A + C)*sin(d*x + c)~3 + 15%(A + C)*sin(d*x
+c))/d

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.14

/cos5(c + dz) (A + C'sec®(c + dz)) dz

3 Asin(dz +¢)® — 10 Asin (dz + ¢)® — 5C'sin (dz + ¢)® + 15 Asin (dz + ¢) + 15C'sin (dz + ¢)
B 15d

[In] integrate(cos(d*x+c) 5% (A+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/15%(3*Axsin(d*x + c)~5 - 10*A*sin(d*x + c)~3 - 5*C*sin(d*x + c)~3 + 15%Ax
sin(d*x + c¢) + 15%C*xsin(d*x + c))/d



99

Mupad [B] (verification not implemented)

Time = 15.99 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.86

/coss(c + dz) (A + C'sec’*(c+dz)) dz

_ Asin(t;—l—dac)5 + (_% - %) sin (C+ d-’E)B + (A + C) sin (C+ dl‘)
d

[In] int(cos(c + d*x)~5x(A + C/cos(c + d*x)~2),x)

[Out] ((Axsin(c + d*x)~5)/5 + sin(c + d*x)*(A + C) - sin(c + d*x)~3*x((2%xA)/3 + C/
3))/4d
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3.13 [ cosb(c + dz) (A + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . . e 100
Rubi [A] (verified) . . . . . . . . . 100!
Mathematica [A] (verified) . . . . . . . .. ... L L o 102
Maple [A] (verified) . . . . . . . .. 102
Fricas [A] (verification not implemented) . . . . . . . ... ... . ... ....... 103
Sympy [F(-1)] . . o 103l
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... .. 103
Giac [A] (verification not implemented) . . . . . . . ... ... Lo 104
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 104

Optimal result

Integrand size = 21, antiderivative size = 89

/cosﬁ(c-}-dx) (A+Csec’*(c+dz)) do= %(5A+60)z+ (54 +6C) cos((i‘f—;ldx) sin(c + da)
(5A + 6C) cos*(c + dz) sin(c + dx)
+
24d
A cos®(c + dzx) sin(c + dz)
+ 6d

[Out] 1/16%(5*%A+6*C)*x+1/16% (5%A+6*C)*cos (d*x+c)*sin(d*x+c)/d+1/24* (5xA+6%C) *xcos (
d*xx+c) “3*sin(d*x+c) /d+1/6*A*xcos (d*xx+c) “B*sin(d*x+c)/d

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ 0.143, Rules used = {4130,
integrand size

2715, 8}
; 3
/cos6(c + dz) (A+ C'sec’(c+ dz)) dz = (54 +6C) s1n(c2zddx) cos’(c + d)
(5A + 6C) sin(c + dz) cos(c + dz)
+
lféd
4 Asin(c+ d$6)dcos (c+ dzx) N 1_163:(514 +60)

[In] Int[Cos[c + d*x] 6x(A + CxSecl[c + d*x]~2),x]

[Out] ((5*%A + 6%C)*x)/16 + ((5*%A + 6*C)*Cos[c + d*x]*Sin[c + d*x])/(16%d) + ((5*A
+ 6*C)*Cos[c + d*x]~3*Sin[c + d*x])/(24*d) + (A*Cos[c + d*x]~5*Sin[c + d*x
1)/ (6%d)



101

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])~(n - 1)/(d*n)), x] + Dist[b"2*((n - 1)/n), Int[(b*Sin[
c +d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4130

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)]1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + fxx]*((bxCscle + f*x]) m/(f*m)), x] +
Dist[(Cxm + A*x(m + 1))/(b"2*m), Int[(b*Cscl[e + f*x])"(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && LeQ[m, -1]

Rubi steps
5 .
integral = Acos’(c+ dég sin(c + dr) + é(5A +60) /cos4(c + dz) dz
_ (6A+6C) cos®(c + dzx) sin(c + dx)
B ] 24d
+ AcosT(c+ dg{; sin(c + do) + %(SA +6C) /cosQ(c +dz) dz
(5A + 6C) cos(c + dz)sin(c+dz) (A + 6C) cos®(c + dzx) sin(c + dx)

- 16d * 24d

Acos®(c + dz) sin(c + dx)
+ 6d

1
+ 1—6(5A+60)/1d1‘

_ 1_16(5A +60)s + (5A+60C) cos(i;;jdx) sin(c + dzx)
(5A 4 6C) cos®(c + dz) sin(c + dz)  Acos®(c+ dz)sin(c + dz)
* 24d - 6d
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Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.76

cos’(c+ dz) (A + Csec’*(c+ dr)) dx

_ 60Ac+ 72cC + 60Adx 4 72Cdx 4 (45A 4 48C) sin(2(c 4 dz)) 4 (9A + 6C) sin(4(c 4 dzx)) + Asin(6(c +
- 192d

[In] Integrate[Cos[c + d*x]~6*%(A + C*Sec[c + d*x]~2),x]

[Out] (60%xAxc + 72*c*C + 60%A*d*x + 72*Ckxdxx + (45%A + 48*C)*Sin[2*%(c + d*xx)] + (
9%A + 6%C)*Sin[4x(c + d*xx)] + A*Sin[6*(c + d*x)])/(192%d)

Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.69

method result
, (454-+48C) sin(2dz+20)+(9A+6C) sin(4dw-+4c)+ Asin(6dz-+6¢)+60dz ( A+
parallelrisch
192d
. 5Az 3Cz Asin(6dz+6c) 3Asin(4dz+4c) sin(4dz+4¢)C 15A sin(2dz+2c) sin(2dz+2¢)C
risch 6 T8 T 1024 T 64d + 32d + 64d + 4d
<cos(dm+c)5+ 5 cos(ci:v+c)3 + 15 COS(Sd"'H—C) > sin(dz+-c) 4 (cos(dz+c)3+ 3cos(dztc) cos(;lm+c) ) sin(dz+c) d
5 5 3 3
A 6 + Tsz + ths +C 4 + Tx + ?c
derivativedivides 7
<cos(dm+c)5+scos(im+c)3 " 15 cos(8d1+0)> sin(da+c) . (cos(dw+c)3+w) sin(dz+c) .,
5dz | 5¢ 3dx |, 3c
A 5 +36 T16 | € 1 5ty
default v

4 2 6
5A _3C 45A _ 27C d c 25A _ 15C dz | ¢ 25A _ 15C dz | ¢ 5A , 3
(—E—T; >w+(—Ts 5 )“an(7+§) +(—Ts 78 )wtan(7+§> +<—Ts 78 )“an(7+§> +(T +7

norman

[In] int(cos(d*x+c) ~6*(A+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/192%((45%A+48%C)*sin(2*d*x+2*c)+(9*A+6%C) *sin (4*d*x+4*c)+A*xsin (6xd*xx+6%c)
+60*d*x* (A+6/5%C)) /d
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.76

/cosﬁ(c + dz) (A + C'sec’(c + dz)) dz

_3(5A+6C)dz + (8 Acos (dz +¢)° +2(5A+6C)cos (dz +c)> +3(5 A+ 6C) cos (dz + c)) sin (dz +
B 48d

[In] integrate(cos(d*x+c) 6% (A+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/48%(3%(5%A + 6%C)*d*x + (8%Axcos(d*x + c)~5 + 2x(5%A + 6*C)*cos(d*x + c)~
3 + 3%x(5xA + 6*%C)*cos(d*x + c))*sin(d*x + c))/d

Sympy [F(-1)]
Timed out.
/cosﬁ(c + dz) (A + C'sec’*(c+ dz)) dz = Timed out

[In] integrate(cos(d*x+c)**6x(A+Cxsec(d*x+c)**2) ,x)

[Out] Timed out

Maxima [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.16

/COSG(C + dz) (A+ Csec’(c+dz)) dz

3 (5 A+6 C) tan(dz+c)®+8 (5 A+6 C) tan(dz+c)3+3 (11 A+10 C) tan(dz+c)
o 3 (d.’E + C)(5 A+6 C) + tan(dz+c)®+3 tan(dz+c)*+3 tan(dz+c)2+1

o 48d

[In] integrate(cos(d*x+c) ~6*(A+C*sec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/48%(3*(d*x + c)*(5%A + 6*%C) + (3*x(5*xA + 6*%C)*tan(d*x + c)~5 + 8x(5xA + 6%
C)xtan(d*x + ¢)”3 + 3*(11*%A + 10*C)*tan(d*x + c))/(tan(d*x + c)~6 + 3xtan(d

*x + c)”"4 + 3*tan(d*x + ¢c)"2 + 1))/d
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Giac [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.08

/cosﬁ(c + dz) (A + C'sec’(c + dz)) dz

15 A tan(dz+c)® +18 C tan(dz+c)® 440 A tan(dz+c)3+48 C tan(dz+c)3+33 A tan(dz+c)+30 C tan(dz+c)
3
(tan(dm+c)2+1>

3(dx+c)bA+6C)+

48d

[In] integrate(cos(d*x+c) 6% (A+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/48%(3*(d*x + c)*(5%A + 6%C) + (15%Axtan(d*x + c)~5 + 18*Cxtan(d*x + c)~5
+ 40*%Axtan(d*x + c)~3 + 48%Cxtan(d*x + c)~3 + 33xAxtan(d*x + c) + 30*Cxtan(
d*x + c))/(tan(d*x + ¢c)~2 + 1)°3)/d

Mupad [B] (verification not implemented)

Time = 16.14 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.02

/cosG(c + dz) (A + C'sec’(c+dz)) dz

- 7\16 8
(34 +32) tan(c+ dz)’ + (32 + C) tan(c+ dz)® + (B4 + 22) tan(c + d )
d (tan (c + dz)° + 3tan (c + dz)* + 3tan (c + dz)* + 1)

+

[In] int(cos(c + d*x)~6*%(A + C/cos(c + d*x)~2),x)

[Out] x*((5%A)/16 + (3*C)/8) + (tan(c + d*x)*((11*A)/16 + (5%xC)/8) + tan(c + d*x)
~3*%((5%A)/6 + C) + tan(c + d*x)~5*%((5%A)/16 + (3*C)/8))/(d*(3*tan(c + d*x)~
2 + 3*xtan(c + d*x)~4 + tan(c + d*x)"6 + 1))
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3.14 [ sec™(c+ dx) (—2 + C'sec®(c + dx)) d

Optimal result . . . . . . . . . . . e 105
Rubi [A] (verified) . . . . . . . . .. 1051
Mathematica [C] (verified) . . . . . . . . . ...
Maple [A] (verified) . . . . . . ... 106
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., .
Sympy [F] . . o 107
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... 107
Giac [F] . . . . o 107
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 108

Optimal result

Integrand size = 29, antiderivative size = 26

1+m .
/ sec™ (¢ + dz) (—i—m + C'sec®(c + dx)> dg = £5° (2 (ﬂ; ixz;m(c + dz)

1+m

[Out] Cx*sec(d*x+c)”~(1+m)*sin(d*x+c)/d/(1+m)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.034, Rules used = {4128}

C'sin(c + dx) sec™ ™ (c + dx)
d(m+1)

m Cm 9 .
/sec (c+dx) <_1+—m + C'sec (c—|—dx)) dzr =
[In] Int[Seclc + d*x] m*(-((Cxm)/(1 + m)) + CxSec[c + d*xx]~2),x]
[Out] (CxSec[c + d*x]~(1 + m)*Sin[c + d*x])/(d*x(1 + m))

Rule 4128

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.)) " (m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscle + f*x])"m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + Ax(m + 1), O]

Rubi steps

C'sect™™(c + dz) sin(c + dx)
d(1+m)

integral =
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Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.44 (sec) , antiderivative size = 113, normalized size of antiderivative = 4.35

1+m
_ Cesc(c+ dx) sec™ ™ (c + dx) (—((2 + m) Hypergeometric2F1 (3, %, 2™, sec?(c + dx) ) ) + (1 + m) Hyp
B d(1+m)(2+m)

/secm(c + dz) (_C’_m + C'sec?(c + dm)) dx

[In] Integrate[Sec[c + d*x] “m*(-((C*m)/(1 + m)) + C*Secl[c + d*x]~2),x]

[Out] (CxCscl[c + d*x]*Sec[c + d*x]~(-1 + m)*(-((2 + m)*Hypergeometric2F1[1/2, m/2
, (2 +m)/2, Sec[c + d*x]~2]) + (1 + m)*Hypergeometric2F1[1/2, (2 + m)/2, (
4 + m)/2, Sec[c + d*x]~2]*Sec[c + d*x]~2)*Sqrt[-Tan[c + d*x]~2])/(d*(1 + m)

*(2 + m))

Maple [A] (verified)

Time = 0.72 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.77

method result
m
. 2C tan( 924 L
parallelrisch | — (%+5) S“’S(d”;c) )
(1+m)d(tan(7’£+§) —1)
. i jei(dz+c) 2 . i jet(dz+c)
iC (ei(da+e))™ (g2i(date) 1) Mom | ¢ S ( SHCL );sgﬂ ( EECALEE > - e S ( EECALEE ) - ( egl(dm+0)+
risch —

[In] int(sec(d*x+c) m*(-C*m/(1+m)+C*sec(d*x+c) 2),x,method=_RETURNVERBOSE)
[Out] -2*C/(1+m)/d*tan(1/2%d*xx+1/2*%c)*(1/cos(d*x+c)) m/(tan(1/2*d*x+1/2%c) "2-1)

Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.27

1 m .
. Cm 9 _ cos(dz+c) Sin (dx + C)
/sec (c—|—dx)( 1+m—|—C’sec (c+dm)) dx = (dm + d) cos (dz + 0)

[In] integrate(sec(d*x+c) “m*(-C*m/(1+m)+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] Cx(1/cos(d*x + c¢)) m*sin(d*x + c)/((d*m + d)*cos(d*x + c))
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Sympy [F]
m Cm 2
/sec (c+dx) (_H—m + C'sec*(c+ dz)) dx
_ C(J (—msec™ (c + dx)) dz + [ sec? (c+ dx)sec™ (¢ + dz) dx + [ msec? (c+ dx) sec™ (c + dz) dx)

m+1

[In] integrate(sec(d*x+c)**m*(-C*m/(1+m)+C*sec (d*x+c)**2) ,x)

[Out] C*(Integral(-m*sec(c + d*x)**m, x) + Integral(sec(c + d*x)#**x2xsec(c + d*x)x*
*m, x) + Integral(m*sec(c + d*x)**2*sec(c + d*x)**m, x))/(m + 1)

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 304 vs. 2(26) = 52.

Time = 0.43 (sec) , antiderivative size = 304, normalized size of antiderivative = 11.69

1+m
_2™C cos (—(dz + c)(m + 2) + marctan (sin (2dz + 2¢),,cos (2dz + 2¢) + 1)) sin (2dz +2¢) —2™Cec

/secm(c + dz) (_C_"__m + C'sec’(c + dz)) dr =

[In] integrate(sec(d*x+c) “m*(-C*m/(1+m)+C*sec(d*x+c)~2),x, algorithm="maxima")

[Out] -(2"m*Cxcos(-(d*x + c)*x(m + 2) + m*arctan2(sin(2*xd*x + 2%c), cos(2*d*xx + 2%
c) + 1))*sin(2xd*x + 2*c) - 2 m*C*cos(-(d*x + c)*m + m*arctan2(sin(2*d*x +
2%c), cos(2*d*x + 2*c) + 1))*sin(2*d*x + 2*c) + (2 m*Ckxcos(2*d*x + 2%c) + 2
“m*C)*sin(-(d*x + c)*(m + 2) + m*arctan2(sin(2*xd*x + 2*c), cos(2*d*x + 2%c)

+ 1)) - (2"m*Ckxcos(2*d*x + 2xc) + 2"m*C)*sin(-(d*x + c)*m + m*arctan2(sin(
2%dxx + 2%c), cos(2*d*xx + 2*%c) + 1)))/(((m + 1)*cos(2%d*x + 2*%c)"2 + (m + 1
Y*sin(2*d*x + 2*c)"2 + 2x(m + 1)*cos(2*d*x + 2*c) + m + 1)*(cos(2xd*x + 2%*c
)72 + sin(2*%d*x + 2%c)”2 + 2%cos(2*d*xx + 2*c) + 1)7(1/2+*m)*d)

Giac [F]

/secm(c + dz) (_C’_m + C'sec’(c + dm)) dx

1+m

= / (C’ sec (dz + ¢)® — mc——Tl) sec (dz +¢)™ dx

[In] integrate(sec(d*x+c) “m*(-C*m/(1+m)+C*sec(d*x+c)”~2),x, algorithm="giac")

[Out] integrate((Cxsec(d*x + c)”2 - C*m/(m + 1))*sec(d*x + c)"m, x)
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Mupad [B] (verification not implemented)

Time = 15.61 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.62

Om Csin(2c+2dz) <m)
m d - 2 d dxr =
/Sec (c+ x)( 1+m+C’sec (c+ x)) x d (cos(2c+2dzx)+1) (m+1)

[In] int((1/cos(c + d*x)) m*(C/cos(c + d*x)~2 - (C*m)/(m + 1)),x)
[Out] (Cxsin(2*c + 2*d*x)*(1/cos(c + d*x))"m)/(d*(cos(2*c + 2*d*x) + 1)*x(m + 1))
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3.15 [ sec™(c + dzx) (A _ Alltm) SeCZ(c+dx)> dx

m

Optimal result . . . . . . . . . . . e 109
Rubi [A] (verified) . . . . . . . . . 1091
Mathematica [C] (verified) . . . . . . . . ... .. L o 110
Maple [A] (verified) . . . . . . ... L 110
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... . 110
Sympy [F] . . o o 117
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... 111l
Giac [F] . . . o o o 111
Mupad [B] (verification not implemented) . . ... ... ... ... ... ...... 112

Optimal result

Integrand size = 28, antiderivative size = 25

2 1+m .
/Secm(c—l- i) <A Al +m) :c (c+ dm)) dp — _ Asec™™(c +dc::) sin(c + dz)

[Out] -Axsec(d*x+c)” (1+m)*sin(d*x+c)/d/m

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00, number

_ __ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.036, Rules used = {4128}

A(l 2 Asi m+1
/secm(c+dgg) <A— (1+m) jZC (c—i—dx)) do — — sm(c-l—dx)dic;c (c+dzx)

[In] Int[Secl[c + d*x] m*(A - (A*(1 + m)*Sec[c + d*x]~2)/m),x]
[Out] -((AxSec[c + d*x]~ (1 + m)*Sin[c + d*xx])/(d*m))
Rule 4128

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + A*(m + 1), 0]

Rubi steps

Asec'™™(c + dzx) sin(c + dz)

integral = —
& dm
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Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.30 (sec) , antiderivative size = 111, normalized size of antiderivative = 4.44

2
/secm(c—i—dz') (A— A(1+m):c (c+dx)) i
_ Acsc(c + dz)sec™'*™(c + dz) ((2 + m) Hypergeometric2F1 (3, %, 2™ sec?(c 4 dz)) — (1 +m) Hyperge
B dm(2 +m)

[In] Integrate[Sec[c + d*x] m*(A - (A*(1 + m)*Sec[c + d*x]~2)/m),x]

[Out] (A*Csclc + d*x]*Sec[c + d*x]~(-1 + m)*((2 + m)*Hypergeometric2F1[1/2, m/2,
(2 + m)/2, Sec[c + d*x]~2] - (1 + m)*Hypergeometric2F1[1/2, (2 + m)/2, (4 +
m)/2, Sec[c + d*x]~2]*Sec[c + d*x]~2)*Sqrt[-Tan[c + d*x]~2])/(d*m*(2 + m))

Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.76

method result
. 2Atan(dzye) (1 "
parallelrisch (%+5) <°°S(§’”+C)>
md(tan(d{+§> —1)
X . ;. i(dz+c) 2 X ] jet(dz+c)
im csgn 25(d Z+ y csgn ;?(d o m i csgn 2i(dzFo) csgn 2i(dztc)
iA(ei(dm+c))m(e2i(dz+c)+1)_m2m . (e raxrc +1)2 (e TTC +1> o (e TTC +1> (e; ZTTC) 41
risch

[In] int(sec(d*x+c) “m*(A-A*(1+m)*sec(d*x+c) 2/m),x,method=_RETURNVERBOSE)
[Out] 2*A/m/d*tan(1/2*d*x+1/2%c)*(1/cos(d*x+c)) "m/(tan(1/2*d*x+1/2%c) " 2-1)

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.32

A(l 2 A~ —"sin(dz+c
/Secm(c-i-dx) A (1 + m)sec*(c+ dx) e (2 ( )
m dm cos (dz + )

[In] integrate(sec(d*x+c) “m* (A-A*(1+m)*sec(d*x+c)~2/m),x, algorithm="fricas")

[Out] -A*x(1/cos(d*x + c)) m*sin(d*x + c)/(d*m*cos(d*x + c))
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Sympy [F]
/secm(c + dz) (A _Ad+m) :Cz(c + d:c)) dzr =
_A(f (—msec™ (c+ dz)) dz + [sec® (c+ dz)sec™ (¢ + dz) dz + [ msec® (c + dz) sec™ (c + dz) dx)

m

[In] integrate(sec(d*x+c)**m* (A-A*(1+m)*sec(d*x+c)**2/m) ,x)

[Out] -A*(Integral(-m*sec(c + d*x)**m, x) + Integral(sec(c + d*x)#**2xsec(c + d*x)
*xkm, x) + Integral(m*sec(c + d*x)*x2xsec(c + d*x)**m, x))/m

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 296 vs. 2(25) = 50.
Time = 0.43 (sec) , antiderivative size = 296, normalized size of antiderivative = 11.84

/Secm(chdx) (A_ A(1+m)sec2(c+dw)) i

_ 2™Acos (—(dz + c¢)(m + 2) + marctan (sin (2dx + 2¢) ,cos (2dx + 2¢) + 1)) sin (2dz + 2¢) — 2™ Acos

[In] integrate(sec(d*x+c) “m*(A-A*(1+m)*sec(d*x+c)~2/m),x, algorithm="maxima")

[Out] (2"m*A*cos(-(d*x + c)*(m + 2) + m*arctan2(sin(2*d*x + 2%c), cos(2xd*x + 2*c
) + 1))*sin(2*d*x + 2%c) - 2 mkAxcos(-(d*x + c)*m + m*arctan2(sin(2*d*x + 2

*c), cos(2xd*x + 2xc) + 1))*sin(2*d*x + 2%c) + (2 m*xA*cos(2*d*x + 2%c) + 27

m*xA)*sin(-(d*x + c)*(m + 2) + m*arctan2(sin(2*d*x + 2%c), cos(2xd*x + 2%c)

+ 1)) - (2"m*A*cos(2xd*x + 2*c) + 2"m*A)*sin(-(d*x + c)*m + m*arctan2(sin(2

*d*x + 2%c), cos(2xd*x + 2*c) + 1)))/((m*cos(2*d*x + 2%c) "2 + mxsin(2xd*x +
2%c) "2 + 2xm¥xcos(2xdxx + 2%c) + m)*(cos(2*d*x + 2%c)"2 + sin(2xd*x + 2%c)”

2 + 2xcos(2*d*x + 2*c) + 1)7(1/2*m)*d)

Giac [F]

/Secm(de) (A_ A(l+m) sec2(c+dx)) i

m

:/_<A(m+1)sec(dz+c)2_A> sec (dz + ¢)™ dz

m

[In] integrate(sec(d*x+c) “m* (A-A*(1+m)*sec(d*x+c)~2/m),x, algorithm="giac")

[Out] integrate(-(A*(m + 1)*sec(d*x + c)~2/m - A)*sec(d*x + c)"m, x)
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Mupad [B] (verification not implemented)

Time = 15.21 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.64

/SeCm(C—i—de‘) A_A(1+m)Sec2(c+dx) dx__Asin(2c+2dx) <Wl+dz)>
m B dm (cos(2c+2dzx)+1)

[In] int((A - (Ax(m + 1))/(m*cos(c + d*x)~2))*(1/cos(c + d*x)) "m,x)
[Out] -(Axsin(2*c + 2*d*x)*(1/cos(c + d*xx))"m)/(d*m*(cos(2*c + 2*d*x) + 1))
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3.16 [(bsec(c + dx))3% (A + Csec®(c + dz)) dx

Optimal result . . . . . . . . . . e 113l
Rubi [A] (verified) . . . . . . ... . 113
Mathematica [A] (verified) . . . . . . . . ... L L 115
Maple [C] (verified) . . . . . . . . . . . 115
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ....... 116
Sympy [F] . . . 116
Maxima [F] . . . . . .o 116
Giac [F] . . . o o 117
Mupad [F(-1)] . . . o o 117

Optimal result

Integrand size = 25, antiderivative size = 110

/(b sec(c + dz))*/? (A

4 Csec®(c+ dz)) do = 20%(7TA + 5C)\/mElli12)’;i:;F (3(c+ dzx),2) \/bsec(c + dz)

2b(7A + 5C)(bsec(c + dz))*?sin(c + dz) = 2C(bsec(c + dzx))®/? tan(c + dx)
" 21d - 7d

[Out] 2/21%b*(7*A+5*C)* (b*sec(d*x+c))~(3/2)*sin(d*x+c)/d+2/21*%b~2* (7*A+5*C) * (cos(
1/2*%d*x+1/2%c)~2)~(1/2) /cos(1/2*d*x+1/2%c) *E11lipticF (sin(1/2*d*x+1/2%c) ,2~(

1/2) ) *cos(d*x+c) ~(1/2) *(b*sec(d*x+c) )~ (1/2) /d+2/7*C* (b*sec (d*x+c) )~ (5/2) *ta
n(d*x+c)/d

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 4 number of rules _ 0.160, Rules used

' integrand size
= {4131, 3853, 3856, 2720}

/(b sec(c + dz))®/? (A

4 Osec(c + do)) dz = 20%(7TA + 5C’)\/MEIHIQ)‘TC(;F (3(c+ dz),2) \/bsec(c+ dz)

2b(7A + 5C) sin(c + dz)(bsec(c + dz))*?  2C tan(c + dx)(bsec(c + dx))5/?
- 21d M 7d

[In] Int[(b*Sec[c + d*x])~(5/2)*(A + CxSec[c + d*x]~2),x]
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[Out] (2%b~2%(7*A + 5xC)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[
c + d*x]1)/(21%d) + (2xbx(7*A + 5%C)*(b*Sec[c + d*x])~(3/2)*Sin[c + d*x])/(
21%d) + (2xCx(bxSec[c + dxx])~(5/2)*Tan[c + d*x])/(7xd)

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4131

Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x])“m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscle + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rubi steps
5/2
integral = 2C (bsec(c + d?{; tan(c + dz) + %(714 +5C) /(b sec(c + dz))*/? dx
_ 2b(7TA+5C)(bsec(c + dz))*/?sin(c + dz) N 2C (bsec(c + dz))®? tan(c + dx)

21d 7d

+ % (V*(TA+5C)) / Vbsec(c+ dr) dx

_ 2b(7A + 5C)(bsec(c + dx))3/? sin(c + dz) N 2C (bsec(c + dx))*? tan(c + dz)
B 21d 7d

1/, 1
_ 2b*(7A + 5C)+/cos(c + dx) EllipticF (3(c + dx), 2) \/bsec(c + dx)
B 21d

2b(7A + 5C)(bsec(c + dz))*?sin(c + dz)  2C(bsec(c + dz))*/? tan(c + dz)
* 21d * 7d
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Mathematica [A] (verified)

Time = 1.11 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.76

/(b sec(c + dz))*? (A

(bsec(c + dz))™/? (4(7A +5C) cos? (¢ + dz) EllipticF (1(c + dz),2) + 2(7A + 11C 4
+C'sec’(c+dz)) dz= 10hd

[In] Integrate[(bxSec[c + d*x])~(5/2)*(A + C*Sec[c + d*x]~2),x]

[Out] ((b*Secl[c + d*xx])~(7/2)*(4x(7*A + 5*C)*Cos[c + d*x]~(7/2)*EllipticF[(c + dx
x)/2, 2] + 2x(7*A + 11*%C + (7*A + 5*C)*Cos[2*x(c + d*x)])*Sin[c + dx*xx]))/(42

*b*d)

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 22.69 (sec) , antiderivative size = 291, normalized size of antiderivative = 2.65

method | result

. d T . ) d
2b2/bsec(dz+c) (72A\/C;;(St.§zf-j)c-&)—l cos(da:1+C)+1 EllipticF (i(cot(dz+c)—csc(dz+c)),i) cos(dw+c)+5zC\/Cssf’&(zi-;t:_)kl cos(dzl+
default
parts 2A./bsec(dz+c) b? (z\/ os( d$1+c) 1 \/ Css(sésj:ﬁ)_l EllipticF (i(cot(dz+c)—csc(dz+c)),i) cos(dz+-c)+i EllipticF (i(cot(dz+c)—csc(c
3d

[In] int((b*sec(d*x+c))~(5/2)*(A+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 2/21*%b"2/d* (b*sec(d*x+c))~(1/2) *(7T*IxA*x(cos(d*x+c)/(cos(d*x+c)+1)) " (1/2)*(1
/(cos(d*x+c)+1))~(1/2)*E1lipticF (I*(cot (d*x+c)-csc(d*x+c)),I)*cos(d*x+c)+5%
I*C*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*(1/(cos(d*x+c)+1))~(1/2)*E1llipticF (I*
(cot (d*x+c)-csc(d*x+c)) ,I)*cos(d*x+c)+7*xIxA*(cos (d*x+c)/(cos(d*x+c)+1))~(1/
2)*(1/(cos(d*x+c)+1))~(1/2)*E1llipticF (I*(cot (d*x+c)-csc(d*x+c)) ,I)+5xI*Cx(c
os (d*x+c)/(cos(d*x+c)+1))~(1/2)*(1/(cos(d*x+c)+1))~(1/2)*E1llipticF (I*(cot(d
*x+c)-csc(d*xx+c)),I)+7xAxtan (d*x+c)+5%Cxtan (d*x+c) +3*xCxtan (d*x+c) *sec (d*x+c

)7"2)
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Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.10 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.29

/(b sec(c + dz))*? (A
—iv/2(7 A+ 5C)b3 cos (dz + c)* weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz +

+C'sec’(c+dz)) dz=

[In] integrate((b*sec(d*x+c))~(5/2)*(A+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/21%(-I*sqrt(2)*(7*A + 5*C)*b~(5/2)*cos(d*x + c) 3*weierstrassPInverse(-4,
0, cos(d*x + c) + I*sin(d*x + c)) + I*sqrt(2)*(7*A + 5%C)*b~(5/2)*cos(d*x

+ c) " 3*weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) + 2%((7*A

+ 5xC)*b~2*cos(d*x + c)~2 + 3*%C*b~2)*sqrt(b/cos(d*x + c))*sin(d*x + c))/(d*
cos(d*x + c)73)

Sympy [F]
/(bsec(c +dz))*? (A + C'sec’(c + dz)) do = / (bsec (c + dz))? (A+ Csec®(c+dx)) dx

[In] integrate((b*sec(d*x+c))**(5/2)* (A+Cksec(d*x+c)**2) ,x)
[Out] Integral((b*sec(c + d*x))**(5/2)*(A + Cxsec(c + d*x)**2), x)

Maxima [F]
/(b sec(c + dz))*? (A + Csec’(c + dz)) dz = / (Csec(dz + ¢)® + A) (bsec (dz + 0)? dz

[In] integrate((bxsec(d*x+c))~(5/2)*(A+Cxsec(d*x+c)~2),x, algorithm="maxima")

[Out] integrate((C*sec(d*x + c)~2 + A)*(b*sec(d*x + ¢))~(5/2), x)



117

Giac [F]
/(b sec(c + dz))*? (A + Csec’(c + dz)) dz = / (Csec (dz + ¢)® + A) (bsec (dz + 0)? do

[In] integrate((b*sec(d*x+c))~(5/2)*(A+Cxsec(d*x+c)~2),x, algorithm="giac")
[Out] integrate((Cxsec(d*x + c)~2 + A)*(b*sec(d*x + ¢))~(5/2), x)

Mupad [F(-1)]

Timed out.

/(bsec(c—|—dx))5/2 (A+C'sec’(c+dz)) dm=/ <A+ ¢ ) (COS( b )5/2dx

cos (¢ +dx)? c+dx)

[In] int((A + C/cos(c + d*x)~2)*(b/cos(c + d*xx))~(5/2),x)
[Out] int((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(5/2), x)
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3.17 [(bsec(c + dx))*/? (A + Csec®(c + dzx)) dx

Optimal result . . . . . . . . . . . 18]
Rubi [A] (verified) . . . . . . ... . 118
Mathematica [C] (verified) . . . . . . . . . .. L 120)
Maple [C] (verified) . . . . . . . . . . 120
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ..., . 121
Sympy [F] . . . 121
Maxima [F] . . . . . .o 122
Giac [F] . . . o o o 122
Mupad [F(-1)] . . . oo 122

Optimal result

Integrand size = 25, antiderivative size = 110

_ 2P°(5A+3C)E(5(c+dx)|2)
5d+/cos(c + dz)+/bsec(c + dz)

2b(5A + 3C)+/bsec(c + dz) sin(c + dz)  2C(bsec(c + dx))*/?tan(c + dz)
+ 5d + 5d

/(b sec(c + dz))3/? (A+ Csec’(c+dz)) dz =

[Out] -2/5%b~2%(5%A+3*C) * (cos (1/2*d*x+1/2*c)~2)~(1/2) /cos(1/2*d*x+1/2*c)*Elliptic
E(sin(1/2*d*x+1/2*c) ,2"(1/2))/d/cos(d*x+c) ~(1/2) / (b*sec(d*x+c)) ~(1/2)+2/5%b

* (5xA+3*C) *sin (d*x+c) * (bxsec (d*x+c) ) ~(1/2) /d+2/5*C*x (b*sec (d*x+c)) ~(3/2) *tan
(d*x+c)/d

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 4, Mumber of rules _ ( 150 Ryles used

' integrand size
= {4131, 3853, 3856, 2719}

20%(5A + 3C)E(3(c+ dz)| 2)
5d+/cos(c + dzx)+/bsec(c + dz)

2b(5A + 3C) sin(c + dzx)+/bsec(c +dx)  2C tan(c + dx)(bsec(c + dx))3/?
" 5d " 5d

/(b sec(c + dz))*? (A + C'sec’(c + dz)) dz = —

[In] Int[(b*Sec[c + d*x])~(3/2)*(A + CxSecl[c + d*x]~2),x]

[Out] (-2*b~2*(5%A + 3*C)*EllipticE[(c + dx*x)/2, 2]1)/(5*d*Sqrt[Cos[c + d*x]]*Sqrt
[b*Sec[c + d*x]]) + (2%b*x(5*A + 3*C)*Sqrt[b*Sec[c + d*x]]1*Sin[c + d*x])/(5%
d) + (2xCx(bxSec[c + d*x])~(3/2)*Tan[c + d*x])/(5%d)
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Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2*%((n - 2)/(n - 1)),
Int[(bxCsc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csclc + d*x]
)"n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x)]1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]"2%(C_.)
+ (AL)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Csc[e + f*x]) m/(f*x(m + 1)
)), x] + Dist[(C*m + A*(m + 1))/(m + 1), Int[(b*xCscl[e + f*xx])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[Cxm + Ax(m + 1), 0] && !'LeQ[m, -1]

Rubi steps
3/2
integral _ 2C(b sec(c + d.’g); tan(c + d.’l?) + %(514 + 30) /(b sec(c + dw))3/2 dr
_ 2b(5A 4 3C)+/bsec(c + dx) sin(c + dx) N 2C (bsec(c + dz))%/? tan(c + dz)
B 5d 5d
1 1
- -(P*(3A+3C / d
5( ( ) /bsec(c + dzx) ’
_ 2b(5A +3C)/bsec(c + dz) sin(c + dx)
B 5d
N 2C (bsec(c + dx))** tan(c + dz)  (b*(5A+30)) [ /cos(c + dz) dz
5d 5y/cos(c + dz)+/bsec(c + dz)

L 2v*(5A 4+ 3C)E(3(c+ dz)|2) N 2b(5A + 3C)/bsec(c + dz) sin(c + dx)
5d+/cos(c + dz)+/bsec(c + dz) 5d
2C (bsec(c + dx))®? tan(c + dz)
* 5d
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 1.20 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.67

/(b sec(c + dz))*? (A

4ie’¢*t4?) cos®(c + dx) (—3 <5A(1 + fiQi(ﬁL‘i“”))2 + C(1 + 8e?iletdn) 4 3e4i(c+d“”))> + (5A

+C'sec’(c+dz)) dz =

[In] Integrate[(b*Sec[c + d*x])~(3/2)*(A + C*Sec[c + d*x]~2),x]

15d (1 + e?ilete

[Out] (((4*xI)/15)*E~(I*(c + d*x))*Cos[c + d*xx] ~3*x(-3*%(5*xA*(1 + E~((2*I)*(c + d*x)

))"2 + Cx(1 + 8+xE~((2¢I)*(c + d*x)) + 3*E~((4xI)*(c + d*x)))) + (5%A + 3xC)
*(1 + ET((2+%I)*(c + d*x)))~(5/2)*Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2*I)
*(c + d*xx))])*(bxSec[c + d*x])~(3/2)*(A + CxSecl[c + d*x]~2))/(d*x(1 + E~((2x%
ID*(c + d*x)))"2*x(A + 2+%C + AxCos[2x(c + d*x)]))

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 5.33 (sec) , antiderivative size = 798, normalized size of antiderivative = 7.25

method | result size
default | Expression too large to display | 798

parts Expression too large to display | 809

[In] int((b*sec(d*x+c))~(3/2)*(A+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] -2/5%b/d*(b*sec(d*x+c))~(1/2)/(cos(d*x+c)+1)*(-3*xI*xCxE11lipticE(I*(cot (d*x+c

)-csc(d*x+c)) ,I)*(1/(cos(d*xx+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)
xcos (d*x+c) "2+6*%I*C*xE1lipticF (I*(cot (d*x+c)-csc(d*x+c)),I)*(1/(cos(d*x+c)+1
))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2) *cos (d*x+c) +5%I*A*(1/(cos (d*x+c)+
1))~ (1/2)*(cos(d*x+c) /(cos(d*x+c)+1))~(1/2)*E11lipticF (I*(cot (d*x+c)-csc(d*x
+c)),I)+56xI*A*E1lipticF (I*(cot(d*x+c)-csc(d*x+c)),I)*(1/(cos(d*x+c)+1))~(1/
2) *(cos (d*x+c)/(cos(d*x+c)+1))~(1/2) *cos (d*x+c) “2+3*I*C*E1lipticF (I*(cot (d*
x+c)-csc(d*x+c)) ,I)*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1
/2)*cos (d*x+c) "2-10*I*A*E1lipticE(I*(cot (d*x+c)-csc(d*x+c)),I)*(1/(cos(d*x+
c)+1))~(1/2)*(cos(d*x+c) /(cos(d*x+c)+1) )~ (1/2) *cos (d*x+c)+10*I*A*E11lipticF(
I*(cot (d*x+c)-csc(d*xx+c)) ,I)*x(1/(cos(d*x+c)+1)) " (1/2) *(cos(d*x+c)/(cos (d*x+
c)+1))~(1/2) *cos (d*x+c) +3*I*C* (1/ (cos (d*x+c)+1) )~ (1/2) *(cos (d*x+c) / (cos (d*x
+c)+1))~(1/2)*E1lipticF (I*(cot (d*x+c)-csc(d*x+c)) ,I)-5*I*AxE1lipticE(I*(cot
(d*x+c)-csc(d*x+c)) ,I)*(1/(cos(d*xx+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))
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~(1/2) *cos (d*x+c) "2-5*%I*A*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos (d*x+c)+
1))~ (1/2)*EllipticE(I*(cot (d*x+c)-csc(d*x+c)),I)-6xI*C*E1llipticE(I*(cot (d*x
+c)-csc(d*x+c)) ,I)*(1/(cos(d*x+c)+1))~(1/2)*(cos (d*x+c) /(cos(d*x+c)+1))~(1/
2) *cos (d*x+c)-3*I*Cx(1/(cos (d*x+c)+1)) " (1/2)*(cos (d*x+c) /(cos(d*x+c)+1))~ (1
/2)*EllipticE(I*(cot (d*x+c)-csc(d*x+c)),I)-5*A*sin(d*x+c)-3*Cxsin(d*x+c)-C*
tan (d*x+c)-C*sec (d*x+c) *tan (d*x+c))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.10 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.30

/(b sec(c + dz))*? (A

—iv/2(5 A+ 30)b2 cos (dz + c)® weierstrassZeta(—4, 0, weierstrassPInverse(—4, 0, ¢

+C'sec’(c+dz)) dz=

[In] integrate((b*sec(d*x+c))~(3/2)*(A+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/5%(-Ixsqrt(2)*(5*%A + 3%C)*b~(3/2)*cos(d*x + c) 2*weierstrassZeta(-4, 0, w
eierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) + I*sqrt(2)=*(5*A

+ 3%C)*b~(3/2)*cos(d*x + c) "2*weierstrassZeta(-4, 0, weierstrassPInverse(-4

, 0, cos(d*x + c) - Ixsin(d*x + c))) + 2%((5*%A + 3*C)*b*cos(d*x + c)~2 + Cx
b)*sqrt(b/cos(d*x + c))*sin(d*x + c))/(d*cos(d*x + c)~2)

Sympy [F]
/(bsec(c +dz))*? (A + C'sec’(c + dz)) do = / (bsec (c + dz))? (A+ Csec®(c+dx)) dr

[In] integrate((b*sec(d*x+c))**(3/2)* (A+Cksec(d*x+c)**2) ,x)
[Out] Integral((b*sec(c + d*x))*x(3/2)*x(A + C*sec(c + d*x)**2), x)
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Maxima [F]
/(b sec(c + dz))*? (A + Csec’(c + dz)) dz = / (Csec (dz + ¢)® + A) (bsec (dz + 0)? do

[In] integrate((b*sec(d*x+c))~(3/2)*(A+Cxsec(d*x+c)~2),x, algorithm="maxima")
[Out] integrate((Cxsec(d*x + c)~2 + A)*(b*sec(d*x + ¢))~(3/2), x)

Giac [F]
/(b sec(c + dz))*? (A + Csec’(c + dz)) dz = / (Csec(dz + ¢)® + A) (bsec (dz + 0)? dz

[In] integrate((b*sec(d*x+c))~(3/2)*(A+Cxsec(d*x+c)~2),x, algorithm="giac")
[Out] integrate((C*sec(d*x + c)~2 + A)*(b*sec(d*x + ¢))~(3/2), x)

Mupad [F(-1)]

Timed out.

/ (bsec(c+dz))*? (A+Csec®(c+dz)) dz = / <A+COS (Cidm)z) (COS (Cb+ dw))wdx

[In] int((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(3/2),x)
[Out] int((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(3/2), x)
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3.18 [ \/bsec(c + dz)(A + Csec*(c + dz)) dz

Optimal result . . . . . . . . . . . e 123
Rubi [A] (verified) . . . . . . . . . 123
Mathematica [A] (verified) . . . . . . . . . .. 1241
Maple [C] (verified) . . . . . . . . . ... 125
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ....... 125
Sympy [F] . . o 126
Maxima [F] . . . . . . 126
Giac [F] . . . o o e 1261
Mupad [F(-1)] . . . o e 126

Optimal result

Integrand size = 25, antiderivative size = 72

/\/bsec(c+dx)(A+C’secz(c+dx)) dz

_ 2(3A+ C)+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
B 3d
2C/bsec(c + dz) tan(c + dx)
+ 3d

[Out] 2/3*%(3%A+C)*(cos(1/2*d*x+1/2xc)~2)~(1/2) /cos(1/2xd*x+1/2*c)*EllipticF(sin(1
/2%d*x+1/2*c) ,27(1/2) ) *cos (d*x+c) ~(1/2) * (bxsec (d*x+c) )~ (1/2) /d+2/3*C* (b*sec
(d*x+c))~(1/2)*tan(d*x+c)/d

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 194 Ryles used = {4131,
integrand size

3856, 2720}

/\/bsec(c+dx)(A—|—CsecQ(c—i—dr)) dx

_ 2(3A4+ C)y/cos(c + dz) EllipticF (3(c+ dz),2) \/bsec(c+ dz)
B 3d

N 2C tan(c + dx)+/bsec(c + dx)

3d

[In] Int[Sqrt[b*Sec[c + d*x]]1*(A + C*Sec[c + d*x]~2),x]

[Out] (2%(3%A + C)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d*
x]11)/(3*%d) + (2%C*Sqrt[b*Sec[c + d*x]]*Tan[c + d*x])/(3xd)
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Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)1], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4131

Int[(cscl(e_.) + (£_)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x])“m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] &% NeQ[C*m + A*x(m + 1), 0] && !'LeQ[m, -1]

Rubi steps

2C/
integral = Cybsec(e +3c2x) tan(c + do) + %(314 +C) / Vbsec(c+ dz) dx

_ 2C/bsec(c + dzx) tan(c + dx)
B 3d

+ % ((3A + C)+/cos(c + dx)\/bsec(c + dx

1
)> / v/ cos(c + dx) d
_ 2(3A + C)+/cos(c + dz) EllipticF (3(c + dz), 2) \/bsec(c + dz)

3d
N 2C\/bsec(c + dz) tan(c + dx)

3d

Mathematica [A] (verified)

Time = 0.46 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.81

/ Vbsec(c+ dz)(A+ Csec’(c +dz)) dz

2(bsec(c + dz))3/? ((3A + C) cos? (¢ + dz) EllipticF (3(c+dz),2) + C'sin(c+ dz))
B 3bd

[In] Integrate[Sqrt[b*Sec[c + d*x]]*(A + CxSec[c + dx*x]~2),x]

[Out] (2x(b*Sec[c + d*x])~(3/2)*((3*¥A + C)*Cos[c + d*x]~(3/2)*EllipticF[(c + d*x)
/2, 2] + CxSinl[c + d*x]))/(3*b*d)
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 2.14 (sec) , antiderivative size = 220, normalized size of antiderivative = 3.06

method | result

" 2t A(cos(dz+c)+1) \/Cos(dx1+c)+1 \/inffﬁfll EllipticF (i(— cot(dz+-c)+csc(dz+c)),i)/bsec(dz+c) 2C'\/bsec(dz+-c) (z\/
parts — y —

24/bsec(dz+c) <3iA \/ c:f;:j_tﬁ)_ 71/ cos( dzl FoOTT EllipticF (¢(cot(dz+c)—csc(dz+-c)),i) cos(dz+c)+iC \/ C(fso(z(git)?_l ost dzl o7

default

[In] int((b*sec(d*x+c))~(1/2)*(A+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] -2*I*A/d*(cos(d*x+c)+1)*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1)
)~ (1/2)*E1lipticF (I*(-cot(d*x+c)+csc(d*x+c)),I)*(b*sec(d*x+c))~(1/2)-2/3%C/

d* (b*xsec(d*x+c))~(1/2)*(I*(1/(cos(d*x+c)+1))~(1/2) *(cos (d*x+c) / (cos (d*x+c)+

1))~ (1/2)*EllipticF (I*(-cot (d*x+c)+csc(d*x+c)),I)*cos(d*x+c)+I*(1/(cos(d*x+
c)+1))~(1/2)*(cos(d*x+c) /(cos (d*x+c)+1) )~ (1/2) *E1lipticF (I*(-cot (d*x+c)+csc
(d*x+c)) ,I)-tan(d*x+c))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.09 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.54

/ V'bsec(c+ dz)(A+ Csec’(c + dz)) dz

V2(=3i A — i C)v/bcos (dz + c) weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + c)) 4+ v/2(3i A + 4
- 3dcos (a

[In] integrate((b*sec(d*x+c))~(1/2)*(A+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/3*%(sqrt(2)*(-3*I*A - Ix*C)*sqrt(b)*cos(d*x + c)*weierstrassPInverse(-4, O,
cos(d*x + c) + I*sin(d*x + c)) + sqrt(2)*(3*I*A + IxC)*sqrt(b)*cos(d*x + c
)*weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) + 2*xCxsqrt(b/co
s(d*x + c))*sin(d*x + c))/(d*cos(d*x + c))
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Sympy [F]

/\/bsec(c+dx)(A+C’sec2(c+dx)) dac:/\/bsec(c—i-dx)(A+C’sec2 (c+dzx)) dx

[In] integrate((b*sec(d*x+c))**(1/2)*(A+Cksec(d*x+c)**2) ,x)

[Out] Integral(sqrt(b*sec(c + d*x))*(A + Cksec(c + d*x)**2), x)
Maxima [F]
/ Vbsec(c+ dz) (A + Csec®(c + dz)) dz = / (C'sec (dz + ¢)* + A)\/bsec (dz + c) dz

[In] integrate((b*sec(d*x+c))”(1/2)*(A+Cxsec(d*x+c)”2),x, algorithm="maxima")

[Out] integrate((C*sec(d*x + c)~2 + A)*sqrt(b*sec(d*x + c)), x)
Giac [F]
/ Vbsec(c+ dz)(A+ Csec’(c+ dz)) dz = / (C'sec (dz + o)+ A)\/bsec (dz + c) dz

[In] integrate((b*sec(d*x+c))~(1/2)*(A+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] integrate((C*sec(d*x + c)~2 + A)x*sqrt(b*sec(d*x + c)), x)

Mupad [F(-1)]

Timed out.

/ Vsee(e+ do)(A+Cec’(c + do)) do = / (A " os (ci dm)z) cos (clik dzx) *

[In] int((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(1/2),x)
[Out] int((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(1/2), x)
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3.19 f A+C sec?(c+dzx) dx

bsec(c+dx)
Optimal result . . . . . . . . . . e 127
Rubi [A] (verified) . . . . . . . . . . 127
Mathematica [C] (verified) . . . . . . . . ... . . L Lo 128
Maple [C] (verified) . . . . . . . . . .. 129
Fricas [C] (verification not implemented) . . . . . .. ... ... ... ... ..... 129
Sympy [F] . . o o 130
Maxima [F] . . . . . 130
Giac [F] . . . o o 1301
Mupad [F(-1)] . . . oo 130

Optimal result

Integrand size = 25, antiderivative size = 68

A+ Csec*(c+ dx) - 2(A—C)E(L(c+d)|2) 2C tan(c + dz)
\/bsec(c+ dx) ~ dy/cos(c + dz)\/bsec(c + dz)  dy/bsec(c+ dz)
[Out] 2% (A-C)*(cos(1/2*d*x+1/2%c)~2)~(1/2)/cos(1/2*d*x+1/2*c)*E1lipticE(sin(1/2*d

*x+1/2%c) ,27(1/2))/d/cos(d*x+c) ~(1/2) / (bxsec(d*x+c)) ~(1/2) +2xCxtan (d*x+c) /d
/ (bxsec(d*x+c))~(1/2)

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bummber of rules _ , 190 Ryjes used = {4131,

' integrand size
3856, 2719}

A + Csec*(c+ dx) - 2(A - C)E(3(c+dz)|2) 2C tan(c + dx)
\/bsec(c+ dx) d+/cos(c + dz)+/bsec(c +dz)  d\/bsec(c+ dz)

[In] Int[(A + C*Sec[c + d*x]~2)/Sqrt[b*Sec[c + d*x]],x]

[Out] (2*(A - C)*EllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c +
d*x]]) + (2xCxTan[c + d*x])/(d*Sqrt[b*Sec[c + d*x]])

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 3856
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Csc[e + f*x])“m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*(m + 1), 0] && !'LeQ[m, -1]

Rubi steps

2C tan(c + dx) B 1 .

d\/bsec(c + dx) T4-0) / /bsec(c+ dzx) :

_ 2Ctan(c +dz) N (A=0C) [ \/cos(c+ dz)dx
dv/bsec(c+dz)  \/cos(c+ dz)\/bsec(c+ dx)

_ 2(A-0O)E(3(c+dx)|2) 2C tan(c + dz)

 dy/cos(c + dz)\/bsec(c+dz)  dy/bsec(c+ dz)

integral =

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 0.79 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.85

A+ Csec?(c+ dx)

\/bsec(c + dx)

2i <—3(A + Agilctdr) _ 2C’ezi(c+dx)) + 2(A — O)e?i(ctd2) (/1 4 e2i(ctde) Hypergeometric2F1 (3,31, —¢

dr =

3d (1 + e?etd)) | /bsec(c + dz)

[In] Integrate[(A + C*Sec[c + d*x]~2)/Sqrt[b*Sec[c + d*x]],x]

[Out] (((-2*%I)/3)*(-3*x(A + A*E~((2*I)*(c + d*x)) - 2*%CxE~((2xI)*(c + d*x))) + 2x(
A - CO*E~((2*%I)*(c + d*x))*Sqrt[1 + E~((2*I)*(c + d*x))]*Hypergeometric2F1[

1/2, 3/4, 7/4, -E"((2xI)*(c + d*x))]1))/(d*(1 + ET((2*xI)*(c + d*x)))*Sqrt [b*
Sec[c + d*x]])
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.78 (sec) , antiderivative size = 763, normalized size of antiderivative = 11.22

method | result size
default | Expression too large to display | 763

parts Expression too large to display | 778

[In] int((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x,method=_RETURNVERBOSE)

[Out] 2/d/(cos(d*x+c)+1)/(b*sec(d*x+c))~(1/2)*(I*xA*xE1lipticF (I*(cot (d*x+c)-csc(dx*
x+c)),I)*(1/(cos(d*x+c)+1))~(1/2)*(cos (d*x+c)/(cos(d*x+c)+1) )~ (1/2) *cos (d*x
+c)-I*A*E1lipticE(I*(cot (d*x+c)-csc(d*x+c)),I)*(1/(cos(d*x+c)+1))~(1/2)*(co
s (d*x+c)/(cos(d*x+c)+1))~(1/2)*cos(d*x+c)-I*C*E1llipticF (I*(cot (d*x+c)-csc(d
*xx+c)) ,I)*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c) /(cos (d*x+c)+1))~(1/2) *cos (d*
x+c)+I*CxE1lipticE(I*(cot (d*x+c)-csc(d*x+c)) ,I)*(1/(cos(d*x+c)+1))~(1/2)*(c
os (d*x+c)/(cos(d*x+c)+1))~(1/2) *cos (d*x+c) +2*I*A* (1/(cos (d*x+c)+1))~(1/2) *(
cos (d*x+c)/(cos (d*x+c)+1))~(1/2)*E1lipticF (I*(cot (d*x+c)-csc(d*x+c)),I)-2*I
*xAx (1/ (cos(d*x+c)+1))~(1/2)*(cos(d*x+c) /(cos(d*x+c)+1))~(1/2)*E11ipticE(I*(
cot (d*x+c)-csc(d*xx+c)) ,I)-2xI*Cx(1/(cos(d*x+c)+1)) " (1/2)*(cos(d*x+c)/(cos(d
*xx+c)+1)) " (1/2)*E1lipticF (I*(cot (d*x+c)-csc(d*x+c)),I)+2xI*C*(1/(cos(d*x+c)
+1))~(1/2) *(cos(d*x+c) /(cos (d*x+c)+1))~(1/2)*E1llipticE(I*(cot (d*x+c)-csc(d*
x+c)) ,I)+I*Ax(1/(cos (d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*Ell
ipticF (I*(cot(d*x+c)-csc(d*x+c)),I)*sec(d*x+c)-IxA*(1/(cos(d*x+c)+1))~(1/2)
* (cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(cot (d*x+c)-csc(d*x+c)),I)*s
ec(d*x+c)-I*C*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2) *E1
lipticF(I*(cot(d*x+c)-csc(d*x+c)),I)*sec(d*x+c)+I*xC*(1/(cos(d*x+c)+1))~(1/2
)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E11lipticE(I*(cot (d*x+c)-csc(d*x+c)),I)*
sec(d*x+c)+A*sin(d*x+c)+Cxtan(d*x+c))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.09 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.46

A+ C'sec?(c+ dx)

\/bsec(c + dx)

V2(i A — i C)v/bweierstrassZeta(—4, 0, weierstrassPInverse(—4, 0, cos (dz + ¢) + 4 sin (dz + ¢))) + v/2(-

dz

[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm="fricas")
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[Out] (sqrt(2)*(I*A - IxC)*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4,
0, cos(d*x + c) + I*sin(d*x + c))) + sqrt(2)*(-I*A + IxC)*sqrt(b)*weierstr
assZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c))) +
2xCxsqrt (b/cos(d*x + c))*sin(d*x + c))/(b*d)

Sympy [F]

A+ C'sec? (c—i—dm)d A+C’se02(c+dx)d

/bsec(c+ dx) Vbsec(c+ dx)

[In] integrate((A+Cksec(d*x+c)**2)/(b*sec(d*x+c))*x(1/2),x)

[Out] Integral((A + C*sec(c + d*x)**2)/sqrt(b*sec(c + d*x)), x)

Maxima [F|

A+ C'sec? (c—i—dm)d C'sec (dz + ¢)® -I—Ad

/bsec(c+ dx) Vbsec (dz + ¢)

[In] integrate((A+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm="maxima")

[Out] integrate((Cksec(d*x + c)~2 + A)/sqrt(b*sec(d*x + c¢)), x)

Giac [F]

A + C'sec? (c—|—dx)d C'sec (dz + ¢)* —|—Ad

bsec(c+ dx) Vbsec (dz + ¢)

[In] integrate((A+Cksec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm="giac")
[Out] integrate((Cxsec(d*x + c)~2 + A)/sqrt(b*sec(d*x + c)), x)

Mupad [F(-1)]

Timed out.

A+ Csec?(c+ dm) / cos(c+dw)2

\/bsec(c+ dx) [ b +d

[In] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(1/2),x)
[Out] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(1/2), x)
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3.20 fA+C'sec (c+dzx) dx

(b sec(c-l—da:))?’/ 2
Optimal result . . . . . . . . . . . e 1311
Rubi [A] (verified) . . . . . . . . 131
Mathematica [A] (verified) . . . . . . . . . .. . 132
Maple [C] (verified) . . . . . . . . . . 133
Fricas [C] (verification not implemented) . . . . . .. ... ... ... ... ..... 133
Sympy [F] . . o o 134
Maxima [F] . . . . . . 134
Giac [F] . . . 134
Mupad [F(-1)] . . . o 134

Optimal result

Integrand size = 25, antiderivative size = 75

/ A+ Csec?(c+ dx) o — 2(A 4 3C)+/cos(c + dz) EllipticF (3(c + dz), 2) \/bsec(c + dz)
(bsec(c + dx))3/? 3b%d
2Atan(c + dz)
3d(bsec(c + dx))3/?

[Out] 2/3*%(A+3*C)*(cos(1/2*d*x+1/2%c)~2)~(1/2)/cos(1/2*d*x+1/2*c)*E1lipticF(sin(1
/2%d*xx+1/2%c) ,27(1/2) ) *cos (d*x+c) ~(1/2) *(bxsec(d*x+c))~(1/2) /b~2/d+2/3*Axta
n(d*x+c)/d/ (b*sec(d*x+c))~(3/2)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 194 Ryles used = {4130,
integrand size

3856, 2720}
/ A + Csec*(c+ dx) dp— 2(A+ 3C)+/cos(c + dz) EllipticF (1(c + dz),2) \/bsec(c + dz)
(bsec(c + dz))32 "~ 3b2d
2Atan(c + dx)
3d(bsec(c + dx))3/?

[In] Int[(A + CxSec[c + d*x]"2)/(b*Secl[c + d*x])~(3/2),x]

[Out] (2%(A + 3*C)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + dx
x]11)/(3%b~2%d) + (2*A*Tan[c + d*x])/(3*d*(b*Sec[c + d*x]1)~(3/2))

Rule 2720
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Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4130

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.))"(m_.)*(cscl[(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AL)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCsc[e + f*x])"m/(f*m)), x] +
Dist[(C*m + Ax(m + 1))/(b~2+%m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, £, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

Rubi steps
, 2Atan(c + dz) (A+30) [ \/bsec(c + dz) dz
1=
ntegra 3d(bsec(c + dx))3/? * 3v?
2 Atan(c + dz) ((A + 3C)+/cos(c + dz)\/bsec(c + dx)> i m dz
~ 3d(bsec(c + dx))3/2 + 3b?
_ 2(A+3C)+/cos(c + dx) EllipticF (3(c + dx),2) \/bsec(c + dx) 2Atan(c + dz)

3b2d 3d(bsec(c + dz))3/2

Mathematica [A] (verified)

Time = 0.44 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.88

A+ Csec(c + d) sec?(c + dz) <2(A + 3C)+/cos(c + dz) EllipticF (1(c + dz),2) + Asin(2(c + dz
de =
/ (bsec(c + dz))3/? ’ 3d(bsec(c + dx))3/?

[In] Integrate[(A + CxSec[c + d*x]~2)/(bxSec[c + dx*x])~(3/2),x]

[Out] (Seclc + dxx]~2x(2*(A + 3*C)*Sqrt[Cos[c + d*x]]1*EllipticF[(c + d*x)/2, 2] +
AxSin[2*(c + d*x)]))/(3xd*(b*Sec[c + d*x])~(3/2))
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 2.91 (sec) , antiderivative size = 218, normalized size of antiderivative = 2.91

method | result
cos(dz+c)

. 1 dx+ o . . . 1 s .
arts _ 2A (z\/COs(dz+c>+1 \/Css‘)&(mic)c_’)_l EllipticF (i(— cot(dx+c)+csc(dz+c)),z)+z\/Cos(d$+c)+1 \/cos(dz+c)+1 EllipticF (i(— cot(dz-
p 3d+/bsec(dz+c) b

21A\/ cos(dz+c)

cos(dzFo)+1 \/cos(dz1+c)+1 EllipticF (i(cot(dz+c)—csc(dz+c)),s) )
3 +2zC\/

(dz+c) 1 os .
C(t):st')(sdmic)c+1 cos(daFo)FI ElllptlcF(z(COt(d:D+C)—CSC(dIl

default

[In] int((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x,method=_RETURNVERBOSE)

[Out] -2/3%A/d/(bxsec(d*x+c))~(1/2) /b*(I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(co
s(d*x+c)+1))~(1/2)*E1llipticF (I*(-cot (d*x+c)+csc(d*x+c)) ,I)+I*(1/(cos(d*x+c)
+1))~(1/2) *(cos (d*x+c) / (cos (d*x+c)+1) ) ~(1/2) *E1lipticF (I*(-cot (d*x+c)+csc(d
xx+c)) ,I)*sec(d*x+c)-sin(d*x+c))-2*xI*C/d*(1/(cos(d*x+c)+1))~(1/2)*EllipticF
(I*(-cot (d*x+c)+csc(d*x+c)),I)/b/(bxsec(d*x+c)) ~(1/2)/(cos(d*x+c)/(cos (d*x+
c)+1))~(1/2)

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.10 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.33

24,/ ) b 5 Cos (dz + ¢) sin (dz + ¢) + v/2(—i A — 3i C)v/bweierstrassPInver

dr =

/ A + Csec*(c+ dx)
(bsec(c + dzx))3/?

[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm="fricas")

[Out] 1/3*(2*A*sqrt(b/cos(d*x + c))*cos(d*x + c)*sin(d*x + c) + sqrt(2)*(-I*A - 3
*xI*C) *sqrt (b) *weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c)) + s

qrt (2)*(I*A + 3*I*C)*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - I*si
n(d*x + c)))/(b"2%d)
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Sympy [F]

A + C'sec*(c+ dx) A + Csec?® (c+dx)
372 dxr = 5 dr
(bsec(c + dz)) (bsec (c+ dx))?

[In] integrate((A+Cksec(d*x+c)**2)/(b*sec(d*x+c))**(3/2),x)
[Out] Integral((A + Cxsec(c + d*x)*x2)/(b*sec(c + d*x))**(3/2), x)

Maxima [F]

A + C'sec*(c + dx) C'sec(dz +c¢)* + A
372 dz = 5— dz
(bsec(c + dz)) (bsec (dz +c))?

[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm="maxima")

[Out] integrate((Cxsec(d*x + c)~2 + A)/(bxsec(d*x + ¢))~(3/2), x)

Giac [F]

A + Csec*(c+ dx) Csec(dz +c)* + A
372 dz = s—dr
(bsec(c + dz)) (bsec (dz + c))?

[In] integrate((A+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm="giac")
[Out] integrate((Cxsec(d*x + c)~2 + A)/(bxsec(d*x + ¢))~(3/2), x)

Mupad [F(-1)]

Timed out.

/ A+ Csec*(c+dz) , / A+ cos(cJCrdx)2 dz
(bsec(c+dz))3/2 b 3/2
(cos(c—i—d:c))

[In] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(3/2),x)
[Out] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(3/2), x)
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Optimal result . . . . . . . . . . e 135
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Mathematica [C] (verified) . . . . . . . . .. ... 1361
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Sympy [F] . . o 138
Maxima [F] . . . . . . 138
Giac [F] . . . o o 138
Mupad [F(-1)] . . . oo 138

Optimal result

Integrand size = 25, antiderivative size = 77

/ A+ Csec?(c+ dz) . 2(34+ 5C)E(3(c+ dz)|2) 2Atan(c + dz)
(bsec(c + dz))5/2 5b2d+/cos(c + dz)\/bsec(c + dx)  5d(bsec(c + dx))5/2

[Out] 2/5%(3*%A+5%C)*(cos(1/2xd*x+1/2%c)~2)~(1/2)/cos(1/2*d*x+1/2%c)*E1llipticE(sin
(1/2*%d*x+1/2*c) ,2°(1/2))/b~2/d/cos (d*x+c) ~(1/2) / (bxsec (d*x+c) )~ (1/2)+2/5*xA*
tan (d*x+c) /d/ (bxsec (d*x+c)) ~(5/2)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 194 Ryles used = {4130,
integrand size

3856, 2719}
/ A + C'sec?(c + dx) = 2(3A+ 5C)E( (¢ +dz) ‘ 2) 2Atan(c + dx)
(bsec(c + dz))>/2 5b2d\/cos(c + dx)/bsec(c + dz)  5d(bsec(c + dz))>/?

[In] Int[(A + CxSecl[c + d*x]~2)/(b*Sec[c + d*x])~(5/2),x]

[Out] (2%(3*A + 5xC)*EllipticE[(c + d*x)/2, 2])/(56xb~2xd*Sqrt[Cos[c + d*x]]*Sqrtl[
b*Sec[c + d*x]]) + (2*A*Tan[c + d*x])/(5*d*(bxSec[c + d*x])~(5/2))

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 3856
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4130

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + fxx]*((bxCsc[e + f*x])"m/(f*m)), x] +
Dist[(C*m + Ax(m + 1))/(b"2+#m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

Rubi steps

2Atan(c + dz) 4 (34+5C) \/bsecl(de) dz
5d(bsec(c + dx))>/2 5b2

_ 2Atan(c+ dx) N (83A+5C) [ \/cos(c+ dz)dz
5d(bsec(c+dz))>/? 52, /cos(c + dx)+/bsec(c + dz)

_ 2(BA+5C)E(3(c+dz)|2) 2Atan(c + dx)
5b2d+/cos(c + dz)\/bsec(c + dx)  5d(bsec(c+ dz))5/2

integral =

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 1.22 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.73

8i(3A+5C)e?i(c+dx) Hypergeor
V1+e

A+ Csec(c + dz) e~ gec?(c + dz)(cos(dz) + isin(dz)) <12z’(3A +50C) —
/ (bsec(c + dx))>/? do= 30d(bsec(c + dz))5/2

[In] Integrate[(A + C*Secl[c + d*x]~2)/(b*Secl[c + d*x])~(5/2),x]

[Out] (Seclc + d*x]~2x(Cos[d*x] + I*Sin[d*x])*((12%I)*(3%A + 5*C) - ((8*I)*(3*A +
5xC)*E~ ((2*xI)*(c + d*x))+*Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2*xI)*(c + d
*x))1)/Sqrt[1 + E~((2+I)*(c + d*x))] + 6*AxSin[2x(c + d*x)]))/(30*d*E~(I*d*
x)*(b*Sec[c + d*x])~(5/2))
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 5.27 (sec) , antiderivative size = 798, normalized size of antiderivative = 10.36

method | result size
default | Expression too large to display | 798

parts Expression too large to display | 812

[In] int((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x,method=_RETURNVERBOSE)

[Out] 2/5/b"2/d/(cos(d*x+c)+1)/(b*sec(d*x+c)) " (1/2)*(-3*xI*A*(1/(cos(d*x+c)+1))~ (1
/2) *(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(cot (d*x+c)-csc(d*x+c)),I
)*sec (d*xx+c)-3*IxA*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/
2)*E1lipticE(I*(cot(d*x+c)-csc(d*x+c)),I)*cos(d*x+c)+6xI*A*(1/(cos(d*x+c)+1
))~(1/2)*(cos (d*x+c)/(cos(d*x+c)+1))~(1/2)*E1llipticF (I*(cot (d*x+c)-csc(d*x+
c)),I)-10%I*C*x(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c)/(cos(d*x+c)+1))~(1/2) *E1l
lipticE(I*(cot(d*x+c)-csc(d*x+c)),I)+5*I*C*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2
)*(1/(cos(d*x+c)+1))~(1/2)*E1llipticF (I*(cot (d*x+c)-csc(d*x+c)),I)*sec(d*x+c
)+10*I*C*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1llipti
cF(I*(cot(d*x+c)-csc(dxx+c)) ,I)+3*I*A*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/
(cos(d*x+c)+1))~(1/2)*E1lipticF (I*(cot (d*x+c)-csc(d*x+c)),I)*cos(d*x+c)-6%I
*xA*(1/(cos(d*x+c)+1) )~ (1/2)*(cos(d*x+c) /(cos(d*x+c)+1))~(1/2)*E1llipticE(I*(
cot (d*x+c)-csc(d*x+c)),I)-5*xI*xC*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d
*xx+c)+1)) " (1/2)*E11lipticE(I*(cot (d*x+c)-csc(d*x+c)),I)*sec(d*x+c)-5*xI*Cx(1/
(cos(d*x+c)+1))~(1/2) *(cos(d*x+c) /(cos(d*x+c)+1))~(1/2) *E1lipticE(I*(cot (d*
x+c)-csc(d*x+c)) ,I)*cos(d*x+c)+A*xcos (dxx+c) ~2*sin(d*x+c)+5%I*C* (cos (d*x+c)/
(cos(d*x+c)+1))~(1/2)*(1/(cos(d*x+c)+1) )~ (1/2)*E1lipticF (I*(cot (d*x+c)-csc(
d*xx+c)),I)*cos(d*x+c)+3*I*A*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c
)+1))~(1/2)*E1lipticF (I*(cot (d*x+c)-csc(d*x+c)) ,I)*sec(d*x+c)+A*xcos (d*xx+c) *
sin(d*x+c)+3*Axsin(d*x+c)+5*xCxsin(d*x+c))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.09 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.40

2A,/———cos(dz + ¢)*sin (dz + ¢) + v/2(3i A + 5i C)v/bweierstrassZeta(-
e — \/ (d +o)

/ A + Csec*(c+ dx)
(bsec(c + dzx))>/?

[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm="fricas")

[Out] 1/5%(2*A*sqrt(b/cos(d*x + c))*cos(d*x + c) 2xsin(d*x + c) + sqrt(2)*(3*I*A
+ 65xI*C)*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x



138

+ c) + Ixsin(d*x + c))) + sqrt(2)*(-3*I*A - 5xI*C)*sqrt(b)*weierstrassZeta(
-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + ¢))))/(b"3%d)

Sympy [F]

A + C'sec?(c + dx) A+ Csec®(c+ d:c)
52 dr =
(bsec(c + dz)) (bsec (c+ dz))?

[In] integrate((A+Cksec(d*x+c)**2)/(b*sec(d*x+c))**(5/2),x)
[Out] Integral((A + Cxsec(c + d*x)*x2)/(b*sec(c + d*x))**(5/2), x)

Maxima [F]

A + C'sec*(c+ dx) Csec(dz +c)> + A
52 dr = s—dr
(bsec(c + dz)) (bsec (dz + ¢))2

[In] integrate((A+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm="maxima")
[Out] integrate((C*sec(d*x + c)~2 + A)/(b*sec(d*x + ¢c))~(5/2), x)

Giac [F]

A + C'sec*(c + dx) Csec(dz +c)> + A
5/2 = s da
(bsec(c + dz)) (bsec (dz + c))?

[In] integrate((A+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm="giac")

[Out] integrate((Cxsec(d*x + c)~2 + A)/(bxsec(d*x + ¢))~(5/2), x)

Mupad [F(-1)]

Timed out.

/ A+ CSGC C + d.’E / cos(c+dz) dx

(bsec(c + dz))>/? 5/2
cos(c—i—dx)

[In] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*xx))~(5/2),x)
[Out] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2), x)
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3.99 fA+C'sec (c+dz) dx

(bsec(c+dx))7/?
Optimal result . . . . . . . . . . . . e 139
Rubi [A] (verified) . . . . . . . . . . 139
Mathematica [A] (verified) . . . . . . . . . ... 141
Maple [C] (verified) . . . . . . . . . . L 1411
Fricas [C] (verification not implemented) . . . . . . . ... ... ... .. ...... 142
Sympy [F] . . o 142
Maxima [F] . . . . . . 142
Giac [F] . . . o o 143
Mupad [F(-1)] . . . . 143}

Optimal result

Integrand size = 25, antiderivative size = 112

/ A+ Csec*(c+ dx) 2(5A + 7C)+/cos(c + dz) EllipticF (1 (c + dz), 2) \/bsec(c + dz)
(bsec(c + dx))7/2 v 21b%d
2(5A + 7C) sin(c + dzx) 2Atan(c + dz)

21b3d+/bsec(c + dx) * 7d(bsec(c + dz))7/?

[Out] 2/21%(5*A+7%xC)*sin(d*x+c)/b~3/d/ (b*sec(d*x+c))~(1/2)+2/21*(5xA+7*C)*(cos(1/
2xdxx+1/2%c)~2)~(1/2) /cos(1/2*d*x+1/2*c)*E11lipticF (sin(1/2*d*x+1/2%c) ,2~(1/
2))*cos (d*x+c) " (1/2) *(b*xsec(d*x+c)) ~(1/2) /b~4/d+2/7*A*xtan (d*x+c) /d/ (b*sec(d

*xx+c) )~ (7/2)

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.00,

number of steps used = 4, number of rules used = 4, Lumber of rules _ () 160, Rules used
integrand size

— {4130, 3854, 3856, 2720}

A+ Csec?*(c+ dz) 2(5A + 7C)+/cos(c + dz) EllipticF (1(c+ dz),2) \/bsec(c + dz)
/ (bsec(c + dz))7/? = 21b4d
2(bA+ 7C) sin(c + d:c) 2Atan(c + dx)

21b3d+/bsec(c + dz) 7d bsec(c + dz))7/?

[In] Int[(A + C*Secl[c + d*x]~2)/(b*Sec[c + d*x])~(7/2),x]

[Out] (2x(5%xA + 7*C)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c +
d*x]]1)/(21%b~4*d) + (2*(5%A + 7*C)*Sin[c + d*x])/(21*%b~3*d*Sqrt [bxSec[c + d
*xx]]) + (2xAxTan[c + d*x])/(7xd*(bxSec[c + d*x])~(7/2))
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Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)1], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxCscl[c + d*x])~(n + 1)/(bxd*n)), x] + Dist[(n + 1)/(b"2%n), Int[(b*Cscl[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csclc + d*x]
)"n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4130

Int[(cscl(e_.) + (£_.)*(x)]1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCsc[e + f*x])"m/(f*m)), x] +
Dist[(C*m + Ax(m + 1))/(b"2+#m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

Rubi steps
5A+T7C) [ gy A
integral _ 2A tan(c + dl‘) 4 ( ) f (bsec(c+dx))3/
7d(bsec(c + dx))7/? H?
_ 2(BA+7C)sin(c+ da:) 2Atan(c + dz) + (5A+17C) [ \/bsec(c+ dz) dz
~ 21b3dy/bsec(c + dz) 7d (bsec(c + dz))7/? 21b%

_ 2(BA+17C)sin(c+ dx) 2Atan(c + dz)

21b3d\/bsec(c + dx) 7d (bsec(c + dx))™/?

. <(5A+7C )v/cos(c + dz)\/bsec(c + dx) ) f—\/mdm

21b*
_ 2(5A+7C)y/cos(c + dz) EllipticF (3(c+ dz),2) \/bsec(c + dz)
B 21bd

2(5A + 7C) sin(c + dz) 2Atan(c + dz)

21b3d+/bsec(c + dz) 7d bsec(c + dzx))7/?
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Mathematica [A] (verified)

Time = 0.92 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.71

4(5A+7C) EllipticF (% (c+dzx),2 )
/A+Csec2(c+dx) o A+ )\/coz(thrd(x";( do),2) +2(13A + 14C + 3A cos(2(c + dz))) sin(c + dz)

(bsec(c + dx))7/2 42b3d+/bsec(c + dx)

[In] Integrate[(A + CxSec[c + d*x]~2)/(bxSec[c + dx*x])~(7/2),x]
[Out] ((4*(5%A + 7xC)*EllipticF[(c + d*x)/2, 2])/Sqrt[Cos[c + d*x]] + 2%(13%xA + 1

4xC + 3*%A*Cos[2*(c + d*x)])#*Sin[c + d*x])/(42xb~3*d*Sqrt[b*Sec[c + d*x]])
Maple [C] (verified)
Result contains complex when optimal does not.

Time = 4.66 (sec) , antiderivative size = 291, normalized size of antiderivative = 2.60

method | result

. cos(dz+c) 1
101A\/cos(d:v+c)+1 \/cos(dz+c)+1

default 21

EllipticF (i(cot(dz+c)—csc(dz+c)),i) 2iC\/COCs°(Z(;ii‘L’)Cl1 \/Cos(d:v1+6)+1 EllipticF (i(cot(dz+c)—csc(dz+c)
3

J’_

. cos(dz+c . e . . . cos(dz+c e g .
2A (51'\/cos(dz1+c)+1 \/COS(;z+t)ll EllipticF (i(— cot(dalrz+c)+csc(dalr:+c)),z)+57,\/cos(dml+c)Jrl \/COs(d(ert)J)H EllipticF (¢(— cot(c

parts - 21d+/bsec(dz+c) b3

[In] int((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x,method=_RETURNVERBOSE)

[Out] 2/21/~3/d/(b*sec(d*x+c))~(1/2)*(5xI*A*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)
/ (cos(d*x+c)+1))~(1/2)*EllipticF (I*(cot (d*x+c)-csc(d*x+c)),I)+7*I*xCx(1/(cos
(d*x+c)+1))~(1/2)*(cos(d*x+c) / (cos(d*x+c)+1) )~ (1/2) *E11lipticF (I*(cot (d*x+c)
-csc(d*xx+c)) ,I)+5xIxA*x(1/ (cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~
(1/2)*EllipticF (I*(cot (d*x+c)-csc(d*x+c)),I)*sec(d*x+c)+3*A*cos(d*x+c) ~2*si
n(d*x+c)+7*xI*Cx(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*#E
1lipticF (I*(cot(d*x+c)-csc(d*x+c)),I)*sec(d*x+c)+5xA*sin(d*x+c)+7*C*sin(d*x

+c))



142

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.09 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.06

A+ Csec?(c + da) V2(=5i A — 7i C)\/bweierstrassPInverse(—4, 0, cos (dz + c) + i sin (dz + ¢)) +
/ (bsec(c + dx))7/? do =

[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm="fricas")

[Out] 1/21%(sqrt(2)*(-5xI*A - 7*IxC)*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x +
c) + Ixsin(d*x + c)) + sqrt(2)*(5xIxA + 7xIxC)*sqrt(b)*weierstrassPInverse

(-4, 0, cos(d*x + c) - I*sin(d*x + c)) + 2%(3*A*cos(d*x + c)~3 + (5%A + 7*C
)xcos(d*x + c))*sqrt(b/cos(d*x + c))*sin(d*x + c))/(b~4*d)

Sympy [F]

A+ C'sec?(c + dx) A+ Csec? (c+drx)
72 = - dr
(bsec(c + dz)) (bsec (¢ + dzx))?

[In] integrate((A+Cksec(d*x+c)**2)/(b*sec(d*x+c))**(7/2),x)
[Out] Integral((A + Cksec(c + d*x)**2)/(b*sec(c + d*x))*x(7/2), x)

Maxima [F]

A + C'sec*(c+ dx) Csec(dz +c)* + A
72 dr = — dT
(bsec(c + dz)) (bsec (dz + ¢))?
[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm="maxima")
[Out] integrate((Cxsec(d*x + c)~2 + A)/(b*sec(d*x + ¢))~(7/2), x)
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Giac [F]

A+ Csec?(c + dx) Csec(dz +c)’ + A
7/2 = 7 dz
(bsec(c + dz)) (bsec (dz + c))?

[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm="giac")
[Out] integrate((Cxsec(d*x + c)~2 + A)/(b*sec(d*x + ¢))~(7/2), x)

Mupad [F(-1)]

Timed out.

/ A+ Csec’(c+ da: / cos(c+dz)
(bsec(c+ da:))7/2 7/2

cos(c+d x)

[In] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*xx))~(7/2),x)

[Out] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2), x)
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3.93 fA+C'sec (c+dzx) dx

(bsec(c+dx))9/2
Optimal result . . . . . . . . .. 144
Rubi [A] (verified) . . . . . . . . . . 144
Mathematica [C] (verified) . . . . . . . . . ... L 146
Maple [C] (verified) . . . . . . . . . .. e 146
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ... . 147
Sympy [F(-1)] . . o o o 147
Maxima [F] . . . . . . o 147
Giac [F] . . . . o o 148
Mupad [F(-1)] . . . oo 148

Optimal result

Integrand size = 25, antiderivative size = 112

A+Csec?(c+dz) ,  2(TA+9C)E(}(c+ dx)|2)
/ (bsec(c + dx))9/2 v 15b%d\/cos(c + dx)\/bsec(c + dx)
2(7TA+9C)sin(c + dx) 2Atan(c + dz)
45b3d(bsec(c + dx))3/2 ~ 9d(bsec(c + dx))9/?

[Out] 2/45%(7*A+9%*C) *sin(d*x+c)/b~3/d/ (b*sec(d*x+c))~(3/2)+2/15% (7*A+9*C) * (cos(1/
2xd*x+1/2%c)~2)~(1/2) /cos(1/2*d*x+1/2*c)*E11lipticE(sin(1/2*d*x+1/2%c) ,2~(1/
2))/b"4/d/cos(d*x+c) " (1/2) / (bxsec(d*x+c) )~ (1/2)+2/9*Axtan (d*x+c)/d/ (b*sec(d
*xx+c))~(9/2)

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 4 number of rules _ () 160, Rules used

' integrand size
= {4130, 3854, 3856, 2719}

A+Csec*(c+dr) ,  2(7A+9C)E(3(c+dz)|2)
/ (bsec(c + dzx))9/? v 15b4d+/cos(c + dz)+/bsec(c + dz)
2(7TA+9C)sin(c + dx) 2Atan(c + dx)
45b3d(bsec(c + dxz))3/2 ~ 9d(bsec(c + dz))%/?

[In] Int[(A + CxSec[c + d*x]~2)/(b*Sec[c + d*x])~(9/2),x]

[Out] (2% (7xA + 9%C)*EllipticE[(c + d*x)/2, 2])/(15%xb~4*d*Sqrt[Cos[c + d*x]]*Sqrt
[bxSec[c + d*x]]) + (2*%(7*A + 9*C)*Sin[c + d*xx])/(45%b"3*d*(b*Sec[c + d*xx])
~(3/2)) + (2%AxTan[c + d*xx])/(9*d*(b*Sec[c + d*x])~(9/2))
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Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxCscl[c + d*x])~(n + 1)/(bxd*n)), x] + Dist[(n + 1)/(b"2%n), Int[(b*Cscl[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Dist[(b*Cscl[c + d*x]
)"n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4130

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AL)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCsc[e + f*x])"m/(f*m)), x] +
Dist[(C*m + A*(m + 1))/(1"2#m), Int[(b*Cscl[e + f*x])"(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

Rubi steps

24tan(c+dz) (TA+9C) [ Goateramysr 4=
9d(bsec(c + dx))%/? 92

integral =

_ 2(7A+9C)sin(c + dz) 2Atan(c + dz) N (TA+90) | \/bsecl(wa) dz
45b3d(bsec(c + dx))3/2 ~ 9d(bsec(c + dz))9/? 15b4

_ 2(7TA+9C)sin(c+ dx) 2Atan(c + dz) (TA+9C) [ \/cos(c+ dz) dzx
456%d(bsec(c + dz))3/2 ~ 9d(bsec(c + dz))*? * 15b%,/cos(c + dx)+/bsec(c + dx)

_ 2(TA+9C)E(5(c+dx)|2) 2(TA+90)sin(c+dz)  2Atan(c+ dx)
15bd/cos(c + dzx)\/bsec(c + dx)  45b3d(bsec(c +dx))¥2 * 9d(bsec(c + dx))%/2
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 1.32 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.28

A+ C'sec?(c + dz) e~"%(cos(dx) + isin(dx)) (336z’A 4 4390 — BTAT9C)eH Hyjle:_ge;?:iti?Fl(%%
dx = -
/ (bsec(c + dx))9/? 360b*d\/bsec(c +

[In] Integrate[(A + CxSec[c + d*x]~2)/(b*Sec[c + dx*x])~(9/2),x]

[Out] ((Cos[d*x] + I*Sin[d*x])*((336*I)*A + (432*xI)*C - ((32*xI)*(7*A + 9*C)*E~((2
*I)*(c + d*x))*Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2*I)*(c + d*x))])/Sqrt

[1 + ES((2*%I)*(c + d*x))] + (76%A + 72xC)*Sin[2*(c + d*x)] + 10*A*Sin[4*(c

+ dx*x)]))/(360%b~4*d*E~ (I*d*x)*Sqrt [b*Sec[c + d*x]])

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 7.76 (sec) , antiderivative size = 866, normalized size of antiderivative = 7.73

method | result size

default | Expression too large to display | 866
parts Expression too large to display | 876

[In] int((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(9/2),x,method=_RETURNVERBOSE)

[Out] -2/45/b~4/d/(cos(d*x+c)+1)/(b*sec(d*x+c)) ~(1/2) * (-27*I*C* (1/ (cos(d*x+c)+1))
~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1) )~ (1/2)*E1llipticF (I*(cot (d*x+c)-csc(d*x+c)
), I)*sec(d*x+c)+42*%I*A*(1/(cos(d*x+c)+1)) ~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))
~(1/2)*E1lipticE(I*(cot (d*x+c)-csc(d*x+c)),I)-5*Axcos (d*x+c) “4*sin(d*x+c)-2
1xI*A*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c)/(cos(d*x+c)+1))~(1/2) *E1llipticF(
I*(cot (d*x+c)-csc(d*x+c)),I)*sec(d*x+c)+21*%I*A*(1/(cos(d*x+c)+1))~(1/2)*(co
s(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(cot (d*x+c)-csc(d*x+c)),I)*sec(d
*xx+c)+54*%I*Cx (1/ (cos(d*x+c)+1)) ~(1/2)*(cos(d*x+c) /(cos(d*x+c)+1))~(1/2)*E11l
ipticE(I*(cot(d*x+c)-csc(d*x+c)),I)-42*I*A*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*
x+c)/(cos(d*x+c)+1))~(1/2)*E1llipticF (I*(cot (d*x+c)-csc(d*x+c)),I)-5*A*cos(d
*x+c) "3*sin(d*x+c)+27*I*Cx(1/(cos (d*x+c)+1))~(1/2)*(cos (d*x+c)/(cos (d*x+c)+
1))~ (1/2)*E1lipticE(I*(cot (d*x+c)-csc(d*x+c)) ,I)*sec(d*x+c)-54*xI*C*(1/(cos(
d*x+c)+1))~(1/2)*(cos(d*x+c) /(cos(d*x+c)+1)) ~(1/2)*E11lipticF (I*(cot (d*x+c)-
csc(d*x+c)) ,I)-21xI*xA*E1lipticF (I*(cot (d*x+c)-csc(d*x+c)),I)*(1/(cos(d*x+c)
+1))~(1/2) *(cos (d*x+c) / (cos (d*x+c)+1) )~ (1/2) *cos (d*x+c) -27*I*CxE11lipticF (I*
(cot (d*x+c)-csc(d*xx+c)) ,I)*x(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c)/(cos (d*x+c)
+1) )~ (1/2) *cos (d*x+c) -T*A*cos (d*x+c) “2*sin (d*x+c)+21*I*A*E1lipticE(I*(cot (d
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*x+c)-csc(dxx+c)) ,I)*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c) /(cos(d*xx+c)+1))~(
1/2)*cos (d*x+c) +27*I*C*E1lipticE(I* (cot (d*x+c)-csc(d*x+c)),I)*(1/(cos(d*x+c
)+1)) " (1/2)*(cos(d*x+c) /(cos(d*x+c)+1)) " (1/2) *cos (d*x+c)-9*Cxcos (d*x+c) ~2*s
in(d*x+c)-7*A*xcos (d*x+c) *sin (d*x+c)-9*C*cos (d*x+c) *sin (d*x+c)-21*A*sin (d*x+
c)-27*C*sin(d*x+c))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.10 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.15

dr =

/ A + Csec*(c+ dx)
(bsec(c + dz))9/?

3v2(=T7i A — 9i C)v/bweierstrassZeta(—4, 0, weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢))) +

[In] integrate((A+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(9/2),x, algorithm="fricas")

[Out] -1/45*%(3*sqrt(2)*(-7+*I*xA - 9xIxC)*sqrt(b)*weierstrassZeta(-4, 0, weierstras
sPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) + 3*sqrt(2)*(7*I*A + 9xIx*C

) *sqrt (b) *weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) -
I*sin(d*x + c))) - 2*x(5*A*cos(d*x + c)~4 + (7*A + 9xC)*cos(d*x + c)~2)*sqrt
(b/cos(d*x + c))*sin(d*x + c))/(b~5%d)

Sympy [F(-1)]

Timed out.

dxr = Timed out

/ A + Csec*(c+ dx)
(bsec(c + dzx))%/?

[In] integrate((A+Cksec(d*x+c)**2)/(b*sec(d*x+c))**(9/2),x)
[Out] Timed out

Maxima [F]

dx

/A+Csec2(c+dw) dp — / Csec(dz +c)* + A
(bsec(c + dz))*/2 (bsec (dz + c))%

[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(9/2),x, algorithm="maxima")
[Out] integrate((Cxsec(d*x + c)~2 + A)/(bxsec(d*x + ¢))~(9/2), x)
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Giac [F]

A+ Csec?(c + dx) C'sec(dz +c)’ + A
9/2 = g dz
(bsec(c + dz)) (bsec (dz +c))?

[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(9/2),x, algorithm="giac")
[Out] integrate((Cxsec(d*x + c)~2 + A)/(b*sec(d*x + ¢))~(9/2), x)

Mupad [F(-1)]

Timed out.

/ A+ Csec*(c+ da: / cos(c+dz)
(bsec(c+ da:))g/2 9/2

cos(c+d x)

[In] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(9/2),x)

[Out] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(9/2), x)
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3.24 f 3+3sec?(c+dx) dx

sec(c+dzx)
Optimal result . . . . . . . . . . . e 149
Rubi [A] (verified) . . . . . . . . . 149
Mathematica [A] (verified) . . . . . . . . . ... 150
Maple [B] (verified) . . . . . . . . . .. 150
Fricas [A] (verification not implemented) . . . . . . . . .. ... ... ... ... .. 1501
Sympy [F] . . o o 1511
Maxima [F] . . . . . . o 151
Giac [B] (verification not implemented) . . . . . . . ... ... ... [I5T]
Mupad [B] (verification not implemented) . . .. ... .. ... .. ... ....... 1511

Optimal result

Integrand size = 23, antiderivative size = 21

3 + 3sec?(c + dx) dp — 6+/sec(c + dz) sin(c + dz)
V/sec(c + dz) d

[Out] 6*sin(d*x+c)*sec(d*x+c)~(1/2)/d

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Lumber of rules _ 0.043, Rules used = {4128}
integrand size

3 + 3sec?(c + dzx) dr — 6sin(c + dz)+/sec(c + dx)
Vool t da) d

[In] Int[(3 + 3*Sec[c + d*x]~2)/Sqrt[Secl[c + d*x]],x]
[Out] (6xSqrt[Secl[c + d*x]]1*Sin[c + d*x])/d
Rule 4128

Int[(cscl(e_.) + (£_.)*(x_)I1*(b_.)) (m_.)*(cscl(e_.) + (f_.)*(x_)172%(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + fxx]*((b*Csc[e + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] &% EqQ[C*m + Ax(m + 1), 0]

Rubi steps

6+/sec(c + dz) sin(c + dx)

integral =
integra 7
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Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

3 + 3sec’(c + dz) dp — 6+/sec(c + dz) sin(c + dz)
\/sec(c + dx) d

[In] Integrate[(3 + 3*Sec[c + d*x]~2)/Sqrt[Seclc + d*x]],x]

[Out] (6%Sqrt([Sec[c + d*x]]*Sin[c + d*x])/d

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 40 vs. 2(19) = 38.

Time = 1.56 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.95

method | result
default 12 sm(%m-i-%) cos 247“”+§>
\/2C°S<d?z+%) -1d
6\/(2(503((1;"';)2_1) Sin<d72+%)2 %—COS(d2$+C) \/_2605<d7m+%>2+1 EllipticE(cos(‘%x+%),\/§) 6(—2\/M
parts - & - 2 _ ‘
\/_2s1n<7$+%> +51n<d7m+%> S1n(d*;+§)\/2cos(d7+%> 1d

[In] int((3+3*sec(d*x+c)~2)/sec(d*x+c)”~(1/2),x,method=_RETURNVERBOSE)
[Out] 12*sin(1/2*d*x+1/2*c)*cos(1/2*%d*xx+1/2%c)/(2*cos(1/2%d*x+1/2%c) " 2-1)"(1/2)/d

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

3—|—3sec2(c—|—dz)d _ 6sin(dz+c)

r =
v/ sec(c + dx) d+/cos (dz + c)

[In] integrate((3+3*sec(d*x+c)~2)/sec(d*x+c)~(1/2),x, algorithm="fricas")

[Out] 6*sin(d*x + c)/(d*sqrt(cos(d*x + c)))



151

Sympy [F]

3 + 3sec?(c + dx)

d =3 / dx—l—/
V/sec(c+ dx) ( V/sec (¢ + dx)

[In] integrate((3+3*sec(d*x+c)**2)/sec(d*x+c)**(1/2),x)
[Out] 3*(Integral(l/sqrt(sec(c + d*x)), x) + Integral(sec(c + d*x)**(3/2), x))

sec? (c+ dx)dx )

Maxima [F]

3+3sec’(c+dx) , / 3 (sec (dz +¢)* + 1) s

V/sec(c+ dzx) sec (dz + ¢)

[In] integrate((3+3*sec(d*x+c)~2)/sec(d*x+c)~(1/2),x, algorithm="maxima")
[Out] 3*integrate((sec(d*x + c)~2 + 1)/sqrt(sec(d*x + c)), x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 46 vs. 2(19) = 38.

Time = 0.32 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.19

4
3 + 3 sec? (c—l—d:c) 12\/—tan(%dm+%c) +1tan (1 dz+ 1¢)
V/sec(c + dx) (tan(%dx+%c)4—1>d
[In] integrate((3+3*sec(d*x+c)~2)/sec(d*x+c)~(1/2),x, algorithm="giac")

[Out] -12*sqrt(-tan(1/2xd*x + 1/2*c)~4 + 1)*tan(1/2*d*x + 1/2%c)/((tan(1/2*d*x +
1/2xc)~4 - 1)*d)

Mupad [B] (verification not implemented)
Time = 0.22 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

: 1
3+3 SGCQ(C + dx) o 6 sin (C + dl’) \/ cos(ct+dz)

dz

V/sec(c + dx) - d

[In] int((3/cos(c + d*x)~2 + 3)/(1/cos(c + d*x))~(1/2),x)
[Out] (6*sin(c + d*x)*(1/cos(c + d*x))~(1/2))/d
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3.25 [ sec™(e+fz) (m — (14 m)sec’(e + fz)) dz

Optimal result . . . . . . . . . . 1521
Rubi [A] (verified) . . . . . . . . 152
Mathematica [C] (verified) . . . . . . . . . ... L 1531
Maple [A] (verified) . . . . . . . .. 153
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 153
Sympy [F] . . o 154
Maxima [B] (verification not implemented) . . . . . . . . ... ... .. L. 154
Giac [F] . . . o o 1551
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 155

Optimal result

Integrand size = 24, antiderivative size = 21

_sec'*™(e + fz)sin(e + fx)
f

/secm(e + fz) (m — (1 + m) sec’(e + fz)) dz =
[Out] -sec(f*x+e)”~(1+m)*sin(f*xx+e)/f

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, number of rules _ 0.042, Rules used = {4128}
integrand size

_sin(e + fx)sec™*!(e + fx)
f

/secm(e + fz) (m — (1 + m)sec’(e + fz)) dz =

[In] Int[Secl[e + f*x]"m*(m - (1 + m)*Secl[e + f*x]~2),x]
[Out] -((Secl[e + f*x]~(1 + m)*Sin[e + fx*xx])/f)
Rule 4128

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + A*(m + 1), 0]

Rubi steps
sec!t™(e + fz)sin(e + fz)
f

integral = —
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.39 (sec) , antiderivative size = 107, normalized size of antiderivative = 5.10

/secm(e + fz) (m — (1 + m) sec’(e + fz)) dz

_csc(e+ fx)sec™ (e + fx) ((2 + m) Hypergeometric2F1 (3, %, 25, sec’(e + fz)) — (1 4+ m) Hyperge
B f(2+m)

[In] Integrate[Sec[e + f*x] m*(m - (1 + m)*Sec[e + fx*x]~2),x]

[Out] (Cscle + fxx]*Sec[e + f*x]~(-1 + m)*((2 + m)*Hypergeometric2F1[1/2, m/2, (2
+ m)/2, Secle + f*x]72] - (1 + m)*Hypergeometric2F1[1/2, (2 + m)/2, (4 + m

)/2, Secle + fxx]~2]*Sec[e + f*x]~2)*Sqrt[-Tan[e + f*x]~2])/(£*(2 + m))

Maple [A] (verified)

Time = 1.15 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.90

method result
. 2tan( L= 4€ lz . m
parallelrisch < 2 2) <cos<f ¥ ))
f(tan fg+§) —1)
) i set(frte) 2 . ; Lifare)
vesen| G fzte csgn 22‘.3 Fote mm  icsgn( gt cogn (e T
i(ei(fere))m(ezi(fz+e)+1)—mzm (e (e ( )+1> ) (e ( )+1) - (e ( )+1> (e é )+1)
risch

[In] int(sec(f*x+e) m*(m-(1+m)*sec(f*x+e)”2),x,method=_RETURNVERBOSE)
[Out] 2/f*tan(1/2xf*xx+1/2%e)*(1/cos(f*x+e)) "m/(tan(1/2xf*x+1/2*e) " 2-1)

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.38

—+—"sin(fz +e¢)
/secm(e + fz) (m — (1 +m)sec’(e + fz)) do = — (ferc())s (fz+e)

[In] integrate(sec(f*x+e) “m*(m-(1+m)*sec(f*x+e)~2),x, algorithm="fricas")

[Out] -(1/cos(f*x + e)) “m*sin(f*x + e)/(fxcos(f*x + e))
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Sympy [F]

/secm(e + fz) (m — (1 + m)sec’(e + fz)) dx
= —/(—msecm (e + fz)) dz — /sec2 (e + fr)sec™ (e + fx)dx

- /msec2 (e + fz)sec™ (e + fz)dz

[In] integrate(sec(f*x+e)**m* (m-(1+m)*sec(f*x+e)**2),x)

[Out] -Integral(-m*sec(e + fxx)**m, x) - Integral(sec(e + f*x)**2xsec(e + f*x)**m
, Xx) - Integral(m*sec(e + f*xx)*x2+sec(e + f*x)**m, Xx)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 283 vs. 2(21) = 42.

Time = 0.43 (sec) , antiderivative size = 283, normalized size of antiderivative = 13.48

sec™(e + fz) (m — (1 +m)sec’(e + fz)) dz
_ 2™ cos (—(fz + €)(m + 2) + marctan (sin (2 fz + 2¢) ,cos (2 fz + 2¢€) 4 1)) sin (2 fz + 2€) — 2™ cos (.

[In] integrate(sec(f*x+e) “m*(m-(1+m)*sec(f*x+e)~2),x, algorithm="maxima")

[Out] (2"m*cos(-(f*x + e)*(m + 2) + m*arctan2(sin(2*f*xx + 2%e), cos(2xf*xx + 2%e)
+ 1)) *sin(2xf*x + 2%e) - 2"mxcos(-(f*x + e)*m + m*arctan2(sin(2*f*x + 2*e),
cos(2xf*x + 2xe) + 1))*sin(2*xf*x + 2xe) + (2 m*xcos(2*xf*x + 2xe) + 27m)*sin
(-(f*x + e)*(m + 2) + m*arctan2(sin(2*xf*xx + 2*e), cos(2*f*xx + 2%e) + 1)) -
(2"m*cos (2xf*xx + 2%e) + 2"m)*sin(-(f*x + e)*m + m*arctan2(sin(2*f*x + 2xe),

cos (2*f*x + 2%e) + 1)))/((cos(2xf*x + 2%e)~2 + sin(2xfxx + 2xe)~2 + 2*cos(
2+%fxx + 2%e) + 1)*x(cos(2*f*xx + 2%e)”2 + sin(2*f*x + 2*e)”2 + 2xcos(2*f*x +

2%e) + 1)~ (1/2*m)*f)
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Giac [F]

/secm(e + fz) (m — (1 + m)sec’(e + fz)) dx

—/—((m+1)sec(fw+e)2—m)sec(fac+e)m dz

[In] integrate(sec(f*x+e) “m*(m-(1+m)*sec(f*x+e)~2),x, algorithm="giac")

[Out] integrate(-((m + 1)*sec(f*x + e)”2 - m)*sec(f*x + e)”m, Xx)

Mupad [B] (verification not implemented)

Time = 15.39 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.76

sin (2e + 2 f z) ﬁ "
[ seem e+ fa) (m— (14 m)sec(e + f) do = —— 2<f o 1)>>

[In] int((m - (m + 1)/cos(e + f*x)~2)*(1/cos(e + f*x))"m,x)
[Out] -(sin(2*e + 2*xf*x)*(1/cos(e + f*x))"m)/(f*(cos(2*e + 2%f*x) + 1))
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3.26 [ sec®(e + fz) (5 — 6sec(e + fz)) dx

Optimal result . . . . . . . . . . . e 156
Rubi [A] (verified) . . . . . . . . 156
Mathematica [A] (verified) . . . . . . . . . . .. 1571
Maple [C] (verified) . . . . . . . . . ... 157
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 158
Sympy [F] . . o 158
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 158
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 1591
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 159

Optimal result

Integrand size = 21, antiderivative size = 19

_sec’(e + fz) tan(e + fx)
f

/secs(e + fz) (5 — 6sec’(e + fz)) dz =
[Out] -sec(f*x+e) Bkxtan(f*x+e)/f

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, number of rules _ 0.048, Rules used = {4128}
integrand size

_tan(e + fz)sec’(e + fx)
f

/secs(e + fz) (5 — 6sec’(e + fz)) dz =

[In] Int[Secl[e + f*x]~5%(5 - 6*Secl[e + f*x]~2),x]
[Out] -((Secl[e + f*x] 5*Tan[e + f*x])/f)
Rule 4128

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + A*(m + 1), 0]

Rubi steps
sec®(e + fz) tan(e + fz)
f

integral = —
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ seci(e + fx) (5 — Bsec?(e + fz)) da = — (& fx)ftan(e + fz)

[In] Integrate[Sec[e + f*x]~5*%(5 - 6*Sec[e + f*x]~2),x]
[Out] -((Sec[e + f*x]~5*Tan[e + f*x])/f)

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.32 (sec) , antiderivative size = 41, normalized size of antiderivative = 2.16

method result
isch 32i(e7i(fzt+e) _gbilfate))
T1SC f(QQi(fz+e)+1)6
i _ 32sin(fz+e)
pal'allelI‘ISCh f(cos(6fx+6€)+6 cos(4fx+4e)+15 cos(2fz+2e)+10)
_5 (_ seC(fZ+e)3 _ 3seC(£x+e)> tan(fz+e)+6 (_ sec(fg+e)5 5 Sec(£Z+e)3 5 SeC(;Lffjm+8)> tan(faz-+e)
derivativedivides
3 5 s
default (e’ seelfie) ) gy melpelt sl saelfnia) ) angote)
erau
3 . \
t - (_ SeC(fiH—e) - sec<§z+e) ) tan(fg;+e)+ = ln(seC(fz+§)+tan(fz+e)) 6 (_ (_ Sec(fg+e) _5 sec(£1+e) _5 sec(IJ;z
parts : ~
ren(frs) wen(frs) mun(fr8)° man(Fas) wun(Fe5)° an(frg)"
norman i 7 : E : :

(tan<%+%>2—l)6

[In] int(sec(f*x+e) 5% (5-6*sec(f*x+e)~2),x,method=_RETURNVERBOSE)

[Out] 32*I/f/(exp(2*xIx(f*x+e))+1) 6% (exp(7*I*(f*x+e))-exp(5xIx(f*x+e)))
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

sin (fz + e)
feos(fz +e)°

/secs(e + fz) (5 — 6sec’ (e + fz)) dv = —

[In] integrate(sec(f*x+e) 5% (5-6*sec(f*x+e)”2),x, algorithm="fricas")

[Out] -sin(f*x + e)/(f*cos(f*x + e)~6)

Sympy [F]
/sec5(e+fm) (5 —6sec’(e+ fz)) doz = —/(—53ec5 (e+ fz)) dz — /6sec7 (e+ fz)dzx

[In] integrate(sec(f*x+e)**5x(5-6xsec(f*x+e)**2),x)

[Out] -Integral(-5*sec(e + f*x)**5, x) - Integral(6*sec(e + f*x)**x7, x)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 42 vs. 2(19) = 38.

Time = 0.19 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.21

/sec5(e+ fz) (5—6sec’(e+ fz)) dz
sin (fz +e)
(sin(fx+e)6—3 sin (fz +e)* + 3 sin (fz +€)® — 1)f

[In] integrate(sec(f*x+e) 5% (5-6*sec(f*x+e)”2),x, algorithm="maxima")

[Out] sin(f*x + e)/((sin(f*x + e)”6 - 3*sin(f*x + e)”4 + 3*sin(f*x + e)~2 - 1)x*f)
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Giac [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.16

5 2 sin (fz + e)
sec’(e + fx) (b —6sec”(e + fz)) dz = =
/ ( )( ( ) (sin (fz+e)®—1)°f

[In] integrate(sec(f*x+e) 5% (5-6*sec(f*x+e)”2),x, algorithm="giac")

[Out] sin(f*x + e)/((sin(f*x + e)~2 - 1)~ 3%f)

Mupad [B] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.21

/secs(e+fx) (5 — 6sec’(e + fz)) dz
B sin (e + f z)
~ f (sin(e+ fx)° —3sin(e+ fz)* +3sin(e+ fz)’ — 1)

[In] int(-(6/cos(e + f*x)~2 - 5)/cos(e + f*x)~5,x)
[Out] sin(e + f*x)/(f*(3*sin(e + f*x)~2 - 3*sin(e + f*x)~4 + sin(e + f*x)"6 - 1))
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3.27 [ sec*(e + fz) (4 — 5sec’(e + fz)) dx

Optimal result . . . . . . . . . . . . e 160
Rubi [A] (verified) . . . . . . . . 160
Mathematica [A] (verified) . . . . . . . . . . .. 161l
Maple [C] (verified) . . . . . . . . . ... 161
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 162
Sympy [F] . . o 162
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 162
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 162
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 163

Optimal result

Integrand size = 21, antiderivative size = 19

_sec(e + fz) tan(e + fx)
f

/sec4(e + fz) (4 — 5sec’(e + fz)) dz =
[Out] -sec(f*x+e) 4*xtan(f*x+e)/f

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, number of rules _ 0.048, Rules used = {4128}
integrand size

_tan(e + fx)sec*(e + fx)
f

/sec4(e + fz) (4 — 5sec’(e + fz)) dz =

[In] Int[Secle + f*x]~4%(4 - 5*Secl[e + f*x]~2),x]
[Out] -((Secl[e + f*x] 4xTan[e + f*x])/f)
Rule 4128

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + A*(m + 1), 0]

Rubi steps
sect*(e + fz) tan(e + fz)
f

integral = —
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Mathematica [A] (verified)
Time = 0.04 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

_sec'(e + fz) tan(e + fx)
f

/sec4(e + fz) (4 — 5sec’ (e + fz)) dz =

[In] Integrate[Sec[e + f*x]~4*(4 - 5*Sec[e + f*x]~2),x]
[Out] -((Secl[e + f*x]~4xTanl[e + f*x])/f)

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.24 (sec) , antiderivative size = 41, normalized size of antiderivative = 2.16

method result size
. 16i(e6i(fw+e) _e4i(fw+e))
risch (@G 1)° 41
. . 16 sin(fz+e)
parallelrlsch f(cos(5fx+5e)+5 cos(3fx+3e)+10 cos(fz+e)) 43
2 4 2
. . o 4 (_g_%) tan(fz-+e)+5 (_%_ seC(fg-!-e) _ 4sec({;7+e) ) tan(fz+e)
derivativedivides 7 56
2 4 2
—4 (—%— Sec(fg""e) ) tan(fz+e)+5 (—%— Sec(fg"'e) - 4330({;+e) ) tan(fz+e)
default 7 56
4
4(_%_sec(f§+e)2> tan(fo+e) 5(_%_seC(f;+E) _4sec({g’+e)2> tan(fz+e)
parts — 7 + 7 58
2tan(f7z+%) 8tan(%+%)3 12tan(£}+%)5 Stan(%-&-%)’? 2tan(sz+g>9
norman — f hi f * f * f 96
5 5
(tan(%+%> —1)

[In] int(sec(f*x+e) 4% (4-5*sec(f*x+e)~2),x,method=_RETURNVERBOSE)
[Out] 16*%I/f/(exp(2*xI*(f*x+e))+1) "5 (exp(6*I*(f*x+e))-exp(4*Ix(fxx+e)))
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

sin (fx + €)
fcos(fz+e)°

/sec4(e + fz) (4 — 5sec’(e+ fz)) do = —

[In] integrate(sec(f*x+e) “4*(4-5*sec(f*x+e)”2),x, algorithm="fricas")

[Out] -sin(fxx + e)/(fxcos(f*x + e)75)
Sympy [F]
/sec4(e + fz) (4 —5sec’(e + fz)) do = — / (—4sec* (e+ fz)) dz — /58606 (e+ fx)dx

[In] integrate(sec(f*x+e)**4x(4-5xsec(f*x+e)**2),x)

[Out] -Integral(-4xsec(e + fxx)**4, x) - Integral(b*sec(e + f*x)**x6, x)

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.58

5 3
/sec4(e—|-fx) (4— 5sec2(e-|-fx)) dr = _tan(fx-{—e) + 2 tan (}cm-i'e) + tan (fz +e)

[In] integrate(sec(f*x+e) “4*(4-5*sec(f*x+e)”2),x, algorithm="maxima")

[Out] -(tan(f*x + e)”5 + 2%tan(f*x + e)~3 + tan(f*x + e))/f

Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.58

5 3
/Sec4(e+f:v) (4— 5sec2(e—{—fx)) dr — _tan(fx-{—e) + 2 tan (}cx-i'e) + tan (fz +e)

[In] integrate(sec(f*x+e) “4*(4-5*sec(f*x+e)”2),x, algorithm="giac")
[Out] -(tan(f*x + e)~5 + 2xtan(f*x + e)~3 + tan(f*x + e))/f
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Mupad [B] (verification not implemented)
Time = 15.17 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

sin (e + fx)
fcos(e+ fxz)°

/sec4(e + fz) (4 — bsec’(e + fx)) dr = —

[In] int(-(5/cos(e + f*x)~2 - 4)/cos(e + f*xx)~4,x)
[Out] -sin(e + fxx)/(f*cos(e + f*x)~5)
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3.28 [sec®*(e + fz) (3 — 4sec’(e + fz)) dx

Optimal result . . . . . . . . . . . . e 164
Rubi [A] (verified) . . . . . . . . 164
Mathematica [A] (verified) . . . . . . . . . .. 1651
Maple [A] (verified) . . . . . . . .. 165
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 165]
Sympy [F] . . o 166
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 166
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 166!
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 166

Optimal result

Integrand size = 21, antiderivative size = 19

_sec’(e + fz) tan(e + fx)
f

/sec3(e + fz) (3 — 4sec’(e + fz)) dz =
[Out] -sec(f*x+e) 3*tan(f*x+e)/f

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, number of rules _ 0.048, Rules used = {4128}
integrand size

_tan(e + fz)sec’ (e + fx)
f

/sec3(e + fz) (3 — 4sec’(e + fz)) dz =

[In] Int[Secl[e + f*x]~3%(3 - 4*Secl[e + f*x]~2),x]
[Out] -((Secl[e + f*x] 3*Tan[e + f*x])/f)
Rule 4128

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + A*(m + 1), 0]

Rubi steps
sec®(e + fz) tan(e + fz)
f

integral = —
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/3303(6 + fz) (3 — 4sec’*(e + fz)) dz = _5903(6’ + fm)ftan(e + fz)

[In] Integrate[Sec[e + f*x]~3%(3 - 4*Sec[e + f*x]~2),x]
[Out] -((Sec[e + f*x]~3*Tan[e + f*x])/f)

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.89

method result
. _ 8sin(fz+e)
parallelrisch F(cos(4fz+4e)+4 cos(2fa+2e)+3)
. h 8i(e5i(f.7;+e) _e3i(fm+e))
T1SC. f(eZi(f:c+e)+1)4
3sec(fz+e) tan(fz+e) +4< sec(fw+e)3 3sec(fz+e)> tan(fm+e)
. . - 2 8
derivativedivides
d f lt 35ec(fz+e;tan(fa:+e) +4< sec(fg:+e)3 3sec(£m+e)) tan(fav—}-e)
erau
_Ztan(fT %)_Gtan(%—f—%) _Gtan(%J—%) 2tan(%+%)7
norman ! ! n !
2
(tan(%“rg) —1)
3
4 — __sec(fz+e)” 3sec(fzte) 3 In(sec(fz-
arts 3sec(fz+e) tan(fz+e) + 31n(sec(fz+e)+tan(fz+e)) ( ( 4 8 tan(fz-+e)+
P 2f 2f 7

[In] int(sec(f*x+e) 3*(3-4*sec(f*x+e)”~2),x,method=_ RETURNVERBOSE)
[Out] -8/f*sin(f*x+e)/(cos(dxfxx+dxe)+4*xcos (2xf*xx+2%e)+3)

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

sin (fx + €)
feos (fz +e)*

/sec3(e + fz) (3 — 4sec’*(e + fz)) dz = —

[In] integrate(sec(f*x+e) 3% (3-4xsec(f*x+e)”2),x, algorithm="fricas")

[Out] -sin(f*x + e)/(fxcos(f*x + e)"4)
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Sympy [F]
/sec3(e+fx) (3—4sec’(e+ fz)) dz = —/(—3sec3 (e+ fz)) dz — /4sec5 (e+ fz)dz

[In] integrate(sec(f*x+e)**3x(3-4*xsec(f*x+e)**2),x)

[Out] -Integral(-3xsec(e + f*x)**3, x) - Integral(4*sec(e + f*x)#*x5, x)

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.74

) B , - sin (fz +e)
/sec (e+ fz) (3 —4sec’*(e+ fz)) dz = (Sin(fx+e)4—2sin(fx+e)2+1)f

[In] integrate(sec(f*x+e) ~3*(3-4*sec(f*x+e)”2),x, algorithm="maxima")

[Out] -sin(f*x + e)/((sin(f*x + e)”4 - 2xsin(f*x + e)~2 + 1)*f)

Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.21

sin (fx + €)
(sin (fr+e)?— 1)2f

/sec3(e + fz) (3 — 4sec’(e + fz)) do = —

[In] integrate(sec(f*x+e) ~3*(3-4*sec(f*x+e)”2),x, algorithm="giac")

[Out] -sin(f*x + e)/((sin(f*x + e)~2 - 1)72x%f)
Mupad [B] (verification not implemented)
Time = 0.06 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.21

sin (e + f x)
f (sin (e + fz)’— 1)2

/sec3(e + fz) (3 —4sec’*(e+ fz)) do = —

[In] int(-(4/cos(e + f*x)~2 - 3)/cos(e + f*x)~3,x)
[Out] -sin(e + f*x)/(f*(sin(e + f*x)~2 - 1)72)
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3.29 [ sec’(e + fz) (2 — 3sec’*(e + fz)) dx

Optimal result . . . . . . . . . . . . e 167
Rubi [A] (verified) . . . . . . . . . 167
Mathematica [A] (verified) . . . . . . . . . .. 168}
Maple [A] (verified) . . . . . . . .. 168
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 168
Sympy [F] . . o 169
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 169
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. 1691
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 169

Optimal result

Integrand size = 21, antiderivative size = 19

_sec’(e + fz) tan(e + fx)
f

/secQ(e + fz) (2 — 3sec’(e + fz)) dz =
[Out] -sec(f*x+e) ~2*tan(f*x+e)/f

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, number of rules _ 0.048, Rules used = {4128}
integrand size

_tan(e + fz) sec’ (e + fx)
f

/sec2(e + fz) (2 — 3sec’(e + fz)) dz =

[In] Int[Secl[e + f*x]~2%(2 - 3*Secl[e + f*x]~2),x]
[Out] -((Secl[e + fxx] 2*Tan[e + f*x])/f)
Rule 4128

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + A*(m + 1), 0]

Rubi steps
sec’(e + fz) tan(e + fz)
f

integral = —
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/Sec2(e + fz) (2 _ 3sec2(e n fx)) dr — _seCQ(e + fx)ftan(e + fx)

[In] Integrate[Sec[e + f*x]~2*%(2 - 3*Sec[e + f*x]~2),x]
[Out] -((Secle + f*x]~2+Tan[e + f*x])/f)

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.68

method result size
. 4sin(fz+e)
parallelrisch — Fleos3Fat36)13 cos(f1)) 32
2tmﬁfﬁ+d+3<—%—gﬁggiﬁz)tmﬂfx+@
derivativedivides 34
2tmﬁfm+@+3(—%—§£g%iﬁz)tmﬂfz+@
default 7 34
3 (— 2_ sec(fote)® ) tan(fz+e)
parts 2 tan(ff:c+e) + 3 3 ; 36
. 4,L'(e4i(fz+e) _e2i(fa:+e))
risch (@ 1)° 41
2tan(%£+%) 4tan(£}+%)3 2tan(%+%)5
norman L hi L * i 64
2 3
(tan(%-ﬁ-%) —1)

[In] int(sec(f*x+e) 2*(2-3*sec(f*x+e)~2),x,method=_RETURNVERBOSE)

[Out] -4/f*sin(f*x+e)/(cos(3*f*xx+3*e)+3*cos(f*x+e))

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

sin (fx + €)
fcos(fz+e)®

/secQ(e + fz) (2 — 3sec’(e + fz)) do = —

[In] integrate(sec(f*x+e) 2% (2-3*sec(f*x+e)”2),x, algorithm="fricas")

[Out] -sin(f*x + e)/(f*xcos(f*x + e)~3)
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Sympy [F]
/secz(e—i-fx) (2 —3sec’(e+ fz)) doz = —/(—2sec2 (e+ fz)) dz — /3sec4 (e+ fz)dz

[In] integrate(sec(f*x+e)**2x(2-3xsec(f*x+e)**2),x)

[Out] -Integral(-2xsec(e + f*x)**2, x) - Integral(3*sec(e + f*x)**x4, x)

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.05

3
/3602(6 + fz) (2 — 3sec’(e + fz)) dz = _tan(fz +e) }Ftan (fz +e)

[In] integrate(sec(f*x+e) 2% (2-3*sec(f*x+e)”2),x, algorithm="maxima")

[Out] -(tan(f*x + e)~3 + tan(f*x + e))/f

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.05

3
/5602(6 + fz) (2 — 3sec’(e + fz)) dz = _tan (fx+e) ;—tan (fx+e)

[In] integrate(sec(f*x+e) 2%(2-3*sec(f*x+e)”2),x, algorithm="giac")

[Out] -(tan(f*x + e)”3 + tan(f*x + e))/f

Mupad [B] (verification not implemented)

Time = 15.14 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/SecZ(e + fz) (2 — 3sec’(e + fz)) dz = _tan(e + fz) (tan(e + fz)’+ 1)
f

[In] int(-(3/cos(e + f*x)~2 - 2)/cos(e + f*x)~2,x)
[Out] -(tan(e + f*x)*(tan(e + f*x)~2 + 1))/f
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3.30 [sec(e + fx) (1 — 2sec’(e + fz)) dx

Optimal result . . . . . . . . . . . . e 170
Rubi [A] (verified) . . . . . . . . 1701
Mathematica [A] (verified) . . . . . . . . . . .. Il
Maple [A] (verified) . . . . . . ... Ival
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., Ival
Sympy [F] . . o 172
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 172
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 1721
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 172

Optimal result

Integrand size = 19, antiderivative size = 17

_sec(e + fz) tan(e + fz)
f

/sec(e + fz) (1 — 2sec’*(e + fz)) dz =
[Out] -sec(f*x+e)*tan(f*x+e)/f

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size 0.053, Rules used = {4128}

_tan(e + fz)sec(e + fz)
f

/see(e + fz) (1 — 2sec’*(e + fz)) dz =

[In] Int[Secle + f*x]*(1 - 2*Secl[e + f*x]~2),x]
[Out] -((Sec[e + fxx]*Tan[e + f*x])/f)
Rule 4128

Int[(cscl(e_.) + (£_.)*(x )I*(b_.))"(m_.)*(cscl[(e_.) + (f_.)*x(x_)]"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])"m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] &% EqQ[C*m + Ax(m + 1), 0]

Rubi steps
sec(e + fx)tan(e + fx)
f

integral = —



Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

/sec(e + fz) (1 — 2sec’(e + fx)) do — _sec(e + fa:);an(e + fz)

[In] Integrate[Sec[e + f*x]*(1 - 2*Secl[e + f*x]~2),x]
[Out] -((Secl[e + f*x]*Tan[e + f*xx])/f)

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

method result size
derivativedivides | — U=+ e)ftan(f z+e) 18
default __sec(fz+e) tan(fz+e) 18
!
parts __sec(fz+te) ;an( fz+e) 18
i 2sin(fz+e)
parallelrisch — i e 925
3 2ﬂﬁ3ﬂf$+e%_eﬂfm+en
risch F(@Fera11)? 41
_ 2tan(%£+%) _ 2tan(lc;+%)3
norman B 48
Oﬁn(%§+%) _1>

[In] int(sec(f*x+e)*(1-2xsec(f*x+e)”2),x,method=_RETURNVERBOSE)

[Out] -sec(f*x+e)*tan(f*x+e)/f

Fricas [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

sin (fz + e)
fcos (fz +e)”

/SGC(G + fx) (1 — 2sec’(e + fm)) de = —

[In] integrate(sec(f*x+e)*(1-2xsec(f*x+e)”2),x, algorithm="fricas")

[Out] -sin(f*x + e)/(fxcos(f*x + e)~2)

171
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Sympy [F]
/sec(e + fz) (1 — 2sec*(e + fz)) dov = — / (—sec(e+ fz)) dz — /2sec3 (e + fz)dx

[In] integrate(sec(f*x+e)*(1-2*sec(f*x+e)**2),x)

[Out] -Integral(-sec(e + f*x), x) - Integral(2*sec(e + f*x)**3, x)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.29

— 2sec?(e T T = o (fx—i_e)
/sec(€+f$) (1 —2sec*(e + fx)) d (sin(f$+6)2—1)f

[In] integrate(sec(f*x+e)*(1-2xsec(f*x+e)”2),x, algorithm="maxima")

[Out] sin(f*x + e)/((sin(f*x + e)~2 - 1)*f)

Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.41

1
f(m —sin(fx—l—e))

/sec(e + fz) (1 — 2sec*(e + fz)) dov = —

[In] integrate(sec(f*x+e)*(1-2*sec(f*x+e)”2),x, algorithm="giac")

[Out] -1/(fx(1/sin(f*x + e) - sin(f*x + e)))
Mupad [B] (verification not implemented)
Time = 15.10 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.29

(ot fo)) do — sin (e + fx)
/sec(e-i—fiv) (1 —2sec*(e + fz)) d f (sin(e+ fz)* — 1)

[In] int(-(2/cos(e + f*x)~2 - 1)/cos(e + f*x),x)
[Out] sin(e + f*x)/(f*(sin(e + f*x)"2 - 1))
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3.31 [ —sec*(e + fz)dx

Optimal result . . . . . . . . . . . . e 173
Rubi [A] (verified) . . . . . . . . 173
Mathematica [A] (verified) . . . . . . . . . ... 174
Maple [A] (verified) . . . . . . ... Ive!
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 175
Sympy [F] . . o 175
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 175
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. 1751
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 176

Optimal result
Integrand size = 10, antiderivative size = 11

_tan(e + fz)

J— 2 —
/ sec’(e + fz)dx 7

[Out] -tan(f*x+e)/f

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.200, Rules used = {3852,
8}

_tan(e + fz)

J— 2 —
/ sec’(e + fz)dx 7

[In] Int[-Secl[e + f*x]~2,x]

[Out] -(Tan[e + f*x]/f)

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, O]



Rubi steps
Subst( [ 1dz,z, —tan(e + fz))
f

integral =
__tan(e+ fz)
f

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

_tan(e + fz)

/—sec2(6+ fzr)dx = 7

[In] Integrate[-Sec[e + fx*x]~2,x]
[Out] -(Tan[e + f*xx]/f)

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

method result size
derivativedivides | — w 12
default — % 12
I'iSCh — f(ezi(f+€"e)+l) 20
2tan( L2 4€
norman ‘ < 27 22) 30
f(tan(%”—f-%) —1)
2tan( LE+ &
parallelrisch ( 27 22) 30
f (tan(%—}—%) —1)

[In] int(-sec(f*x+e)~2,x,method=_ RETURNVERBOSE)
[Out] -tan(f*xx+e)/f

174
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

_ sin(fz+e)
/—sec2(e + fz)dx = _—fcos )

[In] integrate(-sec(f*x+e)~2,x, algorithm="fricas")

[Out] -sin(f*x + e)/(fxcos(f*x + e))
Sympy [F]

/— sec’(e + fz)dr = — / sec? (e + fz)dx

[In] integrate(-sec(f*x+e)**2,x)

[Out] -Integral(sec(e + f*x)**2, x)

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/—se02(6+fx) dz = —w

[In] integrate(-sec(f*x+e)~2,x, algorithm="maxima")

[Out] -tan(f*x + e)/f

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/—sec2(e + fr)dz = _tan{Jrte) (f; t+e)

[In] integrate(-sec(f*x+e)~2,x, algorithm="giac")

[Out] -tan(f*x + e)/f
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Mupad [B] (verification not implemented)
Time = 15.28 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

tan(e + f z)

/—secz(e—i—fx) dz = — 7

[In] int(-1/cos(e + f*x)~2,x)
[Out] -tan(e + f*xx)/f
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3.32 [ —cos(e + fz)dx

Optimal result . . . . . . . . . . . . e 177
Rubi [A] (verified) . . . . . . . . . I
Mathematica [B] (verified) . . . . . . . . ... 178
Maple [A] (verified) . . . . . . . .. 178
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 179
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 179
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 179
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. 179
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 180

Optimal result
Integrand size = 8, antiderivative size = 11

_sin(e + fz)

/—cos(e + fz)dz = 7

[Out] -sin(f*x+e)/f

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size 0.125, Rules used = {2717}

_sin(e + fz)

/—cos(e + fz)dz = 7

[In] Int[-Cosl[e + f*x],x]
[Out] -(Sin[e + fx*x]/f)
Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dx*x]/d, x] /;
FreeQ[{c, d}, x]

Rubi steps
sin(e + fz)
f

integral = —
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 23 vs. 2(11) = 22.

Time = 0.01 (sec) , antiderivative size = 23, normalized size of antiderivative = 2.09

cos(fz)sin(e)  cos(e)sin(fz)

f f

/—cos(e—l— fr)dr = —

[In] Integrate[-Cos[e + f*x],x]
[Out] -((Cos[f*x]*Sin[e])/f) - (Cos[e]l*Sin[f*x])/f

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

method result size
derivativedivides | —2(/z+e) 12
default —sn(fre) 12
risch — Sm(fT”e) 12
parallelrisch — w 12
parts —sin(fote) - +e) 12
2 fz e
norman - ton(5+5) > 30
f (1+tan(%+§) )
. in sin(e)y/7 (J-—<202)
meijerg _eqsinife) (ff ) | 55

[In] int(-cos(f*x+e),x,method=_RETURNVERBOSE)
[Out] -sin(f*x+e)/f
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/—cos(e + fz)dx = —w

[In] integrate(-cos(f*x+e),x, algorithm="fricas")

[Out] -sin(f*x + e)/f

Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

sin (e;—f:t) fOI‘ f ?é 0

xzcos(e) otherwise

/—cos(e+fx) dx = —

[In] integrate(-cos(f*x+e),x)
[Out] -Piecewise((sin(e + f*x)/f, Ne(f, 0)), (x*cos(e), True))

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/—cos(e + fx)dz = —w

[In] integrate(-cos(f*x+e),x, algorithm="maxima")

[Out] -sin(f*x + e)/f

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/—cos(e + fz)dz = _sin(f++e)

[In] integrate(-cos(f*x+e),x, algorithm="giac")

[Out] -sin(f*x + e)/f
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Mupad [B] (verification not implemented)
Time = 0.02 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

sin (e + f x)

/—cos(e—l—f:c)dx:— 7

[In] int(-cos(e + f*x),x)

[Out] -sin(e + f*x)/f
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3.33 [ cos?(e + fx) (—2 +sec’(e + fx)) dx

Optimal result . . . . . . . . . . . . e 187
Rubi [A] (verified) . . . . . . . . . 181
Mathematica [A] (verified) . . . . . . . . . .. 182
Maple [A] (verified) . . . . . . . .. 182
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 182
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 1R3!
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 183
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. 183l
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 184

Optimal result

Integrand size = 19, antiderivative size = 17

_cos(e + fz)sin(e + fz)
f

/cosQ(e + fz) (-2 +sec* (e + fz)) dz =
[Out] -cos(f*x+e)*sin(f*xx+e)/f

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size 0.053, Rules used = {4128}

_sin(e + fz) cos(e + fz)
f

/cos2(e+ fzr) (=24 sec’(e+ fz)) do =

[In] Int[Cosl[e + f*x]~2%(-2 + Secle + f*x]~2),x]
[Out] -((Cos[e + f*xx]*Sin[e + f*xx])/f)
Rule 4128

Int[(cscl(e_.) + (£_)*(x )]*(b_.))"(m_.)*(cscl[(e_.) + (f_.)*x(x_)]"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])"m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] &% EqQ[C*m + Ax(m + 1), 0]

Rubi steps
cos(e + fz)sin(e + fz)
f

integral = —
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Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.94

/0082(e+ £2) (=2 + sec?(e + fz)) do = _cos(2fz}sin(2e) B cos(2e)2s,]itn(2f:p)

[In] Integrate[Cos[e + f*x]~2*(-2 + Sec[e + f*x]~2),x]
[Out] -1/2%(Cos[2*f*x]*Sin[2xe])/f - (Cos[2xe]l*Sin[2*f*x])/(2*f)

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

method result Size
i Sin(2f:1:+26)
risch —sin(2fei2e) e
: sin(2 fz+2e)
parallelrisch T 15
derivativedivides | — U w+e)fSin(f z+e) 18
default __cos(f m+6)fsin(fz4re) 18
2tan(%+%) _4tan(%+%)3 +2tan(f7w+%)5
norman i . 7 2f 79
(1+tan<%+§) ) (tan(%-}-%) _1)

[In] int(cos(f*x+e) 2x(-2+sec(f*x+e) 2),x,method=_RETURNVERBOSE)
[Out] -1/2/f*sin(2*f*x+2*e)

Fricas [A] (verification not implemented)
none

Time = 0.25 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

/cosz(e+fx) (—2+se02(e+fx)) dp — _cos (f:c—l—e)fsin (fx+e)

[In] integrate(cos(f*x+e) 2% (-2+sec(f*x+e)~2),x, algorithm="fricas")

[Out] -cos(f*x + e)*sin(f*x + e)/f



183

Sympy [A] (verification not implemented)

Time = 3.63 (sec) , antiderivative size = 49, normalized size of antiderivative = 2.88

/cosz(e + fz) (-2 +sec’ (e + fz)) dx

zsin? (e+fz) x cos? (e+fx) sin (e+fz) cos (e+fx)
5 + 5 + oF for f #0

=z—2
x cos? (e) otherwise

[In] integrate(cos(f*x+e)**2%(-2+sec(f*x+e)**2),x)
[Out] x - 2*%Piecewise((x*sin(e + f*x)**2/2 + x*cos(e + f*x)**2/2 + sin(e + f*x)*c
os(e + fxx)/(2xf), Ne(f, 0)), (x*cos(e)**2, True))

Maxima [A] (verification not implemented)

none
Time = 0.21 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.35

2 — Sec2 e x T = — tan(fx+e)
[ cosi(e + fa) (~2+ sec?(e + ) d (tan (fo +¢)° + 1)

[In] integrate(cos(f*x+e) ~2*(-2+sec(f*x+e)~2),x, algorithm="maxima")

[Out] -tan(f*x + e)/((tan(f*x + e)~2 + 1)x*f)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

/0032(6 + fz) (-2 + sec’ (e + fz)) dz = _sin (2 J;ﬂ;-l- 2e)

[In] integrate(cos(f*x+e) 2% (-2+sec(f*x+e)~2),x, algorithm="giac")

[Out] -1/2*sin(2*f*x + 2%*e)/f
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Mupad [B] (verification not implemented)
Time = 15.23 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

sin(2e+2 fx)
— 27

/cos2(e + fz) (-2 + sec’(e + fz)) dz =

[In] int(cos(e + f*x)~2%(1/cos(e + f*x)~2 - 2),x)
[Out] -sin(2%e + 2xfx*x)/(2xf)
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3.34 [ cos®(e + fx) (—3 + 2sec’(e + fz)) dx

Optimal result . . . . . . . . . . . . e 185
Rubi [A] (verified) . . . . . . . . 185
Mathematica [B] (verified) . . . . . . . . ... 186l
Maple [A] (verified) . . . . . . . .. 186
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ... ..., 187
Sympy [F] . o o o 187
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. 187
Giac [A] (verification not implemented) . . . . . . . .. ... L. 187
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 8%

Optimal result

Integrand size = 21, antiderivative size = 19

_cos’(e + fx)sin(e + fz)
f

/0083(6 + fz) (—3 + 2sec’(e + fz)) dz =
[Out] -cos(f*x+e) ~2*sin(f*x+e)/f

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, number of rules _ 0.048, Rules used = {4128}
integrand size

_sin(e + fx) cos?(e + fx)
f

/cos3(e + fz) (—3 + 2sec’(e + fz)) dz =

[In] Int[Cosl[e + f*x]~3*%(-3 + 2*Secl[e + f*x]~2),x]
[Out] -((Cosl[e + fxx]~2*Sin[e + f*x])/f)
Rule 4128

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + A*(m + 1), 0]

Rubi steps
cos?(e + fx)sin(e + fx)
f

integral = —
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 46 vs. 2(19) = 38.

Time = 0.04 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.42
2 i 2 i
/0053(6 + fz) (-3 + 2sec’*(e + fz)) dx = Cos(fzjvc) sin(e) n COS(e)fsm(fx)
3sin(e + fz) sind(e + fx)
— ; n f

[In] Integrate[Cos[e + f*x]~3%(-3 + 2xSec[e + f*x]~2),x]

[Out] (2*Cos[f*x]*Sin[e])/f + (2%Cos[e]l*Sin[f*x])/f - (3*Sin[e + f*x])/f + Sin[e
+ f*x]°3/f

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.37

method result sizo
parallelrisch —sin(f w+e)4—fsin(3fx+3e) o6
risch _ Sin(f; ;Jre) _ Sin(3£;+3e) o7
. . . . —(24+ fz+ 2) g fate)+2sin(fz+
derivativedivides ( cos(fxz+e) ) 51;1( z+e)+2sin(fz+e) 2
default _ <2+°°S(f z+e)2) Si;(f z-+e)+2sin(fz+e) 32
2tan(%+%)_6tan(%+%)3 6tan(%+%)5_2tan(%+%)7
norman i I 2 2 .

[In] int(cos(f*x+e) " 3*(-3+2*sec(f*x+e)”2),x,method=_RETURNVERBOSE)
[Out] 1/4*(-sin(f*x+e)-sin(3*f*x+3*e))/f
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

2 .
/0053(6_,_]%) (—3+28e02(e—|—fx)) dr — __cos (fw+e)fsm (fx+e)

[In] integrate(cos(f*x+e) 3% (-3+2*sec(f*x+e)~2),x, algorithm="fricas")

[Out] -cos(f*x + e) 2*sin(f*x + e)/f
Sympy [F]

/cosg(e + fz) (—3 + 2sec’(e + fz)) dz = / (2sec’® (e + fz) — 3) cos® (e + fz) dz

[In] integrate(cos(f*x+e)**3x(-3+2*sec(f*x+e)**2),x)

[Out] Integral((2*sec(e + f*x)**2 - 3)*cos(e + f*x)**3, x)

Maxima [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

. 3 )
/COS3(e+fx) (—3+ZSec2(e+fx)) dr = Sin (fm+€) ]:Sln (f:r+e)

[In] integrate(cos(f*x+e) 3% (-3+2xsec(f*x+e)”2),x, algorithm="maxima")

[Out] (sin(f*x + e)~3 - sin(f*x + e))/f

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

. 3 .
/COS3(B—|—f:L‘) (—3+ZSec2(e+fx)) dp = 3% (fx+e) f—sm(f:v+e)

[In] integrate(cos(f*x+e) ~3*(-3+2xsec(f*x+e)~2),x, algorithm="giac")

[Out] (sin(f*x + e)~3 - sin(f*x + e))/f
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.16

sin (e + fz) —sin (e + f z)°
f

/0083(6 + fz) (-3 + 2sec’(e + fz)) dz = —

[In] int(cos(e + f*x)~3*%(2/cos(e + f*x)~2 - 3),x)
[Out] -(sin(e + f*x) - sin(e + f*x)~3)/f
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3.35 [ cos*(e + fx) (—4 + 3sec’(e + fz)) dx

Optimal result . . . . . . . . . . . . e 189
Rubi [A] (verified) . . . . . . . . 189
Mathematica [A] (verified) . . . . . . . . . .. 1901
Maple [A] (verified) . . . . . . . .. 190
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 190
Sympy [F] . o o o [191]
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. 191
Giac [A] (verification not implemented) . . . . . . . .. ... L. 1911
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 1911

Optimal result

Integrand size = 21, antiderivative size = 19

_cos’(e + fx)sin(e + fz)
f

/0084(6 + fz) (—4 + 3sec’(e + fz)) dz =
[Out] -cos(f*x+e) 3*sin(f*x+e)/f

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, number of rules _ 0.048, Rules used = {4128}
integrand size

_sin(e + fx) cos®(e + fx)
f

/cos4(e + fz) (—4 + 3sec’(e + fz)) dz =

[In] Int[Cos[e + f*x] 4x(-4 + 3*Secl[e + f*xx]~2),x]
[Out] -((Cos[e + f*x]~3*Sin[e + fx*xx])/f)
Rule 4128

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + A*(m + 1), 0]

Rubi steps
cos®(e + fx)sin(e + fx)
f

integral = —




Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.63

sin(2(e + fz)) _ sin(4(e + fz))

/cos4(e + fz) (—4+ 3sec’*(e + fz)) dz = — if

[In] Integrate[Cos[e + f*x]~4*(-4 + 3xSec[e + fx*x]~2),x]
[Out] -1/4%Sin[2*%(e + f*x)]/f - Sin[4x(e + f*xx)]/(8%f)

Maple [A] (verified)

8f

Time = 0.16 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.53

190

norman

<1+tan(%+§)2>4 (tan(%-}-%)z—l)

method result size
parallelrisch — s1n(4f:1:+4e)8}2 sin(2fz+2e) 29
. __sin(4fx+4e)  sin(2fz+2e)
risch 87 i 30
) ) L _ Cos(fz+e)3+3cos(fz+e) Sin(fm+e)+3cas(fz+e) sin(fz+e)
derivativedivides ( =) 7 2 45
— COS(fz+e)3+ 3cos(fz+te) Sln(fz+e)+ 3 cos(fz+e)sin(fz+e)
default ( ) 7 2 45
2tan(%+%) _ Stan(%-&-%)s n 12 tan(%+%)5 _ Stan(&-ﬁ- )7 +2tan(%+%)g
f f f b 111

[In] int(cos(f*x+e) 4*(-4+3xsec(f*x+e)”2),x,method=_RETURNVERBOSE)

[Out] 1/8*(-sin(4*fxx+4xe)-2%sin(2*xf*xx+2%e))/f

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

cos (fz + €)®sin (fz + €)

/cos4(e + fz) (—4+ 3sec’(e + fz)) dz = —

f

[In] integrate(cos(f*x+e) “4*(-4+3xsec(f*x+e)”2),x, algorithm="fricas")

[Out] -cos(f*x + e) " 3*xsin(f*x + e)/f
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Sympy [F]

/cos4(e + fz) (-4 + 3sec’*(e + fz)) dz = / (3sec’ (e + fz) — 4) cos* (e + fz)dz

[In] integrate(cos(f*x+e)**4x(-4+3*sec(f*x+e)**2),x)

[Out] Integral((3*sec(e + f*xx)**2 - 4)*cos(e + f*x)*x4, x)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.74

\ ~ ) . tan (fz + e)
/Cos (eI (A Bse (e ) 0 = e o v o + 2 wan (fa o + 1)f

[In] integrate(cos(f*x+e) 4*(-4+3*sec(f*x+e)~2),x, algorithm="maxima")

[Out] -tan(f*x + e)/((tan(f*x + e)~4 + 2xtan(f*x + e)~2 + 1)x*f)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.21

tan (fz +e)
(tan (fz +e)* + 1)2f

/cos4(e + fz) (—4 + 3sec’(e + fz)) dz = —

[In] integrate(cos(f*x+e) “4*(-4+3*sec(f*x+e)~2),x, algorithm="giac")

[Out] -tan(f*xx + e)/((tan(f*x + e)72 + 1)72%f)
Mupad [B] (verification not implemented)

Time = 15.43 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

3 .
/‘3034(6+ fz) (—4+ 3sec’(e + fz)) dz = _cos (e+ fx)fsm (e+ fx)

[In] int(cos(e + f*x)~4x(3/cos(e + f*x)~2 - 4),x)
[Out] -(cos(e + f*x)“~3*sin(e + f*x))/f
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3.36 [ cos®(e + fx) (=5 +4sec’(e + fz)) dx

Optimal result . . . . . . . . . . 192
Rubi [A] (verified) . . . . . . . . 192
Mathematica [A] (verified) . . . . . . . . . .. 193]
Maple [A] (verified) . . . . . . . .. 193
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 193
Sympy [F] . . o 194
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... L. 194
Giac [A] (verification not implemented) . . . . . . . .. ... L 194
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ...... 194

Optimal result

Integrand size = 21, antiderivative size = 19

_cos’(e + fx)sin(e + fz)
f

/cos5(e + fz) (—5 + 4sec’(e + fz)) dz =

[Out] -cos(f*x+e) “4xsin(f*x+e)/f

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, number of rules _ 0.048, Rules used = {4128}
integrand size

_sin(e + fz) cos*(e + fx)
f

/cosS(e + fz) (=5 + 4sec’(e + fz)) dz =

[In] Int[Cosl[e + f*x] 5%(-5 + 4*Secl[e + f*x]~2),x]
[Out] -((Cosl[e + f*x]~4xSin[e + f*x])/f)
Rule 4128

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + A*(m + 1), 0]

Rubi steps
cos*(e + fx)sin(e + fx)
f

integral = —
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.00

/‘3035(6 + fz) (=5 + 4sec’(e + fz)) dz = _sin(e;- fx) n 2sin3(;+ fz) sin5(ef+ fx)

[In] Integrate[Cos[e + f*x]~5%(-5 + 4*Sec[e + f*x]~2),x]
[Out] -(Sin[e + f*x]/f) + (2%Sin[e + f*x]~3)/f - Sinl[e + f*x]~5/f

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.95

method result size
. —2si —sin(5fz+5¢)—3sin(3fz+3
parallelrisch Snt /o) sin{p/ o be)—dsin(afe tie) 37
. __sin(fz+e)  sin(5fz+5e)  3sin(3fx+3e)
risch 87 167 167 41
_ (§+cOs(fac+e)4+‘4 con(fete)” ) sin(fz+e)+ A(2tooliz+9)?) sintste)
e e 1e. 3 3 3
derivativedivides 7 52
2 4(2+ +e)2) sin(fo+
— (%+cos(fx+e)4+%) sin(fz+e)+ (2+cos(fa z) ) sin(fa+e)
default 7 52
fx fz 3 fz 5 fz 7 fz 9 fz 11
2tan<7+%) 10tan(7+%) +20tan(7+%) 20tan(7+§) +10tan(7+%) 2tan(7+§)
norman L i L i > i L 127
(1+tan(f§+g> ) (tan(%-{—%) —1)

[In] int(cos(f*x+e) 5x(-5+4xsec(f*x+e)”2),x,method=_RETURNVERBOSE)
[Out] 1/16x(-2xsin(f*x+e)-sin(5*xf*x+5%e)-3*sin(3*xf*x+3*e))/f

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

4.
/0055(6 + fz) (=5 + 4sec’(e + fz)) dz = _cos (fz + e)fsm (fr+e)

[In] integrate(cos(f*x+e) 5% (-5+4*sec(f*x+e)”2),x, algorithm="fricas")

[Out] -cos(f*x + e) 4xsin(f*x + e)/f
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Sympy [F]
/cos5(e + fz) (-5 + 4sec’(e + fz)) dz = / (4sec’® (e + fz) — 5) cos® (e + fz) dz

[In] integrate(cos(f*x+e)**5%(-5+4*sec(f*x+e)**2),x)

[Out] Integral((4*sec(e + f*x)**2 - B5)*cos(e + f*x)**5, x)

Maxima [A] (verification not implemented)

none

Time = 0.21 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.58

sin (fz + €)° — 2 sin (fz + €)® + sin (fz + €)
f

/cos5(e + fz) (=5 + 4sec’(e + fz)) dz = —

[In] integrate(cos(f*x+e) 5x(-5+4*sec(f*x+e)”2),x, algorithm="maxima")

[Out] -(sin(f*x + e)°5 - 2%sin(f*x + e)~3 + sin(f*x + e))/f

Giac [A] (verification not implemented)

none

Time = 0.29 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.58

sin (fz +e)® — 2 sin (fz + e)® + sin (fz + €)
f

/cos5(e + fz) (=5 + 4sec’(e + fz)) dz = —
[In] integrate(cos(f*x+e) 5*(-5+4*sec(f*x+e)”2),x, algorithm="giac")

[Out] -(sin(f*x + e)”5 - 2%sin(f*x + e)~3 + sin(f*x + e))/f

Mupad [B] (verification not implemented)

Time = 15.53 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.21

_sin(e+f:c) (sin(e—l—fac)2 - 1)2
f

/cos5(e + fz) (=5 + 4sec’*(e + fz)) dx =

[In] int(cos(e + f*x)~“5*%(4/cos(e + f*x)~2 - 5),x)
[Out] -(sin(e + f*x)*(sin(e + f*x)~2 - 1)°2)/f
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3.37 [ sec®*(c+dzx) (B sec(c + dz) + Csec(c + dz)) dx

Optimal result . . . . . . . . . . . e 193]
Rubi [A] (verified) . . . . . . . . . 195
Mathematica [A] (verified) . . . . . . . . . .. 197
Maple [A] (verified) . . . . . . . . . 197
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 198}
Sympy [F] . . o o 198
Maxima [A] (verification not implemented) . . . . . . ... ... ... L. T98]
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... .. 199
Mupad [B] (verification not implemented) . . . ... ... ... ... ........ 199

Optimal result

Integrand size = 28, antiderivative size = 85

/ sec’(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

_ 3Carctanh(sin(c + dx)) N Btan(c + dx) N 3C sec(c + dz) tan(c + dz)

8d d 8d
N C'sec®(c + dx) tan(c + dz) N Btan3(c + dz)

4d 3d

[Out] 3/8*Cxarctanh(sin(d*x+c))/d+Bxtan(d*x+c)/d+3/8*Cxsec(d*x+c)*tan(d*x+c)/d+1/
4xCxsec (d*x+c) “3*tan (d*x+c) /d+1/3*Bxtan(d*x+c) ~3/d

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 5 number of rules _ 0.179, Rules used = {4132,

’ integrand size
3852, 12, 3853, 3855}

/sec3(c + dz) (Bsec(c + dz) + Csec’(c + dz)) da

__ 3Carctanh(sin(c + dz)) N Btan3(c+dz) Btan(c+ dx)

8d 3d d
N C tan(c + dz) sec®(c + dx) N 3C tan(c + dz) sec(c + dx)

4d 8d

[In] Int[Seclc + d*x]~3*(B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (3*CxArcTanh[Sin[c + d*x]])/(8%d) + (BxTan[c + d*x])/d + (3*C*xSec[c + d*x]=*
Tan[c + d*x])/(8*%d) + (C*Sec[c + d*x] 3*Tan[c + d*x])/(4*d) + (B*Tan[c + dx
x]73)/(3xd)
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x™2)"(n/2 - 1), x], x], x, Cotlc + d*x]1, x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x]1)"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*xCsclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2*n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4132

Int[(cscl(e_.) + (f_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]x*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) "m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, £, A, B, C, m}, x]

Rubi steps

integral = B / sect(c+ dx) dz + / C'sec’(c+ dz) dz

BSubst( [ (1 + z?) dz,z,—t d
:C/secs(c-l—dac)da:— ubst (J ( +x)dzx an(c +dr))
_ Btan(c + dz) N C'sec®(c + dz) tan(c + dz) N Btan®(c + dx) +1(3C) /sec?’(c—i—dw) i
d 4d 3d 4
Btan(c+dz) 3Csec(c+ dzr)tan(c+dz) Csecd(c+ dzx)tan(c+ dz)
— + +
d , 8d 4d
Btan’(c + dr) + 1(3(]) /sec(c +dz) dx
3d 8
3Carctanh(sin(c + dz)) Btan(c+dz) 3Csec(c+ dzx)tan(c+ dx)
- 8d R 8d

N C'sec®(c + dz) tan(c + dz) N Btan3(c + dx)
4d 3d
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Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.69

sec®(c + dz) (Bsec(c + dz) + C'sec’*(c + dz)) dz
__9Carctanh(sin(c + dx)) + tan(c + dz) (9C sec(c + dzx) + 6C sec?(c + dz) + 8B(3 + tan?(c + dx)))

24d

[In] Integrate[Sec[c + d*x]~3*%(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (9*CxArcTanh([Sin[c + d*xx]] + Tan[c + d*x]*(9*%CxSec[c + d*xx] + 6*CxSec[c + d
*x]~3 + 8xB*(3 + Tan[c + d*x]~2)))/(24xd)

Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.86

method result
_B (—%— sec(d§+c)2 ) tan(dx+c)+0(— (_ SeC(dZ+C)3 3 sec((siz+c) ) tan(dz+c)+ 3 ln(sec(dz+cs)+tan(dz+c)) )
derivativedivides
_B (_%_ sec(d§+c)2 ) tan(dz+0)+c (_ <_ SeC(dZ+C)3 _ 35ec(¢81x+c) ) tan(dw+c)+ 3 1n(sec(dz+c8)+tan(dz+c)) )
default
2 3
B (_%_ sec(d;-ﬂ—c) ) tan(d:v+c) C (_ (_ sec(dz+c) _3 sec(glz-{—c) ) tan(dz+c)+ 3 ln(sec(dz+68)+ta.n(dz+c)) )
parts — +
. h _ 1,(9C e7i(dz+c) +33C ebildz+c) _y8 B eti(dz+c) _33( e3i(dz+c) _g4 B e2i(dz+c) _gC ei(dm+c)_16B) + 31n(ei(da:+c)_
risc 12d(e2i(do+) 11)? 8d
7 3 5
_(8B—5C)tan(d7@+§) (83+50)tan(%‘”+%) _(4OB—QC)tan(d7$+%) (4OB+QC)tan(d7z+%) 3C1In(tan( 4= 4 ¢
4d + 4d 12d + 12d _ 2 2
norman 1 5
(tan(‘%’”+%> —1)
3 4dz+4 dz | ¢ 3 (4dz+4c) dz | ¢
rallelrisch —18(( 32242 H40) | co5(2da+2c) ) C'n (tan (%45 ) 1) +18( 3+ 22042H49) | co5(2da+2¢) ) Cn(tan (4 +5 ) +1)
p 12d(cos(4dz+4c)+4 cos(2dz+2¢)+3)

[In] int(sec(d*x+c) ~3*(B*sec(d*x+c)+Cxsec(d*x+c)”2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(-Bx(-2/3-1/3*sec(d*x+c) ~2)*tan(d*x+c)+C*(-(-1/4*sec(d*x+c) ~3-3/8*xsec(d
*x+c) ) *tan (d*x+c)+3/8*1n(sec(d*x+c)+tan(d*x+c))))
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Fricas [A] (verification not implemented)
none

Time = 0.27 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.16

/sec3(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

_ 9C cos (dz + c)*log (sin (dz + ¢) + 1) — 9C cos (dz + ¢)* log (— sin (dz + ¢) + 1) + 2 (16 B cos (dz + ¢)° -
B 48 d cos (dz + ¢)*

[In] integrate(sec(d*x+c) 3% (B*sec(d*x+c)+Cksec(d*x+c)”~2),x, algorithm="fricas")

[Out] 1/48%(9*Cxcos(d*x + c) 4xlog(sin(d*x + c) + 1) - 9*Cxcos(d*x + c) 4*log(-si
n(d*x + c) + 1) + 2x(16*Bxcos(d*x + ¢c)~3 + 9*Cxcos(d*x + c)~2 + 8*xBxcos(d*x
+ c) + 6xC)*sin(d*x + c))/(d*cos(d*x + c)~4)

Sympy [F]
/ sec’(c+dz) (Bsec(c+dz) + C'sec’(c+dx)) dr = / (B+C'sec (c + dz)) sec* (c + dzx) dx

[In] integrate(sec(d*x+c)**3*(B*sec(d*x+c)+Cxsec(d*x+c)**2),x)

[Out] Integral((B + C*sec(c + d*x))*sec(c + d*x)**4, x)

Maxima [A] (verification not implemented)
none

Time = 0.20 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.12

/sec3(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

2 (3 sin(dz-+c)3—5 sin(dw—i—c))
sin(dz+c)*—2 sin(dz+c)2+1

48d

16 (tan (dz + )’ + 3 tan (dz + c)B-3 C’( — 3 log (sin (dz + ¢) + 1) + 3 log (sin

[In] integrate(sec(d*x+c) 3% (B*sec(d*x+c)+Cksec(d*x+c)”2),x, algorithm="maxima")

[Out] 1/48x(16*(tan(d*x + c)~3 + 3xtan(d*x + c))*B - 3*xCx(2*(3*sin(d*x + ¢c)~3 - 5
*sin(d*x + c))/(sin(d*x + c)"4 - 2*sin(d*x + c)~2 + 1) - 3*log(sin(d*x + c)
+ 1) + 3xlog(sin(d*x + c) - 1)))/d
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 164 vs. 2(77) = 154.

Time = 0.31 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.93

/sec3(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

(24Btan(% dz-i—% c)7—15 Ctan(% dac—l—% c)7—4

9Clog (|[tan (2 dz + ¢) +1|) —9Clog (|tan (2 dz + ¢) —1|) — 2

24d

[In] integrate(sec(d*x+c) 3% (Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/24%(9*C*log(abs(tan(1/2*d*x + 1/2%c) + 1)) - 9*Cxlog(abs(tan(1/2*d*x + 1/
2%c) - 1)) - 2x(24xBxtan(1/2*d*x + 1/2%c)”7 - 15xCxtan(1/2*d*x + 1/2%c)”7 -
40*%Bxtan(1/2*d*x + 1/2%c)”5 - 9*Cxtan(1/2*d*x + 1/2xc)”5 + 40*Bxtan(1/2*d*

X + 1/2xc)”3 - 9*%Cxtan(1/2*d*x + 1/2%c)~3 - 24*Bxtan(1/2*xd*x + 1/2xc) - 15%
Cxtan(1/2*%d*x + 1/2*c))/(tan(1/2*d*x + 1/2*c)"2 - 1)~4)/d

Mupad [B] (verification not implemented)

Time = 18.03 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.80

3C atanh(tan($ + 42))
4d
C T C T C T 3
(25— %) tan(5 + %)+ (=152 = ) tan(5 + )"+ (32 = 32) tan(5 + )"+ (25— %)
d

3
d (tan (¢+ %””)8 —4tan (£ + %”)6 + 6tan (£ + 7’”)4 —4tan (£ + %””)2 + 1>

/sec3(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz =

7 5

[In] int((B/cos(c + d*x) + C/cos(c + d*xx)~2)/cos(c + d*x)"3,x)

[Out] (3*Cxatanh(tan(c/2 + (d*x)/2)))/(4xd) - (tan(c/2 + (d*x)/2)"7*(2%B - (5xC)/
4) + tan(c/2 + (d*x)/2)"3*((10%B)/3 - (3%C)/4) - tan(c/2 + (d*x)/2)~5x((10*

B)/3 + (3%C)/4) - tan(c/2 + (d*x)/2)*(2*%B + (5%C)/4))/(d*(6*tan(c/2 + (d*x)

/2)"4 - 4xtan(c/2 + (d*x)/2)"2 - 4xtan(c/2 + (d*x)/2)"6 + tan(c/2 + (d*x)/2

)78 + 1))
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3.38 [ sec?(c+dzx) (B sec(c + dz) + Csec*(c + dz)) dx

Optimal result . . . . . . . . . . 200
Rubi [A] (verified) . . . . . .. .. .. 200
Mathematica [A] (verified) . . . . . . . . ... L 202
Maple [A] (verified) . . . . . . . .. 202
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 203
Sympy [F] . . o 203
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 2031
Giac [B] (verification not implemented) . . . . . . . ... ... L. 204
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... 204

Optimal result

Integrand size = 28, antiderivative size = 63

/ sec’(c + dz) (Bsec(c + dz) + C'sec’(c+ dz)) dz

Barctanh(sin(c + dz)) Ctan(c+dz) Bsec(c+ dz)tan(c+dz) Ctan®(c+ dx)
- 2d A A 2d T ad

[Out] 1/2*B*arctanh(sin(d*x+c))/d+Cxtan(d*x+c)/d+1/2*Bxsec(d*x+c)*tan(d*x+c)/d+1/
3xCxtan (d*x+c)~3/d

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5 number of rules _ 0.179, Rules used = {4132,

’ integrand size
3853, 3855, 12, 3852}

/sec2(c + dz) (Bsec(c + dz) + C'sec*(c + dz)) dz

Barctanh(sin(c + dz)) = Btan(c+ dz)sec(c+dz) Ctan3(c+dz) Ctan(c+ dz)
- 2d * 2d * 3d - d

[In] Int[Sec[c + d*x] 2% (B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (BxArcTanh[Sin[c + d*x]])/(2*d) + (CxTan[c + d*x])/d + (B*Sec[c + d*x]*Tan[
c + d*xx])/(2xd) + (C*Tan[c + d*x]~3)/(3*d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]
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Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*xCsclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*x((A_.) + cscl(e_.) + (f_.)*(x_)]*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])~"(m + 1), x], x] + Int[(bxCscl[e + f*x]) m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / sec’(c + dz) dx + / C'sec*(c+ dz) dz

_ Bsec(c+ dzz;an(c + dz) + %B / sec(c +dz)dz + C / sec’(c + dz) dz

__ Barctanh(sin(c + dz)) N Bsec(c + dz) tan(c + dz)

2d 2d
CSubst( [ (1 + z?) dz,z, — tan(c + dz))

d
__ Barctanh(sin(c + dx)) N Ctan(c + dzx) N Bsec(c + dz) tan(c + dx) 4 C tan®(c + dz)

N 2d d 2d 3d
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Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.95

/secz(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

Barctanh(sin(c +dz))  Bsec(c+dz)tan(c+dz) C(tan(c+ dz) + 3 tan®(c + dz))
N 2d * 2d * d

[In] Integrate[Sec[c + d*x]~2*(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (BxArcTanh[Sin[c + d*x]])/(2xd) + (BxSec[c + d*x]*Tan[c + d*x])/(2%d) + (Cx
(Tan[c + d*x] + Tan[c + d*x]~3/3))/d

Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.95

method result
. . o B ( sec(dz+c)2tan(dz+c) + ln(sec(dm+c)2+tan(dm+c)) ) _C (_ % _ sec(d:;+c)2 ) tan(dx—i—c)
derivativedivides 7
B ( sec(dm+c)2tan(dm+c) + 1n(sec(dm+c)2+tan(dm+c)) ) _C (_ % _ sec(d§+c)2 ) tan(dz—i—c)
default i
B ( sec(dz+c) tan(dz+c) + In(sec(dz+c)+tan(dz+-c)) > C (_ % — M) tan(dz—}-c)
2 2
parts d - d
isch i(3B e%i(dz+e) _12C e2ilda+e) _3 B eildzte) _4C) i Bln(ei(de+) 1) Bln(eildo+e) —j)
risc - 3d(e2i(dz+c) +1) 3 2d 2d
5 3
(B—20) tan (4 +5) +4cmn(d7w+g) _ (B+20)tan (4 +§) Bln(tan(%—i—%)—l) B1n<tan<d7m+%)+1>
d 3d d _
norman ;3 5 + 2d
(tan(‘%w—l-%) —1)
lelrisch —9 (<B4 4 cos(drtc) ) Bn(tan( 2 +5)—1)+9(<2CLE) 4 cos(dr-+c) ) Bln(tan %+ ) +1)+6B sin(2de+2
parallelrisc 6d(cos(3dz+3c)+3 cos(dz+c))

[In] int(sec(d*x+c) ~2x(Bxsec(d*x+c)+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(Bx(1/2*sec(d*x+c)*tan(d*x+c)+1/2x1n(sec(d*x+c)+tan(d*x+c)))-Cx(-2/3-1/
3xsec(d*xx+c) ~2)*xtan(d*x+c))
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Fricas [A] (verification not implemented)
none

Time = 0.28 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.40

/secz(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

3 Bcos(dz + ¢)*log (sin (dz + ¢) + 1) — 3 Bcos (dz + ¢)° log (— sin (dz + ¢) + 1) +2 (4 C cos (dz + ¢)* -
B 12 d cos (dz + ¢)*

[In] integrate(sec(d*x+c) 2% (B*sec(d*x+c)+Cksec(d*x+c)”~2),x, algorithm="fricas")

[Out] 1/12%(3*B*cos(d*x + c) 3xlog(sin(d*x + c) + 1) - 3*Bxcos(d*x + c) 3xlog(-si
n(d*x + c) + 1) + 2x(4*Cxcos(d*x + c)~2 + 3*Bxcos(d*x + c) + 2*%C)*sin(d*xx +
c))/(d*cos(d*x + c)~3)

Sympy [F]
/ sec’(c+dz) (Bsec(c+dz) + C'sec’(c+dx)) dr = / (B+C'sec (c + dz)) sec® (c + dzx) dx

[In] integrate(sec(d*x+c)**2x(B*sec(d*x+c)+Cxsec(d*x+c)**2),x)

[Out] Integral((B + C*sec(c + d*x))*sec(c + d*xx)**3, x)

Maxima [A] (verification not implemented)
none

Time = 0.21 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.11

/secz(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

sin(dz+c)“—1
12d

4 (tan (dz + ¢)® + 3 tan (dz + ))C — 3B(2L(d‘”+ﬁ —log (sin (dz + ¢) + 1) + log (sin (dz + ¢) — 1))

[In] integrate(sec(d*x+c) 2% (B*sec(d*x+c)+C*sec(d*x+c)”2),x, algorithm="maxima")

[Out] 1/12%(4x(tan(d*x + c)~3 + 3*tan(d*x + c))*C - 3*Bx(2xsin(d*x + c)/(sin(d*x
+¢c)”2 - 1) - log(sin(d*x + c) + 1) + log(sin(d*x + c) - 1)))/d
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 122 vs. 2(57) = 114.

Time = 0.30 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.94

/secz(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz
3Btan(} dz+%c)5—60tan(% dac+%c)5+4Cte

(tan(% a

3Blog (|tan (dz+1c) +1|) —3Blog (|tan (3 dz + 1c) — 1|) + 2(

6d

[In] integrate(sec(d*x+c) 2% (Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/6*(3*B*log(abs(tan(1/2*d*x + 1/2%c) + 1)) - 3*Bxlog(abs(tan(1/2*d*x + 1/2
xc) - 1)) + 2x(3*xBxtan(1/2xd*x + 1/2%c)"5 - 6*Cxtan(1/2*d*x + 1/2%c)"5 + 4%
Cxtan(1/2*d*x + 1/2*%c)”3 - 3*Bxtan(1/2xd*x + 1/2%c) - 6*Cxtan(1/2*xd*x + 1/2
xc))/(tan(1/2*d*x + 1/2%c)"2 - 1)73)/d

Mupad [B] (verification not implemented)

Time = 17.12 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.73

/secQ(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

B Batanh (tan (£ + 42))
o d

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x)~2,x)

[Out] (B*atanh(tan(c/2 + (d*x)/2)))/d + ((4xCxtan(c/2 + (d*x)/2)~3)/3 - tan(c/2 +
(d*x)/2)*(B + 2%C) + tan(c/2 + (d*x)/2)°5%(B - 2*C))/(d*(3*xtan(c/2 + (d*x)
/2)"2 - 3xtan(c/2 + (d*x)/2)"4 + tan(c/2 + (d*x)/2)°6 - 1))
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3.39 [ sec(c+dzx) (Bsec(c + dzx) + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . . . e 205
Rubi [A] (verified) . . . . . . . . 205
Mathematica [A] (verified) . . . . . . . . . ... 207l
Maple [A] (verified) . . . . . . ... 207
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 208
Sympy [F] . . o 208
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 208
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 2091
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 209

Optimal result

Integrand size = 26, antiderivative size = 47

/sec(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

Carctanh(sin(c + dz)) Btan(c+dz) Csec(c+ dx)tan(c+ dx)
- 2d L 2d

[Out] 1/2*C*arctanh(sin(d*x+c))/d+Bxtan(d*x+c)/d+1/2*Cxsec(d*x+c)*tan(d*x+c)/d

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bummber of rules _ 937 Ryjes used = {4132,

' integrand size
3852, 8, 12, 3853, 3855}

/sec(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

Carctanh(sin(c + dz)) Btan(c+dz) Ctan(c+ dz)sec(c+ dx)
- 2d L 2d

[In] Int[Seclc + d*x]*(B*Sec[c + d*x] + CxSecl[c + d*x]~2),x]

[Out] (CxArcTanh[Sin[c + d*x]])/(2xd) + (BxTan[c + d*x])/d + (C*Sec[c + d*x]*Tanl[
c + dxx])/(2*xd)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2*%((n - 2)/(n - 1)),
Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+*n]

Rule 3855

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rule 4132

Int[(cscl(e_.) + (f_.)*(x_)]*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) "m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / sec?(c + dz) dx + / C'sec’(c + dz) dz

BSubst( [ 1d —t d
= C’/sec3(c+dx) dr — Subst(/ 1',9;, an(c+ dz))
- Braled) | Csecler dtanle @) 4 20 [ seele +do)as

Carctanh(sin(c + dz)) Btan(c+dz) Csec(c+ dx)tan(c+ dz)
2d A R 2d
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Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00

/sec(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

Carctanh(sin(c + dz)) Btan(c+dz) Csec(c+ dx)tan(c+ dx)
- 2d - d - 2d

[In] Integrate([Sec[c + d*x]*(BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (CxArcTanh[Sin[c + d*x]])/(2*d) + (BxTan[c + d*x])/d + (C*Sec[c + d*x]*Tanl[
c + dxx])/(2xd)

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00

method result
) ) o B tan(dx-{—c)—l—C sec(dz+c) tan(dz+c) + In(sec(dz+c)+tan(dz+c))
derivativedivides ( = 2 )
B tan(dz—‘,—c)—l—C sec(dz+c) tan(dz+c) + In(sec(dz+c)+tan(dz+-c))
default ( - — 2 )
sec(dz+c) tan(dz+c) | In(sec(dz+c)+tan(dz+c))
B tan(dz+c) C( 2 + 2 )
parts d + 4
lelrisch —C(14-cos(2dz+2c)) In (tan < de + %) —1) +C(14cos(2dz+2c)) In (tan ( %”” + %) +1> +2B sin(2dz+2¢)+2C sin(dz+c)
parallelrisc 2d(1+cos(2da+2¢))
d: dz 3
(2B+C)tan(7w+%)_(2ch)ta“(7+%) Cln(tan(‘%m-l—%)—l) Cln(tan(%-{—%)-l—l)
norman d £ — +
dr e\2 2d 2d
tan ( 5+ 5) -1
. 'L(C e3i(da:+c) —_92B e2i(da:+c) —-C ei(dm+c) —2B) ln(ei(da:+c) +’L)C ln(ei(dz+c) _i)c
risch — : > + —
d(e2i(dz+0) 11) 2d 2d

[In] int(sec(d*x+c)*(B*sec(d*x+c)+Cxsec(d*x+c) 2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(Bxtan(d*x+c)+C*(1/2%sec(d*x+c)*tan(d*x+c)+1/2*1n(sec(d*x+c)+tan(d*x+c)
)))
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Fricas [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.57

/sec(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

_ Ccos (dz + c¢)*log (sin (dz + ¢) + 1) — C cos (dz + ¢)*log (— sin (dz + ¢) + 1) + 2 (2 B cos (dz + ¢) + C) s
4dcos (dz + ¢)®

[In] integrate(sec(d*x+c)*(B*sec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/4*(Cxcos(d*x + c)~2*log(sin(d*x + c) + 1) - Ckcos(d*x + c) 2xlog(-sin(d*x
+ c) + 1) + 2x(2#Bxcos(d*x + c) + C)*sin(d*x + c))/(d*cos(d*x + c)~2)

Sympy [F]
/sec(c + dz) (Bsec(c+ dz) + C'sec’(c+ dz)) dr = / (B + C'sec (c + dx)) sec? (c + dz) dx

[In] integrate(sec(d*x+c)*(B*sec(d*x+c)+Cksec(d*x+c)**2),x)

[Out] Integral((B + Cksec(c + d*x))*sec(c + d*x)**2, x)

Maxima [A] (verification not implemented)

none

Time = 0.20 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.23

/sec(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

C(% — log (sin (dz + ¢) + 1) + log (sin (dz + ¢) — 1)) — 4 Btan (dz + ¢)

- 4d

n] integrate(sec(d*x+c)*(Bxsec(d*x+c)+Cxsec(d*x+c ,x, algorithm="maxima
[In] integrate(sec(d*x+c)*(B*sec(d*x+c)+Cksec(d*x+c) 2) lgorithn="naxima")

[Out] -1/4%(Cx(2*sin(d*x + c)/(sin(d*x + c)”2 - 1) - log(sin(d*x + c) + 1) + log(
sin(d*x + c) - 1)) - 4*Bxtan(d*x + c))/d
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 107 vs. 2(43) = 86.

Time = 0.33 (sec) , antiderivative size = 107, normalized size of antiderivative = 2.28

/sec(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz
2 <ZBtan(% dz-l—% c)S—Ctan(% dm—i—% 0)3—2Btan(%

(tan(% dx—i—% 0)2—1)2

Clog (|tan (2dz + 1 ¢c) +1|) — Clog (|tan (3 dz + Lc) — 1|)

2d

[In] integrate(sec(d*x+c)*(B*sec(d*x+c)+C*sec(d*x+c)”~2),x, algorithm="giac")

[Out] 1/2*(Cxlog(abs(tan(1/2*d*x + 1/2%c) + 1)) - Cxlog(abs(tan(1/2*d*x + 1/2%c)
- 1)) - 2x(2xBxtan(1/2*d*x + 1/2%c)~3 - Cxtan(1/2*d*x + 1/2%c)~3 - 2*Bxtan(
1/2xd*x + 1/2*c) - Cxtan(1/2*d*x + 1/2*xc))/(tan(1/2*d*x + 1/2%c)"2 - 1)°2)/

d

Mupad [B] (verification not implemented)

Time = 15.82 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.81

/sec(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz
B Catanh(tan(§ + 4%))  tan(§+ %)3 (2B —C) — tan($
d d (tan(§+d—”)4—2tan(g

2

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x),x)

[Out] (Cxatanh(tan(c/2 + (d*x)/2)))/d - (tan(c/2 + (d*x)/2)"3*%(2*xB - C) - tan(c/2
+ (d*x)/2)*(2*xB + C))/(d*(tan(c/2 + (d*x)/2)"4 - 2*tan(c/2 + (d*x)/2)"2 +

1))
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3.40 [ (Bsec(c+ dz) + Csec?(c + dz)) dzx

Optimal result . . . . . . . . . . . e 210
Rubi [A] (verified) . . . . . . . . . . 2101
Mathematica [A] (verified) . . . . . . .. ... L L 211
Maple [A] (verified) . . . . . . . .. 211
Fricas [B] (verification not implemented) . . . . ... ... ... ... ........ 212
Sympy [F] . . o e 212
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 2121
Giac [B] (verification not implemented) . . . . . . . . .. ... ... ... 213
Mupad [B] (verification not implemented) . . . ... ... .. ... ... ...... 213

Optimal result

Integrand size = 19, antiderivative size = 24

Barctanh(sin(c +dz))  C'tan(c + dz)
d T

/ (Bsec(c+dz) + Csec’(c + dz)) dz =

[Out] B*arctanh(sin(d*x+c))/d+C*tan(d*x+c)/d

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ 0.158, Rules used = {3855,
integrand size
3852, 8}

Barctanh(sin(c + dz)) = C'tan(c + dz)
d + d

/ (Bsec(c +dz) + Csec’(c + dz)) dz =

[In] Int[B*Secl[c + d*x] + CxSec[c + d*x]~2,x]

[Out] (B*ArcTanh[Sin[c + d*x]])/d + (CxTan[c + d*x])/d
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (A_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]
Rubi steps
integral = B / sec(c+dzr)dz+C / sec’(c + dz) dz
_ Barctanh(sin(c + dz))  CSubst( 1dz, z, —tan(c + dx))
N d d
Barctanh(sin(c + dz)) = Ctan(c+ dz)
= +
d d
Mathematica [A] (verified)
Time = 0.01 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00
Barctanh(si d Ct d
/ (Bsec(c+dz) + Csec’(c + dz)) dz = et (ilm(c + d)) + an(; + do)

[In] Integrate[B*Sec[c + d*x] + CxSec[c + d*x]~2,x]

[Out] (BxArcTanh[Sin[c + d*x]])/d + (CxTan[c + d*x])/d

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.25
method result size
derivativedivides B1n(sec(da:+c)+tan(‘;ix+c))+0 tan(dz+c) 30
default Bln(sec(dm—i—il)—}-tan(dz—}-c)) + Ctanildm—i—c) 39
parts B ln(sec(dm—i—fi)—i-tan(dx—}-c)) + Ctanfjdz—i—c) 32

n(eildz+e) _; n(eildz+e) 44 .
risch _ Bin( d+ ) 4 Bia d+ ) 4 d(ezi(gﬁch) 5
pa,rallelrisch —Bln (tan(%’”—i—%) —1) cos(dz—i—c)—i:iliirsl(gt:ig)d;+§)+1) cos(dz+c)+C sin(dz+-c) 63
norman _ 2Ctan<d§+2%> i Bln(tan(?+%)+1) _ Bln(tan(?+%)—l) 67
d(tan(%-{-%) —1)

[In] int(B*sec(d#*x+c)+Cxsec(d*x+c)~2,x,method=_RETURNVERBOSE)
[Out] 1/d*(Bx1n(sec(d*x+c)+tan(d*x+c))+Cxtan(d*x+c))
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 60 vs. 2(24) = 48.

Time = 0.26 (sec) , antiderivative size = 60, normalized size of antiderivative = 2.50

(Bsec(c + dz) + Csec’(c + dz)) dz

_ Becos (dz + c)log (sin (dx + ¢) + 1) — B cos (dz + c) log (—sin (dz + ¢) + 1) 4+ 2 C'sin (dz + ¢)
B 2dcos (dz + ¢)

[In] integrate(B*sec(d*x+c)+C*sec(d*x+c)~2,x, algorithm="fricas")

[Out] 1/2*(B*cos(d*x + c)*log(sin(d*x + c) + 1) - B*cos(d*x + c)*log(-sin(d*x + c
) + 1) + 2%C*sin(d*x + c))/(d*cos(d*x + c))

Sympy [F]
/ (Bsec(c+ dz) + Csec’(c+ dz)) dz = / (B + C'sec (c + dx)) sec (c + dz) dz

[In] integrate(B*sec(d*x+c)+Cksec(d*x+c)**2,x)

[Out] Integral((B + Cxsec(c + d*x))*sec(c + d*x), x)

Maxima [A] (verification not implemented)

none

Time = 0.19 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.29

/(Bsec(c+dx)+C’se02(c+dx)) dp— Blog (sec (dz—i—;)—i—tan (dx+c))+Ctan (;lx—i—c)

[In] integrate(B*sec(d*x+c)+C*ksec(d*x+c)~2,x, algorithm="maxima")

[Out] B*log(sec(d*x + c) + tan(d*x + c))/d + Cxtan(d*x + c)/d
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 57 vs. 2(24) = 48.

Time = 0.28 (sec) , antiderivative size = 57, normalized size of antiderivative = 2.38

/ (Bsec(c+dz) + Csec’(c + dz)) dz

) B(log(

N C'tan (:iix +¢)

m+sin(da:+c)+2‘) —log< m+sin(dx+c)—2’)>

4d

[In] integrate(B*sec(d*x+c)+Cxsec(d*x+c)”~2,x, algorithm="giac")
g g g

[Out] 1/4*B*(log(abs(1/sin(d*x + c) + sin(d*x + c) + 2)) - log(abs(1/sin(d*x + c)
+ sin(d*x + ¢) - 2)))/d + Cxtan(d*x + c)/d

Mupad [B] (verification not implemented)

Time = 15.31 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.96

cy dz c | dz
/ (Bsec(et dz) + Csec(c+da)) d — 2D 2tamm(tan(s +5))  2Ctan(5 + )
’ d (tan (5+ %)*-1)

[In] int(B/cos(c + d*x) + C/cos(c + d*x)~2,x)

[Out] (2xB*atanh(tan(c/2 + (d*x)/2)))/d - (2*xC+tan(c/2 + (d*x)/2))/(d*(tan(c/2 +
(d*x)/2)"2 - 1))
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3.41 [ cos(ct+dz) (Bsec(c + dz) + Csec(c + dz)) dx

Optimal result . . . . . . . . . . . . e 214
Rubi [A] (verified) . . . . . . . . 214
Mathematica [A] (verified) . . . . . . . . . .. 2151
Maple [A] (verified) . . . . . . . .. 215
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 216!
Sympy [F] . . o 210
Maxima [B] (verification not implemented) . . . . . . . . ... ... .. L. 217
Giac [B] (verification not implemented) . . . . . . . . ... ... 217
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ...... 217

Optimal result

Integrand size = 26, antiderivative size = 16

Carctanh(sin(c + dz))
d

/cos(c + dz) (Bsec(c + dz) + Csec’(c+ dz)) dv = Bz +

[Out] B*x+C*arctanh(sin(d*x+c))/d

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 4, number of rules _ 0.154, Rules used = {4132,
integrand size
8, 12, 3855}

_ Carctanh(sin(c + dz))
B d

/cos(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz + Bz

[In] Int[Cos[c + d*x]*(B*Sec[c + d*x] + C*xSecl[c + d*x]~2),x]
[Out] B*x + (CxArcTanh[Sin[c + d*x]])/d

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 3855
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B/ ldx + /C’sec(c +dz) dz

= Bzr + C/sec(c—l— dz)dz

Carctanh(sin(c + dz))

=B
T+ d

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

Carctanh(sin(c + dz))
d

/cos(c + dz) (Bsec(c + dz) + Csec’(c+ dz)) dv = Bz +

[In] Integrate[Cos[c + d*x]*(BxSec[c + d*x] + CxSec[c + dx*x]~2),x]
[Out] B*x + (CxArcTanh[Sin[c + dx*x]])/d

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.81
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method result size
derivativedivides | ¢n(sec(de+o) +ta;‘(dx+c))+ B(dz+c) 99
default ¢ 1n(se0(dz+c)+ta2(dx+c))+B(dz+c) 2
parallelrisch Bed—Cln(tan(+5) _;) +Cln(tan(F+5)+1) 39
risch Bx + ln(ei(dz;rc)“‘ )C _ 1n(ei(d“;r°) —i)C "
norman Bmtan<d2i+%>4_3x + Cln<tan<d7z+%>+1) _ Cln(tan<d§+g>_1) 87

(1+tan<d7w+%>2> (tan(%-}-%)z—l) d d

[In] int(cos(d*x+c)*(B*sec(d*x+c)+Cxsec(d*x+c) 2),x,method=_RETURNVERBOSE)
[Out] 1/d*(Cxln(sec(d*x+c)+tan(d*x+c))+B*(d*x+c))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 36 vs. 2(16) = 32.

Time = 0.26 (sec) , antiderivative size = 36, normalized size of antiderivative = 2.25

/cos(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

_ 2Bdz + Clog (sin (dr +c) +1) — Clog (—sin (dz +c) + 1)
B 2d

[In] integrate(cos(d*x+c)*(B*sec(d*x+c)+Cksec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/2%(2#B*d*x + C*log(sin(d*x + c) + 1) - Cxlog(-sin(d*x + c) + 1))/d

Sympy [F]

/cos(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

=/(B—|—Csec (c+ dz)) cos (¢ + dx) sec (¢ + dz) dz

[In] integrate(cos(d*x+c)*(B*sec(d*x+c)+Cksec(d*x+c)**2),x)

[Out] Integral((B + C*sec(c + d*x))*cos(c + d*x)*sec(c + d*x), x)
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 37 vs. 2(16) = 32.

Time = 0.20 (sec) , antiderivative size = 37, normalized size of antiderivative = 2.31

/cos(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

_ 2(dz + ¢)B + C(log (sin (dz +¢) 4+ 1) —log (sin (dz + c) — 1))
2d

[In] integrate(cos(d*x+c)*(B*sec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/2%(2x(d*x + c)*B + Cx(log(sin(d*x + c) + 1) - log(sin(d*x + c¢) - 1)))/d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 43 vs. 2(16) = 32.

Time = 0.28 (sec) , antiderivative size = 43, normalized size of antiderivative = 2.69

/cos(c + dz) (Bsec(c + dz) + Csec’(c + dz)) d

_ (dz+c¢)B+ Clog (|tan (5 dz + § c) + 1|) — C'log (|tan (§ dz + 5 ¢) — 1])
N d

[In] integrate(cos(d*x+c)*(B*sec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="giac")
[Out] ((d*x + c)*B + Cxlog(abs(tan(1/2*d*x + 1/2%c) + 1)) - Cxlog(abs(tan(1/2*xd*x
+ 1/2%c) - 1)))/d

Mupad [B] (verification not implemented)

Time = 15.21 (sec) , antiderivative size = 57, normalized size of antiderivative = 3.56

/ cos(c + dz) (Bsec(c + dz) + C'sec?(c + dx)

)) da
Sln L
> 2C atanh( ( ;
o

2Batan<sm<gc+z2:) )>
_ cos(§+7) n cos( )
d d

[In] int(cos(c + d*x)*(B/cos(c + d*x) + C/cos(c + d*x)~2),x)
[Out] (2*Bxatan(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d + (2xCxatanh(sin(c/2
(d*x)/2)/cos(c/2 + (d*x)/2)))/d
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3.42 [ cos?(c+dz) (Bsec(c + dzx) + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . . e 218
Rubi [A] (verified) . . . . . . . . 218
Mathematica [A] (verified) . . . . . . . . . .. 2719
Maple [A] (verified) . . . . . . . .. 219
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 220
Sympy [F] . . o 220
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 220
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 2201
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ......

Optimal result
Integrand size = 28, antiderivative size = 15

Bsin(c + dx)

/cosQ(c + dz) (Bsec(c + dz) + Csec*(c+ dz)) dv = Cz + y

[Out] Cxx+B*sin(d*x+c)/d

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, number of rules _ 197 , Rules used = {4132,
integrand size
2717, 8}

_ Bsin(c+dx)

1 + Cx

/COSQ(C + dz) (Bsec(c + dz) + Csec’(c+ dz)) dz

[In] Int[Cos[c + d*x] 2% (B*Sec[c + d*x] + CxSec[c + d*x]~2),x]
[Out] Cxx + (B*Sin[c + d*x])/d

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

Rule 2717
Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dx*x]1/d4, x] /;

FreeQ[{c, d}, x]

Rule 4132
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Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*xx]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps
integral = B / cos(c+ dz) dx + /C’dx

Bsin(c + dx)

=Czx+ pi

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.73

/ cos’(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

B cos(dz) sin(c) N B cos(c) sin(dz)

=Czr+ 1 1

[In] Integrate[Cos[c + d*x]~2*(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]
[Out] Cxx + (B*Cos[d*x]*Sin[c])/d + (B*Cos[c]*Sin[d*x])/d

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.07

(1+tan(d7””+g>2)2 (tan(%+g>2—1)

method result size
risch Cr+ w 16
parallelrisch Min(dﬁd 18
derivativedivides | £ Sin(dﬁcfc(dﬂc) 21
default B sin(dz—l—c(;-l—C(dw—l—c) 21
Cx tan(df+%)4+0x tan(%m-l—%)e—Cx— i tan(dde+%) +2B tan(?+%)5 —C’:l:tan(%”-i—%)2
norman 112

[In] int(cos(d*x+c) 2*(B*sec(d*x+c)+Cxsec(d*x+c)”2),x,method=_RETURNVERBOSE)

[Out] Cxx+B*sin(d*x+c)/d
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Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13
Cd Bsin (d
/COSQ(C + dz) (Bsec(c + dz) + Csec*(c + dz)) dz = T+ SC;II (dz +c)

[In] integrate(cos(d*x+c) 2% (B*sec(d*x+c)+Cksec(d*x+c)”~2),x, algorithm="fricas")

[Out] (Cxd*x + Bxsin(d*x + c¢))/d
Sympy [F]

/ cos’(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

= / (B + C'sec (c + dz)) cos® (c + dz) sec (c + dz) dz

[In] integrate(cos(d*x+c)**2x(Bxsec(d*x+c)+Cksec(d*x+c)**2) ,x)

[Out] Integral((B + Cksec(c + d*x))*cos(c + dxx)**2xsec(c + d*x), x)

Maxima [A] (verification not implemented)

none

Time = 0.20 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.33
d C + Bsin (d.

/Cosz(c+dx) (BSeC(C‘i‘d.'L') +CS€C2(C+dx)) de — ( x‘i‘C) +d Sln( CL‘+C)

[In] integrate(cos(d*x+c) 2% (B*sec(d*x+c)+Cksec(d*x+c)”~2),x, algorithm="maxima")

[Out] ((d*x + c)*C + B*sin(d*x + c))/d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 39 vs. 2(15) = 30.
Time = 0.28 (sec) , antiderivative size = 39, normalized size of antiderivative = 2.60

QBta.n(% dm+% c)
(dz +c)C + tan (1 de+1 ¢)”+1

/cos2 (c+ dz) (Bsec(c+ dz) + C'sec’*(c+ dz)) dz = y

[In] integrate(cos(d*x+c) 2% (B*sec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm="giac")

[Out] ((d*x + c)*C + 2*Bxtan(1/2%d*x + 1/2*xc)/(tan(1/2*d*x + 1/2%c)"2 + 1))/d



221
Mupad [B] (verification not implemented)
Time = 15.42 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

__ Bsin(c+dr)+Cdx
B d

/cos2(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) d

[In] int(cos(c + d*x)~2*(B/cos(c + d*x) + C/cos(c + d*x)~2),x)
[Out] (B*sin(c + d*x) + Cxd*x)/d
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3.43 [ cos?(c+dz) (Bsec(c + dz) + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . . e 227
Rubi [A] (verified) . . . . . . . . 222
Mathematica [A] (verified) . . . . . . . . . .. 223]
Maple [A] (verified) . . . . . . ... 224
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 224
Sympy [F] . . o 224
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 225
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 2251
Mupad [B] (verification not implemented) . . . . ... ... ... ... .......

Optimal result

Integrand size = 28, antiderivative size = 38

/cos3(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

Bz Csin(c+dx) Bcos(c+ dz)sin(c+ dx)
R 2d

[Out] 1/2*B*x+Cxsin(d*x+c)/d+1/2*B*cos (d*x+c)*sin(d*x+c)/d

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _ 179 Ryjes used = {4132,

’ integrand size
2715, 8, 12, 2717}

/cos3(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

Bsin(c+ dzx)cos(c+dx) Bz Csin(c+ dx)
= 2 Tt

[In] Int[Cos[c + d*x] " 3*(B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (B*x)/2 + (CxSin[c + d*x])/d + (B*Cos[c + d*x]*Sin[c + dx*x])/(2%d)
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + dxx])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, 4}, x]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x])"m*(A + C*Cscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / cos®(c + dz) dz + / C cos(c+ dz) dz

B ' 1
_ Becos(c + dz) sin(c + dz) + 53 / ldz +C / cos(c + dx) dx

2d
Bz  Csin(c+dz) Bcos(c+ dz)sin(c + dzx)
2 R 2d

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.92

/ cos®(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

_ ACsin(c+ dz) + B(2(c + dz) + sin(2(c + dx)))
4d

[In] Integrate[Cos[c + d*x]~3*%(B*Sec[c + d*x] + C*Secl[c + d*x]~2),x]
[Out] (4*xCxSin[c + d*x] + B*(2%(c + d*x) + Sin[2*(c + d*x)]))/(4*d)
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Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

method result
risch Bz + C'sin(dz+c) + Bssin(2dz+2c)
2 d 4d
parallelrisch 2Bxd+B sin(2dz+2c)4-4C sin(dz+-c)
4d
B sintdete) cos(date) | do | ¢ ) | Csin(da+c)
derivativedivides ( 2 — 2)
B sin(dz+c) cos(dw+c)+di+£ +Csin(da:+c)
default ( 2 r 2 2>
3 5 8
6 (B—2C)tan(9L ¢ (B+2C) tan( 4& 4 £ 2 Bztan(9E4¢ (B—2C) tan( 4
Ba:tan(%-}-%) + az(T f) + a;‘(T 2) _%—B:z:tan(d%-i—%) + 7 an(;[ 7) _ aZ( :
norman 3 2
<1+tan<d7‘”+%> ) (tan(‘%’”+% —1)

[In] int(cos(d*x+c) 3% (B*sec(d*x+c)+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/2*B*x+C*sin(d*x+c)/d+1/4*B/d*sin(2*xd*x+2%c)

Fricas [A] (verification not implemented)
nomne

Time = 0.25 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.76

/ cos’(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

_ Bdz + (Bcos(dz +c) +2C)sin (dz + c)
B 2d

[In] integrate(cos(d*x+c) 3% (Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/2*%(Bxd*x + (B*cos(d*x + c) + 2*xC)*sin(d*x + c))/d

Sympy [F]

/ cos®(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

= / (B + Csec (c+ dz)) cos® (c + dzx) sec (c + dz) dz

[In] integrate(cos(d*x+c)**3*(B*sec(d*x+c)+Cxsec(d*x+c)**2),x)

[Out] Integral((B + Ckxsec(c + d*x))*cos(c + d*x)**3*sec(c + d*x), x)
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Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.89

/cos3(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

_ (2dr+2c+sin(2dr +2c))B +4Csin(dz + c)
B 4d

[In] integrate(cos(d*x+c) ~3*(B*sec(d*x+c)+Cksec(d*x+c)”2),x, algorithm="maxima")

[Out] 1/4*%((2%d*x + 2%c + sin(2*d*x + 2%c))*B + 4*Cxsin(d*x + c))/d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 82 vs. 2(34) = 68.

Time = 0.29 (sec) , antiderivative size = 82, normalized size of antiderivative = 2.16

/ cos’(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz
(d:z; n c)B _ 2 (Btan(% dz—i—% c)3—2Ctan(% dm—{—% c)3—B2tan(%2dw+% c)—2Ctan(% da:—}-% c))
. (tan(%dz—l—% c) +1)
N 2d

[In] integrate(cos(d*x+c) ~3*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/2%((d*x + c)*B - 2% (Bx*tan(1/2*d*x + 1/2%c)~3 - 2*xCxtan(1/2*%d*x + 1/2%c)”3
- Bxtan(1/2%d*x + 1/2%c) - 2*%Cxtan(1/2*d*x + 1/2%c))/(tan(1/2%d*x + 1/2%*c)

"2 +1)72)/d

Mupad [B] (verification not implemented)

Time = 15.32 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.82

/ cos’(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

_ Bz Bsin(2c+2dx) n C sin(c+ dzx)
o2 4d d

[In] int(cos(c + d*x)~3*(B/cos(c + d*x) + C/cos(c + d*x)~2),x)
[Out] (B*x)/2 + (B*sin(2*c + 2*d*x))/(4*d) + (C*sin(c + d*x))/d
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3.44 [ cos*(c+dz) (Bsec(c + dz) + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . 220
Mathematica [A] (verified) . . . . . . . . . . .. 2271
Maple [A] (verified) . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 228
Sympy [F] . . o 228
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 229
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 2291
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 229

Optimal result

Integrand size = 28, antiderivative size = 54

/ cos*(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

Cz + Bsin(c + dx) + Ccos(c +dx)sin(c+dz)  Bsin®(c+ dx)
2 d 2d 3d

[Out] 1/2*Cxx+Bxsin(d*x+c)/d+1/2*%Cxcos(d*x+c)*sin(d*x+c)/d-1/3*B*sin(d*x+c)~3/d

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ 179 Ryjes used = {4132,

' integrand size
2713, 12, 2715, 8}

/0034(0 + dz) (Bsec(c + dz) + Csec*(c+ dx)) dz
_ Bsin®(c + dx) N Bsin(c + dz) N C'sin(c + dz) cos(c + dz) N Cx

3d d 2d 2

[In] Int[Cos[c + d*x] 4x(BxSec[c + d*xx] + CxSec[c + d*x]~2),x]

[Out] (Cxx)/2 + (B*Sin[c + d*x])/d + (CxCos[c + d*x]*Sin[c + d*x])/(2*d) - (B*Sin
[c + d*x]~3)/(3*d)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x2)°"((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQ[{c, 4}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*x((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + f*xx])"(m + 1), x], x] + Int[(b*Cscle + f*x])"m*(A + C*Cscle + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / cos’(c + dz) dz + / C cos®(c + dz) dz

BSubst( [ (1 — 2?) dz,z, —sin(c + dz))
d
. . . 3
_ Bsin(c + dr) 4 Ccos(c + dz)sin(c+dz)  Bsin’(c + dz) N %C/ | de

:C/cosz(c+dm) dx —

d 2d 3d
Cz  Bsin(c+ dx) N C cos(c+ dz)sin(c+dz)  Bsin®(c+ dx)

2 d 2d 3d
Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.06

/cos4(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) d

C(c+dx) + Bsin(c+dr) B sin®(c + dz) + C'sin(2(c + dz))
2d d 3d 4d

[In] Integrate[Cos[c + d*x]~4*(BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (Cx(c + d*x))/(2*d) + (B*Sin[c + d*x])/d - (B*Sin[c + d*x]~3)/(3*d) + (CxSi
n[2+(c + d*x)])/(4xd)
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Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.81

method result
: 6dxC+9B sin(dz+c)+ B sin(3dz+3c)+3 sin(2dz+2¢)C
parallelrisch 2
. Cz 3B sin(dz+c) B sin(3dz+3c) sin(2dz+2¢)C
risch 5 + ¥ + od + 1d

B(2+cos(dz+c)2) sin(dz+c) sin(dz+c) cos(dz+c) | dx ,
. . .. 3 +C( 2 +7+§>
derivativedivides 3

3

default 7|

B(2+cos(dz+c)2) sin(dz+c) +C(sin(dz+c)2(:os(d:v+c)+d7x+%)

d 9 d 3 d 7 d 5 2
than(dz+£>6+(2B—C)tan(7}+%) _Cz_4Btan(7m+%) 4Btan(71+%) +2Ctan(§£+%) _3Ca:tan( %)
2 2 d 2 3d 3d d 2
norman iy

(1+tan(%“+§>2) (tan<%+g)2—1>

[In] int(cos(d*x+c) ~4*(B*sec(d*x+c)+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/12%(6*d*xx*C+9*Bxsin(d*x+c)+B*sin(3*d*x+3*c)+3*sin(2*d*x+2*c)*C)/d

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.78

/ cos*(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

_ 3Cdz + (2Bcos(dm+c)2+3C’cos(dm—|—c)—|—4B) sin (dz + ¢)
B 6d

[In] integrate(cos(d*x+c) ~4*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/6*(3*Cxd*x + (2*B*cos(d*x + c)~2 + 3*Cxcos(d*x + c) + 4*B)*sin(d*x + c))/
d
Sympy [F]

/cos4(c+ dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

= / (B + C'sec (c + dzx)) cos* (c + dzx) sec (c + dz) dzx

[In] integrate(cos(d*x+c)**4x(Bxsec(d*x+c)+C*sec(d*x+c)**2) ,x)

[Out] Integral((B + Cxsec(c + d*x))*cos(c + dxx)**4*sec(c + d*x), x)
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Maxima [A] (verification not implemented)

none

Time = 0.21 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.85

/cos4(c + dz) (Bsec(c + dz) + Csec’(c+ dz)) dz

B 4(sin(dx+c)3—3 sin (dz + ¢))B — 3 (2dz + 2c +sin (2dz + 2¢))C
T 12d

[In] integrate(cos(d*x+c) ~4*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima")

[Out] -1/12%(4*x(sin(d*x + c)~3 - 3xsin(d*x + c))*B - 3% (2*%d*x + 2%c + sin(2*d*x +
2%c))*C)/d

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 98 vs. 2(48) = 96.

Time = 0.29 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.81

/cos4(c + dz) (Bsec(c + dz) + Csec*(c+ dz)) dz

2 (63tan(% dw—}-% c)5—3Ctan(% d.'c—i—% c)5+4Btan(% d:v—i—% c)s—i—ﬁBtan(% dac—}-% c)+3Ctan(% d:c—i—% c))

3 (d.Z' + C)C + (ta.n(l dz+3 c)2+1>3

N 6d

[In] integrate(cos(d*x+c) 4*(B*sec(d*x+c)+Cksec(d*x+c)~2),x, algorithm="giac")

[Out] 1/6%(3%(d*x + c)*C + 2x(6%Bxtan(1/2*xd*x + 1/2%c)”5 - 3*Cxtan(1/2*d*x + 1/2%
c)”5 + 4xBxtan(1/2*d*x + 1/2%c)”~3 + 6xBxtan(1/2*d*x + 1/2%c) + 3*Cxtan(1/2x%
dxx + 1/2*%c))/(tan(1/2*d*x + 1/2%c)"2 + 1)°3)/d

Mupad [B] (verification not implemented)

Time = 15.62 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.02

/cos4(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

Cz 4 2B sin(c+dx) N C cos(c+dx) sin(c+dx) 4 Becos (c+ dz)® sin(c+ dz)
2 3d 2d 3d

[In] int(cos(c + d*x)~4%x(B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (Cxx)/2 + (2*B*sin(c + d*x))/(3*d) + (Cxcos(c + d*x)*sin(c + d*x))/(2xd) +
(Bxcos(c + d*x) "2*sin(c + d*xx))/(3*d)
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3.45 [ cos®(c+dz) (Bsec(c + dz) + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . . . . e 230
Rubi [A] (verified) . . . . . . . . . 230
Mathematica [A] (verified) . . . . . . . . . . . .. 232
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. ... 233
Sympy [F] . . o 233
Maxima [A] (verification not implemented) . . . . . . ... ... ... . ... 233
Giac [B] (verification not implemented) . . . . . . . .. ... ... .. ... 234
Mupad [B] (verification not implemented) . . . . . ... ... ... .. ........ 234

Optimal result

Integrand size = 28, antiderivative size = 76

/cos5(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

3Bz Csin(c+dz) 3Bcos(c+ dz)sin(c+ dz)
+ +
8 d 8d
N Bcos*(c+ dz)sin(c+dz) Csin®(c+ dx)

4d 3d

[Out] 3/8*B*x+Cxsin(d*x+c)/d+3/8*B*xcos (d*x+c)*sin(d*x+c)/d+1/4*xBxcos(d*x+c) ~3*sin
(d*x+c)/d-1/3*C*sin(d*x+c)~3/d

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 5 number of rules _ 0.179, Rules used = {4132,

’ integrand size
2715, 8, 12, 2713}

/ cos’(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

Bsin(c+ dx) cos®(c+dz)  3Bsin(c + dx) cos(c + dz)
= +
4d 8d
N 3Bz  Csin’(c+ dx) N C'sin(c + dz)
8 3d d

[In] Int[Cos[c + d*x] 5%(B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (3*B*x)/8 + (CxSin[c + d*x])/d + (3*BxCos[c + d*x]*Sin[c + d*x])/(8+d) + (B
*Cos[c + d*x]~3*Sin[c + d*x])/(4*d) - (C*Sin[c + d*x]~3)/(3*d)

Rule 8
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Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x72)7((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQ[{c, d}, xI
& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Dist[b™2*x((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]1*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) " m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / cos*(c + dz) dz + / C cos®(c + dz) dzx

5 .
_ Bcos’(c + dz) sin(c + dz) + }1(33)/cos2(c+dx) dz+C/COS3(C+dx) dx

4d
3Bcos(c+ dz)sin(c+dz)  Bcos®*(c+ dx)sin(c + dz)
= +
8d 4d
N 1(33) / L dp — CSubst ([ (1 — 2?) dz, z, — sin(c + dz))
8 d
3Bz Csin(c+dz) 3Bcos(c+ dz)sin(c+ dz)
B 8d

N Bcos®(c +dx)sin(c +dx)  Csin®(c+dx)
4d 3d




Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.96

/cos5(c + dz) (Bsec(c + dz) + Csec*(c+ dz)) dz

232

_ 3B(c + dx) N Csin(c+dz) C sin3(c + dz) N Bsin(2(c + dx)) n Bsin(4(c + dx))

8d d 3d 4d 32d

[In] Integrate[Cos[c + d*x]~5*x(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (3*Bx(c + d*x))/(8*d) + (C*Sin[c + d*x])/d - (CxSin[c + d*x]~3)/(3xd) + (B*

Sin[2*(c + d*x)]1)/(4xd) + (B*Sin[4*(c + d*x)])/(32xd)

Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.75

method result
parallelrisch 36 Bxd+3B sin(4dz+4c)+24B sin(2d;c€—5}l—i2c)+720 sin(dz+c)+8C sin(3dz+3c)
cos(dz+c)3+% sin(dz+-c) C (2+cos(dz+ )2 in(dz+c)
B ( ( - ) +%+% + ( COSs T ;} ) sin T1+C
derivativedivides 7
(Cos(d$+0)3+mgw) sin(dz+c) C(2+cos(dz+c)2> sin(dz+-c)
3dx | 3c
B ( 1 TRE |+ 3
default |
: 3Bz 3C'sin(dz+c) B sin(4dz+4c) sin(3dz+3c)C B sin(2dz+2c)
risch s T 4d + 32d + 2a T 4d

_ 3Bz _

Sthan(%%ﬁ-%)z _ 15than(%§+%)4 + ISthan(%%-f-%)s +3Bmtan(§71+%)10 +3than(

2
8

8 2 8 8

norman

dz

(1+ta,n<d71+§‘

[In] int(cos(d*x+c) 5*(B*sec(d*x+c)+Cxsec(d*x+c)”2),x,method=_RETURNVERBOSE)

[Out] 1/96% (36%Bxx*d+3*B*sin(4*d*x+4*c)+24*B*xsin(2*d*x+2*c)+72*%C*sin(d*x+c)+8*Cx*s
in (3*d*x+3%c))/d
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Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.70

/0035(0 + dz) (Bsec(c + dz) + Csec*(c+ dz)) dz

_ 9Bdz + (6 B cos (dz + ¢)® + 8 C cos (dz + ¢)* + 9 B cos (dz + ¢) + 16 C) sin (dz + c)
B 24d

[In] integrate(cos(d*x+c) ~5*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/24*(9%Bxd*x + (6*Bxcos(d*x + c)~3 + 8*Cxcos(d*x + c)~2 + 9*Bxcos(d*x + c)
+ 16*C)*sin(d*x + c))/d

Sympy [F]

/ cos’(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

= / (B + C'sec (c + dx)) cos® (¢ + dzx) sec (c + dzx) dx

[In] integrate(cos(d*x+c)**5x(Bxsec(d*x+c)+C*sec(d*x+c)**2) ,x)

[Out] Integral((B + C*sec(c + d*x))*cos(c + d*x)**b*sec(c + d*x), x)

Maxima [A] (verification not implemented)

none

Time = 0.20 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.75

/Cos5 (c+ dz) (Bsec(c+ dz) + Csec*(c + dz)) dz

_3(12dz+12c+sin(4dz +4c) + 8 sin(2dz +2¢))B — 32 (sin (dz 4 ¢)® — 3 sin (dz +¢))C
a 96 d

[In] integrate(cos(d*x+c) 5% (B*sec(d*x+c)+C*sec(d*x+c)”~2),x, algorithm="maxima")

[Out] 1/96%(3*(12*d*x + 12%c + sin(4*d*x + 4*c) + 8*sin(2*d*x + 2%c))*B - 32x(sin
(d*x + ¢)~3 - 3*sin(d*x + c))*C)/d
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 140 vs. 2(68) = 136.

Time = 0.29 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.84

/COSS(C + dz) (Bsec(c + dz) + Csec*(c+ dz)) dz

2 <1SBtan(% dm—i—% 0)7—24C’tan(% dz—}-% c)7—9Btan(% dm—i—% 0)5—40C’tan(% dz—}-% c)5+gBtan(% d:c—l—% 0)3—40Ctan(3
(tan(% dw+% c)2+1)4

B 24d

9(dz+c)B —

[In] integrate(cos(d*x+c) 5% (B*sec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/24*(9*(d*x + c)*B - 2% (15*Bxtan(1/2*d*x + 1/2%c)”7 - 24*Cxtan(1/2*d*x + 1
/2%c) "7 - 9*%Bxtan(1/2*d*x + 1/2%c)”5 - 40*Ckxtan(1/2xd*x + 1/2xc)”5 + 9*Bxta
n(1/2*%d*x + 1/2%c)"3 - 40*Cxtan(1/2*d*x + 1/2xc)”3 - 15%Bxtan(1/2*d*x + 1/2

*c) — 24*Cxtan(1/2*d*x + 1/2*c))/(tan(1/2*d*x + 1/2*c)"2 + 1)74)/d

Mupad [B] (verification not implemented)

Time = 15.25 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.99

/cos5(c+dx) (Bsec(c + dz) + Csec’(c + dz)) dz
_3B«x N 2C sin(c+ dx) N 3B cos(c+dx) sin(c+dx)

8 3d 8d
Beos(c+dx)’ sin(c+dz) Ccos(c+ dz)’ sin(c+dz)
* 1d * 3d

[In] int(cos(c + d*x)~5%(B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (3*B*x)/8 + (2#C*sin(c + d*x))/(3*d) + (3*B*cos(c + d*x)*sin(c + d*x))/(8+d
) + (Bxcos(c + d*x) "3*sin(c + d*x))/(4*d) + (Ckcos(c + d*x)~2*xsin(c + d*x))

/ (3%d)
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3.46 [ cosb(c+dzx) (Bsec(c + dz) + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . . e 235
Rubi [A] (verified) . . . . . . . . . 235
Mathematica [A] (verified) . . . . . . . . . .. 237
Maple [A] (verified) . . . . . . . . . 237
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 238
Sympy [F(-1)] . . o 238
Maxima [A] (verification not implemented) . . . . . . ... ... ... L. 238
Giac [A] (verification not implemented) . . . . . . .. ... .. .. .. L. 239
Mupad [B] (verification not implemented) . . . ... ... ... ... ........ 239

Optimal result

Integrand size = 28, antiderivative size = 92

/cosG(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz
3Cz + Bsin(c + dx) n 3C cos(c + dx) sin(c + dx)

8 d 8d
N C cos®(c + dz)sin(c +dx)  2Bsin’(c +dx) N Bsin®(c + dz)
4d 3d 5d

[Out] 3/8*C*x+Bxsin(d*x+c)/d+3/8*Cxcos (d*x+c)*sin(d*x+c)/d+1/4*Cxcos(d*x+c) ~3*sin
(d*x+c)/d-2/3*B*sin(d*x+c) ~3/d+1/5*%B*sin(d*x+c) ~5/d

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 5 number of rules _ 0.179, Rules used = {4132,

’ integrand size
2713, 12, 2715, 8}

/cosﬁ(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz
_ Bsin’(c+dz) 2Bsin’(c+dz) | Bsin(c + dz)

5d 3d d
Csin(c + dz) cos®(c+dz) 3Csin(c+ dz)cos(c+dz) 3Cx
+ 4d + 8d + 8

[In] Int[Cos[c + d*x]~6*%(B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (3*Cxx)/8 + (B*Sin[c + d*x])/d + (3*CxCos[c + d*x]*Sin[c + d*x])/(8xd) + (C
*Cos[c + d*x] " 3*Sin[c + d*x])/(4*d) - (2*«B*Sin[c + d*x]~3)/(3*%d) + (B*Sinl[c
+ d*x]~5)/(5%d)
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Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 2713
Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa

nd[(1 - x72)~((n - 1)/2), x], x], x, Cosl[c + d*x]], x] /; FreeQ[{c, d}, xI]
&& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) "m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / cos’(c + dz) dz + / C cos*(c + dz) dx

BSubst( [ (1 — 222 + z*) dz,z, —sin(c + dz))
d

_ Bsin(c+ dx) N Ccos’(c +dr)sin(c +dz)  2Bsin’(c + dx)
N d 4d 3d

5
+ Bsin ézl—i_ dz) + }1(30)/cos2(c+ dz) dz

Bsin(c+dz) 3Ccos(c+ dz)sin(c+dz) C cos®*(c+ dz)sin(c + dz)
= + +
d , 8d 4d
_ 2Bsin (c+dz)+Bsm (c+dac 130)/1dx

= C’/cos4(c+ dx) dz —

3d
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3Cz  Bsin(c+ dx) + 3C cos(c + dx) sin(c + dx)

~ s T 8d
Ccos’(c +dz)sin(c +dzx)  2Bsin’(c + dx) N Bsin®(c + dx)
4d 3d 5d

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.97

/cos6(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

_ 3C(c+dx) N Bsin(c+dz)  2Bsin®(c + dx)
~ &d d 3d
4 Bsin®(c + dx) N C'sin(2(c + dz)) N C'sin(4(c + dz))
5d 4d 32d

[In] Integrate[Cos[c + d*x]~6*(B*Sec[c + d*x] + C*Secl[c + d*x]~2),x]

[Out] (3%Cx(c + d*x))/(8%d) + (B*Sin[c + d*x])/d - (2*BxSin[c + d*x]~3)/(3*d) + (
BxSin[c + d*x]~5)/(5xd) + (CxSin[2*(c + d*x)])/(4%*d) + (CxSin[4*(c + d*x)])

/ (32%d)

Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.75

method result
. 180dzC'+300B sin(dz+c)+6 B sin(5dz+5¢)+50B sin(3dz+3c)+15 sin(4dz+4c) C+120 sin(2dz+2¢)C
parallelrisch 1504

2
B(%+cos(dm+c)4+%> sin(dz+c) (cos(dz+c)3+*273 cos(dm+c)) sin(dz+c) 3d 3
5 +C 4 + Tz + ?c

derivativedivides p]

2
B<’§‘+°°S(d“+c)4+4&s<dw> sin(dete) <°°S<dw+c>3+73 Lostd Hc)) sin(dote) o
+C o5t

5 4

default i

. 3Cz 5B sin(dz+-c) B sin(5dz+5¢) sin(4dz+4c)C 5B sin(3dz+3c) sin(2dz+2¢)C
risch 8§ T~ 8+ sd T 324 T 48d + 4d

Ctan(%-}—%)'? 3Cx 150ztan(%@+%)2 27Ca:tan(%£+%)4 15Cztan(%@+%)6 lscztan(éfﬁ-%)s 27Cztan(d7z+§
4 "8 — 8 — 8 — 8 + 8 + 8

norman

[In] int(cos(d*x+c) ~6*(Bxsec(d*x+c)+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/480%*(180*d*x*C+300%Bxsin (d*x+c)+6*B*xsin(5*d*x+5%c)+50%B*sin (3*%d*x+3*c)+15
*sin(4*d*x+4*c)*C+120*sin (2*d*x+2*c) *C) /d
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Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.70

/cosﬁ(c + dz) (Bsec(c + dz) + Csec*(c+ dz)) dz

_ 45Cdx + (24 B cos (dzx + ¢)* +30C cos (dz + ¢)® + 32 B cos (dz + ¢) + 45 C cos (dz + ¢) + 64 B) sin (dz
B 120d

[In] integrate(cos(d*x+c) ~6*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/120%(45%C*d*x + (24*Bxcos(d*x + c)~4 + 30*%Cxcos(d*x + c)~3 + 32%Bxcos(d*x
+ ¢c)”2 + 45%C*cos(d*x + c) + 64*B)*sin(d*x + c))/d

Sympy [F(-1)]

Timed out.

/coss(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dr = Timed out

[In] integrate(cos(d*x+c)**6x (B*sec(d*x+c)+Cksec(d*x+c)**2) ,x)

[Out] Timed out

Maxima [A] (verification not implemented)

none
Time = 0.22 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.75

/cosﬁ(c + dz) (Bsec(c + dz) + Csec*(c+ dz)) dz

_ 32(3sin(dz + ¢)° — 10 sin (dz + ¢)’ + 15 sin (dz + ¢)) B + 15 (12dz + 12c + sin (4dz + 4¢) + 8 sin (24
B 480d

[In] integrate(cos(d*x+c) ~6*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/480%(32%(3*sin(d*x + c)~5 - 10*sin(d*x + c)~3 + 15*sin(d*x + c))*B + 15%(
12%d*x + 12%c + sin(4*xd*x + 4*xc) + 8xsin(2*d*x + 2%c))*C)/d
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Giac [A] (verification not implemented)

none

Time = 0.29 (sec) , antiderivative size = 154, normalized size of antiderivative = 1.67

/cosﬁ(c + dz) (Bsec(c + dz) + Csec*(c+ dz)) dz
2 (120 Btan(} do+3 ¢)° 75 Ctan(} do+ 5 ¢)*+160 Btan(} do+3 )’ =30 Ctan(} do+ 5 ¢)+464 Btan(} do+3 ¢)°+:
(tan(% dz—i—% c)2+1)5
120d

45 (dz +¢)C +

[In] integrate(cos(d*x+c) 6% (Bxsec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/120%(45*(d*x + c)*C + 2% (120*Bxtan(1/2*d*x + 1/2%c)”9 - 75%Cxtan(1/2*d*x
+ 1/2%c)”9 + 160*%Bxtan(1/2*%d*x + 1/2%c)”7 - 30*Cxtan(1/2*d*x + 1/2%c)”7 + 4
64*Bxtan(1/2*d*x + 1/2%c)”5 + 160*B*tan(1/2*d*x + 1/2*c)”3 + 30*Cxtan(1/2*d

*x + 1/2%c)”3 + 120*%B*tan(1/2*d*x + 1/2*xc) + 75+%Cxtan(1/2*d*x + 1/2%c))/(ta
n(1/2+%d*x + 1/2*%c)"2 + 1)75)/d

Mupad [B] (verification not implemented)

Time = 19.25 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.23

/cosﬁ(c—l— dz) (Bsec(c+ dz) + C'sec’(c + dz)) dz = 3256
an( <+42 °
(2B 56) tan(5 +%)" + (£ = ) tan(s + )+ “UUEE. 4 (524 ) tan(s 4 )’ +

_|_

[In] int(cos(c + d*x) " 6x(B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (3*Cxx)/8 + (tan(c/2 + (d*x)/2)"3*x((8%B)/3 + C/2) + tan(c/2 + (d*x)/2)"9%*(2
*B - (5%C)/4) + tan(c/2 + (d*x)/2)"7*((8%B)/3 - C/2) + (116*Bxtan(c/2 + (dx*
x)/2)7°5)/15 + tan(c/2 + (d*x)/2)*(2*B + (5%C)/4))/(d*(tan(c/2 + (d*x)/2)"2

+ 1)75)
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3.47 [(bsec(c+dz))3/? (Bsec(c + dz) + Csec®(c + dz)) dx

Optimal result . . . . . . . . . . . 240
Rubi [A] (verified) . . . . . . .. . . 247]
Mathematica [A] (verified) . . . . . . . . ... L 243
Maple [C] (verified) . . . . . . . . . . 243
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ..., . 247
Sympy [F] . . . 245
Maxima [F] . . . . . .o 245
Giac [F] . . . o o o 245
Mupad [F(-1)] . . . oo 240

Optimal result

Integrand size = 32, antiderivative size = 169

/(b sec(c + dx))*? (Bsec(c + dz) + C'sec’(c + dz)) dz =

6b°CE(3(c+dz | 2
5d+/cos(c + dz)+/bsec(c + dz)
2bB\ /cos(c + dz) EllipticF ( ¢+ dz),2) \/bsec(c + dz)

6bC’\ /bsec(c —|— dx )sin(c + da:) 2B(bsec(c + dz))%/?sin(c + dx)
3d

N 2C(bsec(c + dgv))5/2 sin(c + d:c)
5bd

[Out] 2/3*B*(b*sec(d*x+c))~(3/2)*sin(d*x+c)/d+2/5*%C* (b*sec (d*x+c) )~ (5/2) *sin(d*x+
c)/b/d-6/5%b~2xC* (cos (1/2*d*x+1/2%c)~2) ~(1/2) /cos (1/2*d*x+1/2xc) *E1llipticE(
sin(1/2*d*x+1/2*c) ,27(1/2))/d/cos(d*x+c)~(1/2)/ (bxsec(d*x+c) )~ (1/2)+6/5xb*xC
*sin(dxx+c)* (bxsec(dxx+c))~(1/2)/d+2/3*b*B* (cos (1/2*d*x+1/2xc)~2)~(1/2) /cos
(1/2*d*x+1/2*c)*E1lipticF(sin(1/2*d*x+1/2%c),27(1/2))*cos(d*x+c)~(1/2) *(b*s
ec(d*x+c))~(1/2)/d
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Rubi [A] (verified)
Time = 0.16 (sec) , antiderivative size = 169, normalized size of antiderivative = 1.00,
number of steps used = 10, number of rules used = 7 number of rules _ 0.219, Rules used

' integrand size
= {4132, 3853, 3856, 2720, 12, 16, 2719}

/(b sec(c + dz))*? (Bsec(c + dz) + Csec’(c + dz)) dz =

6b°CE(%(c+dz)|2) 2Bsin(c + dz)(bsec(c + dx))3/?
- +
5d+/cos(c + dz)+/bsec(c + dx) 3d
N 2bB+/cos(c + dz) EllipticF (3(c + dz), 2) \/bsec(c + dz)
3d
2C sin(c + dx)(bsec(c + dx))*?  6bC sin(c + dx)+/bsec(c + dz)
- 5bd - 5d

[In] Int[(b*Sec[c + d*x])~(3/2)*(B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (-6*%b~2xC*EllipticE[(c + d*x)/2, 2])/(5*d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c +
d*x]]) + (2%b*B*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[bx*Sec[c

+ d*x]])/(3*d) + (6xb*C*Sqrt[bxSec[c + d*x]1*Sin[c + d*x])/(5*d) + (2*Bx*(b*
Sec[c + d*x])~(3/2)*Sin[c + d*x])/(3*d) + (2*Cx(bxSec[c + d*x])~(5/2)*Sin[c

+ d*x])/ (5%b*d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 16

Int[(u_)*(v_ )~ (m_.)*((b_)*(v_))~"(n_), x_Symbol] :> Dist[1/b"m, Int [u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)1], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),



242

Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £*x])"(m + 1), x], x] + Int[(b*Csc[e + f*x]) " m*x(A + CxCsc[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

B [(bsec(c + dz))*? dx
b

2B(bsec(c + dz))?/?sin(c + dx)

3d
+ %(bB) / Vbsec(c+dz)dz + C / sec?(c + dzx)(bsec(c + dx))*/? dx

2B(bsec(c + dzx))*?sin(c+dz) = C [(bsec(c+ dzx))"/?dx
= 3 + b2

1 1
t3 <bB\/cos(c + dx)\/bsec(c + dx)) / m dz
_ 2bB+/cos(c + dz) EllipticF (3(c + dz), 2) /bsec(c + dz)

3d
2B(bsec(c + dx))%/?sin(c + dx)
+ 3d

5/2 o
4 200l AT D) L L30) [secte + ) o

_ 2bB/cos(c + dz) EllipticF (§(c + dz),2) y/bsec(c + dz)

3d
6bC\/bsec(c + dz)sin(c +dz)  2B(bsec(c + dx))*?sin(c + dx)
* 5d * 3d

integral = + / C'sec?(c + dz)(bsec(c + dz))*? dx

N 2C (bsec(c + dx))*?sin(c +dz) 1

1
—(3v’C / d
5bd 5 ( ) \/bsec(c + dz) ’
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_ 2bB+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
B 3d
6bC\ /bsec(c —|— dx )sin(c+dz) 2B(bsec(c+ cl:c)):”/2 sin(c + dz)

2C (bsec(c + dx))5/2 sin(c+dzx)  (30*C) [ /cos (c+dz)dz
5bd 5\/cos(c + dz)/bsec(c + dz)

_ 6V’CE(3(c+dz)|2)
5d+/cos(c + dz)+/bsec(c + dz)

2bB\ /cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
3d

6bC\ /bsec(c + dx )sin(c +dz)  2B(bsec(c + dx))*?sin(c + dz)
3d

2C (bsec(c + dx))5/2 sin(c + dx)
5bd

Mathematica [A] (verified)

Time = 0.82 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.60

/(b sec(c + dx))*? (Bsec(c + dz)
, (bsec(c + dx))®/? (—360 cos3 (c+ dz)E(%(c+ dz)|2) + 20B coss (¢ + dz) EllipticF
+C'sec’(c+dz)) dz = 306d

[In] Integrate[(bxSec[c + d*x])~(3/2)*(BxSec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] ((bxSeclc + dxx])~(5/2)*(-36*C*Cos[c + d*x]~(5/2)*EllipticE[(c + dx*x)/2, 2]
+ 20*B*Cos[c + d*x]~(5/2)*EllipticF[(c + d*x)/2, 2] + 21*C*Sin[c + d*x] +
10*B*Sin[2*(c + d*x)] + 9*C*Sin[3*(c + d*x)]))/(30%b*d)

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.92 (sec) , antiderivative size = 555, normalized size of antiderivative = 3.28

method | result
cos(dz+

. d P . .
2B+/bsec(dz+c) b(—z\/cos(d$1+c)+1 \/csﬂzﬁﬂl EllipticF (i(— cot(dz+c)+csc(dz+c)),i) cos(dx+c)—z\/cos<dzl+c)+1 \/cos(dx+c
3d

parts

2b+/bsec(dz+c) (5’iB EllipticF (i(— cot(dac-{—c)—i—csc(d:/lc—|—c)),z')\/Cos(dacl_kc)_i_1 \/C(f:(S;;ij:)c_‘)_l cos(daz—+c)2—9iC EllipticF (i(— cot(d:

default | —
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[In] int((b*sec(d*x+c))~(3/2)*(B*sec(d*x+c)+Cxsec(d*x+c) 2),x,method=_RETURNVERB
0SE)

[Out] 2/3*B/d*(b*sec(d*x+c))~(1/2)*bx(-I*xE1lipticF (I*(-cot(d*x+c)+csc(d*x+c)),I)*
(1/(cos(d*x+c)+1)) " (1/2)*(cos(d*x+c)/(cos (d*x+c)+1)) " (1/2) *cos (d*x+c)-I*(1/
(cos(d*x+c)+1))~(1/2)*(cos(d*x+c) /(cos (d*x+c)+1))~(1/2)*E1lipticF (I*(-cot(d
*x+c)+csc(d*x+c)) ,I)+tan(d*x+c))+2/5%C/d*x (b*sec (d*x+c)) ~(1/2)*b/ (cos (d*x+c)
+1) *(3*xI*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c) /(cos(d*x+c)+1))~(1/2)*Ellipti
cE(I*(cot(d*x+c)-csc(d*x+c)),I)*cos(d*x+c) ~2-3*I*(1/(cos(d*x+c)+1))~(1/2)*(
cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1llipticF (I*(cot (d*x+c)-csc(d*x+c)),I)*cos
(d*x+c) ~2+6%I*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*El
lipticE(I*(cot(d*x+c)-csc(d*x+c)),I)*cos(d*x+c)-6xI*(1/(cos(d*x+c)+1))~(1/2
) *(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1llipticF (I*(cot (d*x+c)-csc(d*x+c)),I)*
cos (d*xx+c)+3*xI*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1)) " (1/2)*E
11lipticE(I*(cot(d*x+c)-csc(d*x+c)),I)-3*I*xE1llipticF (I*(cot (d*x+c)-csc(d*x+c
)),I)*(1/(cos(d*x+c)+1) )~ (1/2)*(cos (d*x+c) / (cos(d*x+c)+1)) " (1/2) +3*sin (d*x+
c)+tan(d*x+c)+sec (d*x+c)*tan (d*x+c))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.10 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.22

/(b sec(c + dz))*? (Bsec(c + dz)

—5i/2Bbz cos (dz + c)? weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) + 5i

+C'sec*(c+dz)) dz=

[In] integrate((b*sec(d*x+c))~(3/2)*(Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="
fricas")

[Out] 1/15%(-5*%I*sqrt(2)*B*b~(3/2)*cos(d*x + c) 2*weierstrassPInverse(-4, 0, cos(
d*x + c) + I*sin(d*x + c)) + 5xI*sqrt(2)*B*b~(3/2)*cos(d*x + c) 2*weierstra
ssPInverse(-4, 0, cos(d*x + c) - Ik*sin(d*x + c)) - 9xI*sqrt(2)*C*b~(3/2)*co
s(d*x + c) " 2*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c)
+ Ixsin(d*x + c))) + 9*I*sqrt(2)*C*b~(3/2)*cos(d*x + c) 2xweierstrassZeta(
-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c))) + 2x(9*Cx
bxcos(d*x + c)~2 + b5*B*b*cos(d*x + c) + 3*C*b)*sqrt(b/cos(d*x + c))*sin(d*x
+ ¢))/(d*xcos(d*x + c)~2)
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Sympy [F]

/(b sec(c + dz))*/? (Bsec(c + dz) + C'sec?(c + dz)) dr = / (bsec (c+ dx))% (B
+ C'sec(c+ dx))sec(c+ dx)dx

[In] integrate((b*sec(d*x+c))**(3/2)*(B*sec(d*x+c)+C*sec(d*x+c)**2),x)
[Out] Integral((b*sec(c + d*x))**(3/2)*(B + Cxsec(c + dxx))*sec(c + d*x), x)

Maxima [F]

/(b sec(c + dz))*? (Bsec(c + dz)

+ Csec’(c +dz)) dz = / (C'sec (dz + ¢)* + Bsec (dz + c)) (bsec (dz—|—c))% dx

[In] integrate((b*sec(d*x+c))~(3/2)*(Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="
maxima")

[Out] integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c))*(b*sec(d*x + ¢))~(3/2), x)

Giac [F]

/(b sec(c 4 dzx))3/? (Bsec(c + dz)
+ Csec’(c+dz)) do = / (C'sec (dz + ¢)® + Bsec (dz + c)) (bsec (dz + c))% dx

[In] integrate((b*sec(d*x+c))~(3/2)*(Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="
giac")

[Out] integrate((Cxsec(d*x + c)~2 + Bxsec(d*x + c))*(bxsec(d*x + ¢))~(3/2), x)
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Mupad [F(-1)]

Timed out.

/(bsec(c + dz))3? (Bsec(c + dz) + C'sec*(c + dz)) dr = / (cos( -

cos (c+dz)
o b 3/2
4 d
cos(c+d:c)2) (COS(C+d$)> ’

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(3/2),x)
[Out] int((B/cos(c + d*x) + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(3/2), x)
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3.48 [ \/bsec(c + dz)(Bsec(c + dz) + Csec?(c + dx)) dx

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . 247
Mathematica [A] (verified) . . . . . . . . . .. . 250
Maple [C] (verified) . . . . . . . . . .. 2501
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ... ... 251]
Sympy [F] . . o o 2511
Maxima [F] . . . . . . o 251]
Giac [F] . . . o 252
Mupad [F(-1)] . . . . 2521

Optimal result

Integrand size = 32, antiderivative size = 135

/ V'bsec(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz
B 2bBE (3 (c+ dx)| 2)
~ dy/cos(c+ dx)+/bsec(c + dz)
N 2C/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
3d

2B./bsec(c + dz)sin(c + dz)  2C(bsec(c + dx))*/?sin(c + dz)
* d " 3bd

[Out] 2/3*C*(b*sec(d*x+c))~(3/2)*sin(d*x+c)/b/d-2*%b*B* (cos (1/2*xd*x+1/2%c)~2)~(1/2
)/cos(1/2xd*x+1/2*%c)*E1lipticE(sin(1/2*d*x+1/2%c),27(1/2))/d/cos(d*x+c)~(1/

2) / (bxsec (d*x+c)) ~(1/2)+2xB*sin(d*x+c)* (b*sec (d*x+c) )~ (1/2) /d+2/3*Cx(cos(1/
2xd*x+1/2%c)~2)~(1/2) /cos(1/2*d*x+1/2*c)*E11lipticF (sin(1/2*d*x+1/2%c) ,2~(1/
2))*cos (d*x+c) ~(1/2) *(b*sec(d*x+c))~(1/2)/d

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.00,

number of steps used = 9, number of rules used = 7, number of rules _ 0.219, Rules used
integrand size
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= {4132, 3853, 3856, 2719, 12, 16, 2720}

/ V'bsec(c + dz)(Bsec(c + dz) + Csec’*(c + dz)) dzx
_ 2Bsin(c+dx)/bsec(c+dz) 2bBE(3(c+ dz)|2)
d dv/cos(c + dz)/bsec(c + dz)

2C sin(c + dz)(bsec(c + dz))3/?
+ 3bd

N 2C/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)

3d

[In] Int[Sqrt[b*Sec[c + d*x]]*(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (-2*b*B*EllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c + d*x
11) + (2xCxSqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d*x]
1)/(3xd) + (2+BxSqrt[b*Sec[c + d*x]]1*Sin[c + d*x])/d + (2*C*(b*Sec[c + d*x]
)~(3/2)*Sin[c + d*x])/(3%bxd)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 16

Int[(u_.)*(v_)~(m_.)*((b_)*(v_))~"(n_), x_Symbol] :> Dist[1/b"m, Int[u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xl

Rule 2720

Int[1/Sqrtsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b”™2*%((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3856
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) "m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

b

_ 2B./bsec(c + dx)sin(c + dz) (
= y _

B [(b dz))*?d
integral = J (bsec(e + dz))*" dz +/Csecz(c+dx)\/bsec(c+dx) dx

bB)/ ! dz
\/bsec(c+ dr)
+C / sec?(c + dz)+/bsec(c + dz) dx

_ 2B./bsec(c + dx)sin(c + di) N C [(bsec(c + dzx))*? dx __ (bB) [ \/cos(c + dz) dx
N d

b2 v/cos(c + dz)+/bsec(c + dz)

20BE(3(c+ dx)|2) N 2B./bsec(c + dz) sin(c + dx)
dy/cos(c+ dz)+/bsec(c + dz) d

2C’(bsec(c+ dz))*? Sln(c+dx) 1C'/ bsec(c + dz) dr
3

3bd

20BE(3(c+ dx)|2) 2B./bsec(c + dz)sin(c + dx)
- +
dv/cos(c + dz)+/bsec(c + dz) d
N 2C (bsec(c + dx))*/? sin(c + dx)
3bd .

+ %(C’\/cos(c + dx)\/bsec(c + dw)) / ———dx

cos(c + dx)

20BE(i(c+dz)|2)
dy/cos(c+ dz)+/bsec(c + dz)
26’\ /cos(c + dz) EllipticF ( (c + dz),2) /bsec(c + dz)

ZB\/bsec (c+ dx )sin(c + da:) 2C (bsec(c + dx))%/? sin(c + dz)
3bd




250

Mathematica [A] (verified)

Time = 0.53 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.67

/ V'bsec(c+ dz) (Bsec(c + dz) + Csec’*(c + dz)) dzx

bsec(c + dz))¥/? (—6B cosz (c + dz)E( L(c + dz)| 2) + 2C cos? (¢ + dz) EllipticF (%(c + dz),2) + 2(C +
2 2

3bd

[In] Integrate[Sqrt[b*Sec[c + d*x]]*(B*Sec[c + d*x] + CxSecl[c + d*x]~2),x]

[Out] ((b*Secl[c + d*x])~(3/2)*(-6*B*Cos[c + d*x]~(3/2)*EllipticE[(c + d*x)/2, 2]

+ 2xC*Cos[c + d*x]~(3/2)*EllipticF[(c + d*x)/2, 2] + 2%(C + 3*B*Cos[c + d*x
1)*Sin[c + d*x]))/(3%b*d)

Maple [C] (verified)

Result contains complex when optimal does not.

Time = 2.88 (sec) , antiderivative size = 534, normalized size of antiderivative = 3.96

method | result

; d e T ; , d e
parts 2B (z\/cos(d$1+c)+1 \/c‘ff&(mﬁfll EllipticF (i(— cot(dz+c)+csc(dz+c)),i) cos(d:/z:+c)2—z\/Cos(d%l_‘_c)_~_1 \/C(fso&(xj_j)cll EllipticE(:(—
default 2/bsec(dz+c) (31’3 EllipticF (i(— cot(dw—i—c)—}-csc(dz—i—c)),i)\/Cos(dzl+c)+1 \/C;;(Sd(gij)cll cos(dax+c)2—3iB EllipticE(i(— cot(dz+c)-

[In] int((b*sec(d*x+c))~(1/2)*(B*sec(d*x+c)+Cxsec(d*x+c) 2),x,method=_RETURNVERB

0SE)

[Out] 2*B/d*(I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*Ellipti

cF(I*(-cot(d*x+c)+csc(d*x+c)) ,I)*cos(d*x+c) "2-I*(1/(cos(d*xx+c)+1))~(1/2)*(c
os (d*x+c)/(cos(d*x+c)+1))~(1/2)*E1llipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)*cos
(d*x+c) ~2+2xI*(1/(cos(d*x+c)+1) )~ (1/2) *(cos (d*x+c) /(cos (d*x+c)+1))~(1/2)*El
lipticF (I*(-cot(d*x+c)+csc(d*x+c)),I)*cos(d*x+c)-2%I*(1/(cos(d*x+c)+1))~(1/
2) *(cos (d*x+c)/(cos(d*x+c)+1))~(1/2) *E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I
)*cos (d*x+c)+I*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c) /(cos(d*x+c)+1))~(1/2)*E
1lipticF(I*(-cot(d*x+c)+csc(d*x+c)),I)-I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+
c)/(cos(d*x+c)+1))~(1/2)*E1llipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)+sin(d*x+c)
)* (b*xsec(d*x+c) )~ (1/2)/(cos(d*x+c)+1)-2/3*C/d* (b*sec (d*x+c)) ~(1/2) *(I*(1/(c
os(d*x+c)+1))~(1/2) *(cos (d*x+c)/(cos(d*x+c)+1))~(1/2) *EllipticF (I*(-cot (d*x
+c)+csc(d*x+c)) ,I)*cos(d*x+c)+I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d
*xx+c)+1)) " (1/2)*E1lipticF (I*(-cot (d*x+c)+csc(d*x+c)),I)-tan(d*x+c))
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Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.09 (sec) , antiderivative size = 183, normalized size of antiderivative = 1.36

/ V'bsec(c + dz)(Bsec(c + dz) + Csec’*(c + dz)) dz

—iv/2CV/bcos (dz + c) weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) + 3 v/2Cv/bcos (dz + ¢)

[In] integrate((b*sec(d*x+c))~(1/2)*(Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="
fricas")

[Out] 1/3*%(-Ixsqrt(2)*Cxsqrt(b)*cos(d*x + c)*weierstrassPInverse(-4, 0, cos(d*x +
c) + Ixsin(d*x + c)) + I*sqrt(2)*C*sqrt(b)*cos(d*x + c)*weierstrassPInvers

e(-4, 0, cos(d*x + c) - Ixsin(d*x + c)) - 3*I*sqrt(2)*B*sqrt(b)*cos(d*x + c
)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) + Ixsin(d*

X + c))) + 3*I*xsqrt(2)*B*sqrt(b)*cos(d*x + c)*weierstrassZeta(-4, 0, weiers

trassPInverse(-4, 0, cos(d*x + c) - Ixsin(d*x + c))) + 2%(3*B*cos(d*x + c)

+ C)*sqrt(b/cos(d*x + c))*sin(d*x + c))/(d*cos(d*x + c))

Sympy [F]

/ bsec(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

= / Vbsec (c+ dx)(B + Csec(c+ dx)) sec (c + dx) dz

[In] integrate((b*sec(d*x+c))**(1/2)*(B*sec(d*x+c)+Cxsec(d*x+c)**2),x)

[Out] Integral(sqrt(b*sec(c + d*x))*(B + Cxsec(c + dx*x))*sec(c + d*x), x)

Maxima [F]

/\/bsec(c—i- dz)(Bsec(c + dz) + Csec’(c+ dz)) dz
:/(Csec(dw+c)2—I—Bsec(da:-l—c))\/bsec(da:+c)dx

[In] integrate((b*sec(d*x+c))~(1/2)*(Bxsec(d*x+c)+C*sec(d*x+c)”~2),x, algorithm="
maxima")

[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))*sqrt(b*sec(d*x + ¢)), x)
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Giac [F]

/\/bsec(c+ dz)(Bsec(c + dz) + Csec’(c + dz)) dz
:/(Csec(dx+c)2+Bsec(dw—|—c))\/bsec(d:c—i—c)dac

[In] integrate((b*sec(d*x+c))~(1/2)*(B*sec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm="

giac")
[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))*sqrt(b*sec(d*x + c)), x)

Mupad [F(-1)]

Timed out.
/ V'bsec(c + dz)(Bsec(c + dz) + Csec’(c+ dz)) dz

= / (cos (clj—dm) + -~ (c(j_dx)2> mdaz

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(1/2),x)

[Out] int((B/cos(c + d*xx) + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(1/2), x)
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2
3.49 f B sec(c+dx)+C sec”(c+dx) dx
bsec(c+dx)
Optimal result . . . . . . . . . . . e 253]
Rubi [A] (verified) . . . . . . . . . 253
Mathematica [A] (verified) . . . . . . . . . ... 250
Maple [C] (verified) . . . . . . . . . 250
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... .. ...... 2571
Sympy [F] . . o o 257
Maxima [F] . . . . . . o 257
Giac [F] . . . o o 258
Mupad [F(-1)] . . . 258

Optimal result

Integrand size = 32, antiderivative size = 109

dz

/ Bsec(c + dz) + C'sec?*(c + dzx)

V/bsec(c + dz)
B 2CE(L(c+dz)|2)
T dv/cos(c + dz)+/bsec(c + dz)
N 2B,/cos(c + dz) EllipticF (}(c + dz),2) \/bsec(c + dz)
bd

2C/bsec(c + dz) sin(c + dz)
M bd

[Out] -2xC*(cos(1/2*d*x+1/2%c)~2)~(1/2)/cos(1/2*d*x+1/2*c)*E11lipticE(sin(1/2*d*x+
1/2xc),2°(1/2))/d/cos(d*x+c) ~(1/2) / (bxsec(d*x+c) )~ (1/2)+2*%C*sin (d*x+c) * (b*xs
ec(d*x+c))~(1/2) /b/d+2*B* (cos (1/2*d*x+1/2*c) ~2)~(1/2) /cos (1/2*xd*x+1/2%c) *E1l
lipticF(sin(1/2*d*x+1/2%*c) ,27(1/2))*cos(d*x+c)~(1/2) *(b*sec(d*x+c))~(1/2)/b

/d

Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.00,

_ _ ~ number of rules _
number of steps used = 8, number of rules used = 7, integrand size 0.219, Rules used
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= {4132, 3856, 2720, 12, 16, 3853, 2719}

/ Bsec(c + dz) + C'sec?(c + dz) i

bsec(c + dx)
__ 2B./cos(c + dzx) EllipticF (3(c + dx),2) \/bsec(c + dx)
N bd
N 2C sin(c + dz)/bsec(c +dz) 2CE(L(c+dz)|2)
bd dy/cos(c + dz)+/bsec(c + dz)

[In] Int[(BxSec[c + d*x] + CxSec[c + d*x]~2)/Sqrt[b*Sec[c + d*x]],x]

[Out] (-2*CxEllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c + d*x]]
) + (2#B*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[bxSec[c + d*x]])
/(bxd) + (2*CxSqrt[bxSec[c + d*x]]1*Sin[c + d*x])/(b*d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (M )*(v_) /; FreeQ[b, x]1]

Rule 16

Int[(u_.)*(v_ )~ (m_.)*((b_)*(v_))~"(n_), x_Symbol] :> Dist[1/b"m, Int [u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol]l :> Dist[(b*Cscl[c + d*x]
) n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
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EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl[(e_.) + (£f_.)*x(x_)]1*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])~"(m + 1), x], x] + Int[(bxCscl[e + f*x]) m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral =

B [ \/bsec(c+ dz) dz N C sec? (c-l—dx)
b V/bsec( c—l—dm

sec?(c + d) et (B\/cos(c+dx)\/bsec(c+dx)> f\/ﬁdx
T
\/bsec(c+ dzx) b
_2B./cos(c + dx) EllipticF (3(c + dx),2) \/bsec(c + dx) C’f (bsec(c + dx))%? dx

bd b2

_ 2By/cos(c + dr) EllipticF (2 (c+dz),2) \/bsec(c + dz)
bd
4 2C/bsec(c + dz)sin(c + dz) C/ 1 i
bd \/bsec(c+ dzx)
_ 2By/cos(c + dr) EllipticF (2(c+dz),2) \/bsec(c + dz)
bd

N 2C/bsec(c +dz)sin(c+dz) O [ \/cos(c+dz)dz
bd V/cos(c + dz)\/bsec(c + dx)
2CE(3(c+dz)|2)
dy/cos(c + dz)+/bsec(c + dz)

2B\ /cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)

bd

2C/bsec(c + dz) sin(c + dz)
* bd
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Mathematica [A] (verified)

Time = 0.79 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.67

dz

/ Bsec(c + dz) + C'sec?(c + dz)
bsec(c + dz)

2<—CE'( e+ dw)‘ 2) + BEllipticF (3(c + dz),2) + 3%_122)
d\/COS(C + dz) \/b sec(c + dx)

[In] Integrate[(B*Sec[c + d*x] + C*Sec[c + d*x]~2)/Sqrt[b*Sec[c + d*x]],x]
[Out] (2*(-(CxEllipticE[(c + d*x)/2, 2]) + BxEllipticF[(c + d*x)/2, 2] + (C*Sin[c

+ d*x])/Sqrt[Cos[c + d*x]]))/(d*Sqrt[Cos[c + d*x]]*Sqrt[bxSec[c + d*x]])
Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.84 (sec) , antiderivative size = 460, normalized size of antiderivative = 4.22

method | result
_ 2iB,/ m EllipticF (¢(— cot(dz+c)+csc(dz+c)),i) 2C (z EllipticE(i(— cot(dz+-c)+csc(dz+-c)),i) m £/ %

parts —
d+/bsec(dz+c) \/ Ccf:(z(jf_t)?_l
default 2 <iB EllipticF (i(— cot(dz+c)+csc(dz+-c)),i) \/Cos(dml+c)+1 \/afs&(fﬁfll cos(dz+c)—iC EllipticF (i(— cot(dz+c)+csc(dz+-c)),i),
elau —

[In] int((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(1/2),x,method=_RETURNVERB
0SE)

[Out] -2*I*B/d*(1/(cos(d*x+c)+1))~(1/2)*E1llipticF(I*(-cot(d*x+c)+csc(d*x+c)),I)/(
bxsec(d*x+c))~(1/2)/(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)-2*C/d/ (cos (d*x+c)+1)/
(bxsec(d*x+c))~(1/2)*(I*E11lipticE(I*(-cot (d*x+c)+csc(d*x+c)) ,I)*(1/(cos(d*x
+c)+1))~(1/2) *(cos(d*x+c) / (cos (d*x+c)+1) )~ (1/2) *cos (d*x+c) -I*E11lipticF (I* (-
cot (d*x+c)+csc(dxx+c)) ,I)*(1/(cos(d*x+c)+1)) " (1/2)*(cos (d*x+c)/(cos(d*x+c)+
1))~ (1/2)*cos (d*x+c)+2xI*(1/ (cos (d*x+c)+1) )~ (1/2) *(cos (d*x+c) / (cos (d*x+c)+1
))~(1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)) ,I)-2%xI*(1/(cos(d*x+c)+1))~(1/
2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticF (I*(-cot (d*x+c)+csc(d*x+c)),I
)+I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*
(-cot (d*x+c)+csc(d*xx+c)),I)*sec(d*x+c)-I*(1/(cos(d*x+c)+1))~(1/2)*(cos (d*x+
c)/(cos(d*x+c)+1))~(1/2)*E1lipticF (I*(-cot (d*x+c)+csc(d*x+c)),I)*sec(d*x+c)
-tan(d*x+c))
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Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.10 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.31

/ Bsec(c + dz) + C'sec?(c + dz) e
bsec(c + dx)

—iv/2B+/bweierstrassPInverse(—4, 0, cos (dz + c) + i sin (dz + ¢)) + i v/2Bv/bweierstrassPInverse(—4, (

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm="
fricas")

[Out] (-I*sqrt(2)*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x +
c)) + Ixsqrt(2)*B*xsqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(

d*xx + c)) - Ixsqrt(2)*Cxsqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(

-4, 0, cos(d*x + c) + Ixsin(d*x + c))) + Ixsqrt(2)*Cxsqrt(b)*weierstrassZet

a(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c))) + 2*xCxs
qrt(b/cos(d*x + c))*sin(d*x + c))/(b*d)

Sympy [F]

/Bsec(c+dx)+Cse02(c+dx)d _/(B—i-Csec(c—i—dx))sec(c—l-dx) i

\/bsec(c+ dzx) a bsec (¢ + dx)

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)**2)/(bxsec(d*x+c))**(1/2),x)
[Out] Integral((B + C*sec(c + d*x))*sec(c + dxx)/sqrt(bxsec(c + d*x)), x)

Maxima [F]

/Bsec(c+dx)+Csec2(c+dx) dp — / C'sec (dz + ¢)* + Bsec (dz + c) s

bsec(c + dzx) bsec (dz + )

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm="
maxima")

[Out] integrate((C*sec(d*x + c)~2 + B*sec(d*x + c))/sqrt(b*sec(d*x + c)), x)
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Giac [F]

/ Bsec(c + dz) + C'sec?(c + dz) dr — / C'sec (dz + ¢)* + Bsec (dz + c) i
bsec(c + dx) bsec (dz + ¢)

[In] integrate((Bxsec(d*x+c)+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(1/2),x, algorithm="

giac")
[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))/sqrt(b*sec(d*x + c)), x)

Mupad [F(-1)]

Timed out.

/ Bsec(c+ dzx) + C'sec®*(c + dx / cos(c—i—dw) cos(c+dx)2 dx

/bsec(c+ dx) /COS i

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(1/2),x%)
[Out] int((B/cos(c + d*x) + C/cos(c + d*xx)~2)/(b/cos(c + d*x))~(1/2), x)
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2
3.50 f B sec(c+dz)+C sec (20+d3:) dx
(bsec(c+dzx))3/
Optimal result . . . . . . . . . . . e 259
Rubi [A] (verified) . . . . . . . . 259
Mathematica [A] (verified) . . . . . . . . . . .. 2611
Maple [C] (verified) . . . . . . . . . ... 261]
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ..... 262
Sympy [F] . . o 262
Maxima [F] . . . . . . 262
Giac [F] . . . o o 2631
Mupad [F(-1)] . . . o 263

Optimal result

Integrand size = 32, antiderivative size = 85

/Bsec(c+dm)+Csec2(c+dx) v 2BE(1(c+dz)|2)
(bsec(c + dz))3/2 bd+/cos(c + dz)+/bsec(c + dz)
N 2C\/cos(c + dz) EllipticF (3 (c + dz),2) \/bsec(c + dz)
b2d

[Out] 2*B*(cos(1/2xd*x+1/2%*c)~2)~(1/2)/cos(1/2*d*x+1/2%c)*E1llipticE(sin(1/2*d*x+1
/2%c) ,27(1/2))/b/d/cos(d*x+c) ~(1/2) / (bxsec(d*x+c)) ~(1/2)+2*C* (cos (1/2*d*x+1
/2%c)~2)~(1/2) /cos(1/2*%d*x+1/2*c)*E1lipticF (sin(1/2*d*x+1/2%c) ,27(1/2))*cos
(d*x+c) = (1/2) * (b*sec(d*x+c))~(1/2) /b~2/4d

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6 number of rules _ 0.188, Rules used = {4132,

’ integrand size
3856, 2719, 12, 16, 2720}

/ Bsec(c + dz) + C'sec?(c + dz) o 2C/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
(bsec(c + dz))3/2 b2d
2BE(1(c+dz)|2)
bd+\/cos(c + dz)\/bsec(c + dz)

[In] Int[(B*Secl[c + d*x] + CxSec[c + d*x]~2)/(b*Sec[c + d*x])~(3/2),x]

[Out] (2#B*EllipticE[(c + d*x)/2, 2])/(b*d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c + d*x]
1) + (2%C*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + dxx]]
)/ (b™2x%d)
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 16

Int[(u_)*(v )~ (m_.)*((b_)*(v_))~"(n_), x_Symbol] :> Dist[1/b"m, Int [u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xl]

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]°n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral =

B W / C'sec’(c + dx)
dz
bsec(c + dz))3/2

=C/( sec?(c + dr) p B [ /cos(c+ dz) dz

T
bsec(c + dx))3/2 by/cos(c + dz)+/bsec(c + dz)

2BE(%(c+dz)|2) C’f bsec(c+ dz)dx
b2

bd\/cos c+ dz)+/bsec( c—i—dx)

B 2BE(1(c+ dz)| 2) N (C\/COS(C+d$)\/bSGC(C+d$)) fmdx
~ bdy/cos(c + dx)+/bsec(c + dz) b2
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2BE(3(c+ dz)|2) N 2C\/cos(c + dz) EllipticF (3 (c + dz), 2) \/bsec(c + dz)

N bd+/cos(c + dz)\/bsec(c + dz) b2d

Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.67

_ 2(BE(3(c+ dz)|2) + CEllipticF (3(c + dz),2))

/ Bsec(c + dz) + C'sec?(c + dz)
(bsec(c + dx))3/? bd+/cos(c + dz)+/bsec(c + dz)

dz

[In] Integrate[(B*Sec[c + d*x] + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(3/2),x]

[Out] (2*(B*EllipticE[(c + d*x)/2, 2] + C*EllipticF[(c + d*x)/2, 2]))/(bxd*Sqrt([C
os[c + d*x]]*Sqrt[b*Sec[c + dx*x]])

Maple [C] (verified)

Result contains complex when optimal does not.

Time = 2.86 (sec) , antiderivative size = 414, normalized size of antiderivative = 4.87

method | result
(ic\/—i(ei(dw+c)+i) V2 \/1 (etldzte) ) Viei(dz+e) EllipticF( —i(ei(dw+c)+i),§> ( 2(be2i(da-
% 4Bl ——
) Vb e3i(dzte) 4 i(date) b Jei(dz+c) (b
risch ——iBV2 — (
db b et(dz+c)
e2i(dz+c)
parts 2B (z EllipticE(¢(— cot(dz+c)+csc(dz+c)),i) \/Cos(dm1+c)+1 \/ccfso(sd(‘:il—)c‘?‘l cos(dz+c) —i\/cos(dz1+c)+1 \/Coc:(sd(;iit)a)_l EllipticF (4(-
2’iB\/<(1—cos(d:v-',-c))2 csc(dac+c)2+1) ((1—cos(dz-i-c))2 csc(dx+c)2—1) \/(l—cos(d:1:+c))2 csc(dz+c)2+1 \/—(l—cos(dw+c))2 cs
default

[In] int((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(3/2),x,method=_RETURNVERB

0SE)

[Out] -IxB/d*27(1/2)/b/(b*exp(I*(d*x+c))/(exp(I*(d*x+c))~2+1))~(1/2)-I/d*(I*C*(-I
* (exp (I*(d*x+c))+I))~(1/2)*27(1/2)* (I*(exp (I*(d*x+c))-I))~(1/2)*(Ixexp(I*(d
*xx+c))) ~(1/2)/ (b*exp(I*(d*x+c)) ~3+b*exp (I*(d*x+c)))~(1/2)*E1llipticF((-I*(ex
p(I*(d*x+c))+I))~(1/2),1/2%x27(1/2) ) +B* (-2* (b*exp (I* (d*x+c)) ~2+b) /b/ (exp (I*(
dxx+c) ) * (b*xexp (I*(d*x+c)) ~2+b) )~ (1/2)+I* (-I* (exp(I*(d*x+c))+I))~(1/2)*2~(1/
2) *(I*(exp (I*(d*x+c))-I))~(1/2)*(I*exp(I*(d*x+c)))~(1/2)/(bkexp (I*(d*x+c))~
3+bxexp (I* (d*x+c)) )~ (1/2) *(-2+I*E1lipticE((-I*(exp(I*(d*x+c))+I))~(1/2),1/2
*27(1/2) )+I*E1lipticF ((~I*(exp(I*(d*x+c))+I))~(1/2),1/2%x27(1/2)))))*2~(1/2)
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/b/ (exp (I*(d*x+c))~2+1)/(b*exp (I*(d*x+c))/(exp(I*(d*x+c))~2+1))~(1/2) *(b*ex
p(Ix(d*x+c))*(exp(I*(d*x+c))~2+1))~(1/2)

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.09 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.44

/ Bsec(c + dz) + C'sec?(c + dz) dp— —i1/2C/bweierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + c)) -
(bsec(c + dx))3/? B

[In] integrate((Bxsec(d*x+c)+Cxsec(d*x+c) 2)/(bxsec(d*x+c))~(3/2),x, algorithm="
fricas")

[Out] (-I*sqrt(2)*C*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x +
c)) + Ixsqrt(2)*Cxsqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(
d*x + c)) + Ixsqrt(2)*Bxsqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(
-4, 0, cos(d*x + c) + Ixsin(d*x + c))) - I*sqrt(2)*B*sqrt(b)*weierstrassZet
a(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c))))/(b"2xd

)

Sympy [F]

dz

/ Bsec(c + dz) + C'sec?(c + dz) dr — / (B + Csec(c+ dx))sec(c+ dzx)
(bsec(c + dz))3/? (bsec (c+ dr))%

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)**2)/(bxsec(d*x+c))**(3/2),x)
[Out] Integral((B + Cxsec(c + d*x))*sec(c + dx*x)/(b*sec(c + d*x))**(3/2), x)

Maxima [F]

dz

/ Bsec(c + dz) + C'sec?(c + dz) dp — / C'sec (dz + ¢)? + Bsec (dz + c)
(bsec(c + dz))?/2 (bsec (dz + c))%

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm="
maxima")

[Out] integrate((C*sec(d*x + c)~2 + B*sec(d*x + c))/(b*sec(d*x + ¢))~(3/2), x)
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Giac [F]

Bsec(c + dz) + C'sec?(c + dz) C'sec (dz + ¢)* + Bsec (dz + c)
372 dr = 3 dz
(bsec(c + dx)) (bsec (dz +c))?

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm="

giac")
[Out] integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c))/(b*sec(d*x + ¢))~(3/2), x)

Mupad [F(-1)]

Timed out.

/ Bsec(c + dz) + C'sec?(c + dz) dp — / cos(cidz) + cos(cidw)z Iz
(bsec(c + dx))3/? B b 3/2
<cos(c+d:1:)>

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(3/2),x)
[Out] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(3/2), x)
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2
3.51 f B sec(c+dx)+C sec”(c+dx) dx
(bsec(c+dz))>/2

Optimal result . . . . . . . . . . . . e 264
Rubi [A] (verified) . . . . . . . . 264
Mathematica [A] (verified) . . . . . . . . . .. L
Maple [C] (verified) . . . . . . . . . 260
Fricas [C] (verification not implemented) . . . . . . . ... ... ... .. ....... 267
Sympy [F] . . o 268
Maxima [F] . . . . . . 268
Giac [F] . . . o o 268
Mupad [F(-1)] . . . 268

Optimal result

Integrand size = 32, antiderivative size = 116

Bsec(c+dx) + Csec®’(c+dx) , 2CE(3(c+dz)|2)
/ (bsec(c + dx))/2 e b2d+/cos(c + dz)+/bsec(c + dx)
2B/cos(c + dz) EllipticF ((c + dz),2) \/bsec(c + dz) 2Bsin(c + dz)
+ 3b%d 362+ /bsec(c + dz)

[Out] 2/3*Bxsin(d*x+c)/b~2/d/(bxsec(d*x+c))~(1/2)+2xC*(cos(1/2*d*x+1/2*c)~2)~(1/2
)/cos(1/2xd*x+1/2*%c)*E1lipticE(sin(1/2*d*x+1/2%c),27(1/2))/b~2/d/cos(d*x+c)
~(1/2)/ (b*sec(d*x+c) )~ (1/2)+2/3*Bx (cos (1/2*d*x+1/2%c) ~2) ~(1/2) /cos (1/2*d*x+
1/2%c)*E1lipticF(sin(1/2*%d*x+1/2%c) ,27(1/2))*cos(d*x+c) ~(1/2)* (b*sec (d*x+c)
)~(1/2)/b=3/d

Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 7, Lumber of rules _ 0.219, Rules used

' integrand size
= {4132, 3854, 3856, 2720, 12, 16, 2719}

/ Bsec(c + dz) + C'sec?(c + dz) o — 2B+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
(bsec(c + dx))>/2 B 3b3d
2Bsin(c + dz) 2CE(L(c+dx)|2)

+ +
3b2d\/bsec(c+dz)  b2d\/cos(c + dz)\/bsec(c + dz)

[In] Int[(B*Sec[c + d*x] + CxSec[c + d*x]~2)/(b*Sec[c + d*x])~(5/2),x]
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[Out] (2xC#EllipticE[(c + d*x)/2, 2])/(b~2*d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c + d*
x]]) + (2xBxSqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d*x
11)/(3%b~3xd) + (2*B*Sin[c + d#*x])/(3*b~2*d*Sqrt[b*Sec[c + d*x]])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 16

Int[(u_.)*(v_ )~ (m_.)*((b_)*(v_))~"(n_), x_Symbol] :> Dist[1/b"m, Int [u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csc[c + d*x])"(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Csclc +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]
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Rubi steps

dz

Bf—Y ___dr O sec? J
integral = / (bsec(c+da))®/2 / : sec’(c + dx)

b bsec(c + dz))5/2

2Bsin(c + dx) B [ \/bsec(c+ dz) dzx sec?(c + dz)
= + 3 +C 572 dz
3b2d\/bsec(c + dz) 3b (bsec(c + dx))

2Bsin(c + dz) C /[ —\/bsecl(Tdm) dx .\ (B\/cos(c + dz)+/bsec(c + dx)) i —Cos(chrdm) dx

= +
3b2d/bsec(c + dz) b? 3b3

_ 2By/cos(c + dz) EllipticF (3(c+ dz),2) \/bsec(c + dz)

B 3b3d

N 2B sin(c + dz) N C [ \/cos(c+ dz)dzx
3b2d\/bsec(c +dz)  b2y/cos(c + dz)+/bsec(c + dx)
B 2CE(%(c+dz)|2)
 b2dy/cos(c + dz)+/bsec(c + dx)
N 2B+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz) 2Bsin(c + dx)

3b3d 3b%d+/bsec(c + dx)

Mathematica [A] (verified)

Time = 0.51 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.70

P Bsin(2(c+dzx))
/ Bsec(c + dz) + C'sec?(c + da) o 6CE(%(c+ dz)|2) + 2BEllipticF (3(c + dz),2) + el

(bsec(c + dzx))>/? 3b2d/cos(c + dz)+/bsec(c + dz)

[In] Integrate[(B*Sec[c + d*x] + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(5/2),x]

[Out] (6xC+EllipticE[(c + d*x)/2, 2] + 2xB#EllipticF[(c + d*x)/2, 2] + (B*Sin[2x(
c + d*x)])/Sqrt[Coslc + d*x]])/(3*b~2*d*Sqrt [Cos[c + d*x]]*Sqrt[b*Sec[c + d
*x]11)

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.73 (sec) , antiderivative size = 536, normalized size of antiderivative = 4.62
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method | result

_ 2B(i\/argm V e &L EllipticF (i( — cot(da-+0)-+eso(da+0)).0) 4y / cosaarerss V ety BUlipticE (i(— cot(da
3d./bsec(dz+c) b2

parts

2( 2B EllipticF (i(— cot(dx+c)+csc(dx+c)),i L cos(date) oo dx+c)+3iC EllipticF (i(— cot(dz+c)+csc(dz+c
< cos(dz+c)+1 cos(dz+c)+1

default | —

[In] int((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(5/2),x,method=_RETURNVERB
0SE)

[Out] -2/3%B/d/(b*sec(d*x+c))~(1/2) /b~ 2% (I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(
cos(d*x+c)+1))~(1/2)*E1llipticF (I*(-cot(d*x+c)+csc(d*x+c)) ,I)+I*(1/(cos(d*x+
c)+1))~(1/2)*(cos(d*x+c) /(cos (d*x+c)+1) )~ (1/2) *E1lipticF (I*(-cot (d*x+c)+csc
(d*x+c)) ,I)*sec(d*x+c)-sin(d*x+c) ) +2%C/b~2/d/ (cos (d*x+c)+1) / (b*sec(d*x+c) )~
(1/2)*(I*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)) ,I)*(1/(cos(d*x+c)+1))~(1/2)*(
cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*cos (d*x+c)-I*EllipticF (I*(-cot (d*x+c)+csc(
dxx+c)) ,I)*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*cos(d
*xx+c) +2*%I* (1/ (cos(d*x+c)+1)) ~(1/2) *(cos (d*x+c) / (cos (d*x+c)+1) ) ~(1/2) *Ellipt
icE(I*(-cot (d*x+c)+csc(d*xx+c)) ,I)-2*%I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/
(cos(d*x+c)+1))~(1/2)*E1lipticF (I*(-cot (d*x+c)+csc(d*x+c)),I)+I*(1/(cos(d*x
+c)+1) )~ (1/2) *(cos(d*x+c) / (cos (d*x+c)+1) )~ (1/2) *E11lipticE(I*(-cot (d*x+c)+cs
c(d*x+c)) ,I)*sec(d*x+c)-I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/ (cos(d*x+c)+
1))~ (1/2)*EllipticF (I*(-cot (d*x+c)+csc(d*x+c)),I)*sec(d*x+c)+sin(d*x+c))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.10 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.29

2B,/ Wbm.,.c) cos (dz + ¢) sin (dz + ¢) — i v/2Bv/bweierstrassPInve
dr =

/ Bsec(c + dz) + C'sec?(c + dz)
(bsec(c + dx))5/2

[In] integrate((Bxsec(d*x+c)+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(5/2),x, algorithm="
fricas")

[Out] 1/3*%(2*B*sqrt(b/cos(d*x + c))*cos(d*x + c)*sin(d*x + c) - I*sqrt(2)*B*sqrt(
b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c)) + I*sqrt(2)=*B*

sqrt (b) *weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) + 3*xIxsqr

t(2) *C*xsqrt (b) *weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x +

c) + I*sin(d*x + c))) - 3*Ixsqrt(2)*Cxsqrt(b)*weierstrassZeta(-4, 0, weiers
trassPInverse(-4, 0, cos(d*x + ¢) - I*sin(d*x + c))))/(b~3%d)
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Sympy [F]

Bsec(c + dz) + C'sec?(c + dz) (B + Csec(c+ dx))sec(c+ dzx)
52 dr = = dz
(bsec(c + dz)) (bsec (c+ dx))?

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)**2)/(bxsec(d*x+c))**(5/2),x)
[Out] Integral((B + Cxsec(c + d*x))*sec(c + dx*x)/(b*sec(c + d*x))**(5/2), x)

Maxima [F]

Bsec(c + dz) + C'sec?(c + dz) C'sec (dz + ¢)? + Bsec (dz + c)
52 dz = 5 dz
(bsec(c + dz)) (bsec (dz + c))?

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm="
maxima")

[Out] integrate((C*sec(d*x + c)~2 + B*sec(d*x + c))/(b*sec(d*x + ¢))~(5/2), x)

Giac [F]

/ Bsec(c + dz) + C'sec?(c + dz) dp — / C'sec (dz + ¢)* + Bsec (dz + c) i
(bsec(c + dz))>/2 (bsec (dz + c))?

[In] integrate((B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm="
giac")
[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))/(b*sec(d*x + ¢))~(5/2), x)

Mupad [F(-1)]

Timed out.

/ Bsec(c + dzx) + C'sec?(c + dzx) p / cos(fi—dx) + cos(cidx)z d
T = T
(bsec(c + dx))>/? b 5/2
(cos(c+dw)>

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2),x%)
[Out] int((B/cos(c + d*x) + C/cos(c + d*xx)~2)/(b/cos(c + d*x))~(5/2), x)



269

2
3.59 f Bsec(c+dz)+C sec7 (20+d3:) dx
(bsec(c+dzx))7/
Optimal result . . . . . . . . . . . . . e 269
Rubi [A] (verified) . . . . . . . . . . 269
Mathematica [A] (verified) . . . . . . . . . ... 2711
Maple [C] (verified) . . . . . . . . . .. 2721
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ........ 272
Sympy [F] . . o 273
Maxima [F] . . . . . o 273
GIAC [F] .« o o e e 73
Mupad [F(-1)] . . . . o 274

Optimal result

Integrand size = 32, antiderivative size = 147

/Bsec(c+dx)+Cse02(c+dx) . 6BE(1(c+dz)|2)
(bsec(c + dz))7/2 5b3d+/cos(c + dz)/bsec(c + dz)

26’\ /cos(c + dz) EllipticF (1(c + dz),2) \/bsec(c + dz)
3b*d
2Bsin(c + dx) 2C'sin(c + dx)

+ 5b2d(bsec(c + dm))3/2 3b3d+/bsec(c + dzx)

[Out] 2/5*B*sin(d*x+c)/b~2/d/(b*sec(d*x+c))~(3/2)+2/3*Cxsin(d*x+c)/b~3/d/ (b*sec(d
*xx+c) )~ (1/2)+6/5%B* (cos (1/2xd*x+1/2*c) ~2) ~(1/2) /cos(1/2*d*x+1/2*c)*Elliptic
E(sin(1/2xd*x+1/2*c) ,2"(1/2)) /b~3/d/cos(d*x+c) ~(1/2) / (b*sec(d*x+c)) ~(1/2)+2

/3%C* (cos (1/2xd*x+1/2%c)~2)~(1/2) /cos(1/2*d*x+1/2*c)*E1lipticF (sin(1/2*d*x+
1/2%c) ,27(1/2) ) *cos(d*x+c) " (1/2) * (bxsec(d*x+c))~(1/2) /b~4/d

Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.00,
number of steps used = 9, number of rules used = 7, Lumber of rules _ () 219, Rules used

' integrand size
= {4132, 3854, 3856, 2719, 12, 16, 2720}

/ Bsec(c + dz) + C'sec?(c + dz) dp— 2C/cos(c + dz) EllipticF (1(c + dz),2) \/bsec(c + dz)
(bsec(c + dzx))7/? 3btd
N 6BE(3(c+dz)| 2) 2C sin(c + dz) 2Bsin(c + dz)
5b3d+/cos(c + dx)\/bsec(c + dx) 3b3d\/m 5b%d(bsec(c + dx))3/2

[In] Int[(B*Sec[c + d*x] + CxSecl[c + d*x]~2)/(b*Sec[c + d*x])~(7/2),x]
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[Out] (6*B*EllipticE[(c + d*x)/2, 2])/(56xb~3*d*Sqrt[Cos[c + d*x]]*Sqrt[bxSec[c +
d*x]]) + (2xCxSqrt[Cos[c + dxx]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d
*x]])/(3%¥b~4xd) + (2*%B*Sin[c + d*x])/(5*b~2*d*(b*Sec[c + dxx])~(3/2)) + (2%
CxSin[c + d*x])/(3*b~3xd*Sqrt [b*Sec[c + d*x]])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 16

Int[(u_)*(v_ )~ (m_.)*((b_)*(v_))"(n_), x_Symbol] :> Dist[1/b"m, Int [u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*xx), 2], x] /; FreeQ[{c, d}, x]

Rule 2720

Int[1/Sqrtlsinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)+*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xI]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csc[c + d*x])"(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Csclc +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] & LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d#*x]
)~n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]x*
(B_.) + cscl(e_.) + (f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) "m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]
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Rubi steps
B ——L —dx C sec?
: _ (bsec(c+da))5/2 sec’(c + dx)

integral = b / (bsec(c + dz))7/? dz
_ 2Bsin(c+dx) (3B) [ —\/bsecl(sz) dx N C/ sec?(c + dx) i
 5b2d(bsec(c + dx))3/? 553 (bsec(c + dx))7/2
_ 2Bsin(c+dx) 4 cJ W dx (3B) [ \/cos(c+ dz) dz
~ 5b2d(bsec(c + dzx))3/2 b2

5b%\/cos(c + dz)+/bsec(c + dz)

6BE(3(c+dz)|2) 2Bsin(c + dx)
5b3d\/cos(c + dz)\/bsec(c + dx) ~ 5b*d(bsec(c + dz))3/2

2C sin(c + dx) C [ /bsec(c+ dz)dzx
+ + :
3b3d+/bsec(c + dx) 3b
6BE(3(c+dz)|2) 2Bsin(c + dx)

5b3d\/cos (c + dx)/bsec(c + dx)  5b%d(bsec(c+ dz))*/?

.\ 2C sin(c + dz) (C’\/cos(c + dz)+/bsec(c + dw)) i \/ﬁ dz
3b3d+/bsec(c + dz) 3b*

6BE(1(c+ dz)|2)

5b3d+/cos(c + dx)\/bsec(c + dz)

2C\/cos (¢ + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
3b*d
2Bsin(c + dx) 2C'sin(c + dx)

+ 5b2d(bsec(c + dx))3/2 + 3b3d+/bsec(c + dzx)

Mathematica [A] (verified)

Time = 1.24 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.62

Bsec(c + dz) + C'sec?(c + dx) 2\/cos(c + dx) \/b sec(c + dx) <QBE( %(c + dm)‘ 2) + 5C EllipticF
/ (bsec(c + dx))7/? dz = T

[In] Integrate[(B*Sec[c + d*x] + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(7/2),x]

[Out] (2xSqrt([Cos[c + d*x]]*Sqrt[b*Sec[c + d*x]]*(9*B*EllipticE[(c + d*x)/2, 2] +
5*xCxEllipticF[(c + d*x)/2, 2] + Sqrt[Cos[c + d*x]]*(5*%C + 3*BxCos[c + dxx]
)*Sin[c + d*x]))/(15%xb~4*d)
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 2.81 (sec) , antiderivative size = 566, normalized size of antiderivative = 3.85

method | result

P . d . d e T
2B (32 EllipticE(¢(— cot(dz+c)+csc(dz+c)),i) \/Cos(dz1+c>+1 \/Cs;)(il(mi-;c-’)_l cos(dz+c) _31\/cos(dz1+c)+1 \/C;“J&(ﬁj_—zﬁl EllipticF (i(-

parts

6iB EllipticF (i(— cot(dw+c)+csc(dw+c)),i)\/Cos(dml+c)+1 \/css(id(;iit)c-ﬁ)-l cos(dz+c) 6iB EllipticE(i(— cot(dz+c)+csc(dz+c)),i), / m
+
5 5

default

[In] int((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(7/2),x,method=_RETURNVERB
0SE)

[Out] 2/5*%B/d/(cos(d*x+c)+1)/(b*sec(d*x+c))~(1/2)/b~3*(3*I*(1/(cos(d*x+c)+1))~(1/
2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I
)*cos (d*x+c)-3*I*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c) /(cos(d*x+c)+1))~(1/2)
*E11ipticF (I*(-cot(d*x+c)+csc(d*x+c)),I)*cos(d*x+c)+6*I*(1/(cos(d*x+c)+1))~
(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E11lipticE(I*(-cot (d*x+c)+csc(d*x+c)
), I)-6%I%(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*Ellipti
cF(I*(-cot (d*x+c)+csc(d*x+c)) ,I)+3*I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(
cos(d*x+c)+1))~(1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)*sec(d*x+c)-3*I
*(1/ (cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1l1lipticF (I*(-c
ot (d*x+c)+csc(d*x+c)) ,I)*sec(d*x+c)+cos(d*x+c) “2xsin(d*x+c)+sin(d*x+c) *cos(
d*x+c)+3*sin(d*x+c))-2/3*C/d/ (b*sec(d*x+c))~(1/2) /b~3*(I*(1/(cos(d*x+c)+1))
~(1/2)*(cos (d*x+c) /(cos (d*x+c)+1) ) ~(1/2) *E1lipticF (I*(-cot (d*x+c)+csc(d*x+c
)),I)+I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*Elliptic
F(I*(-cot(d*x+c)+csc(d*x+c)),I)*sec(d*x+c)-sin(d*x+c))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.10 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.12

/ Bsec(c + dz) + C'sec?(c + dz) , — 54 /2C/bweierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + c))
(bsec(c + dx))7/?

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm="
fricas")

[Out] 1/15%(-5%I*sqrt(2)*Cxsqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*si
n(d*x + c)) + B*I*sqrt(2)*C*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c)
- Ixsin(d*x + c)) + 9*xIxsqrt(2)*Bxsqrt(b)*weierstrassZeta(-4, 0, weierstra
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ssPInverse(-4, 0, cos(d*x + c) + Ixsin(d*x + c))) - 9*I*sqrt(2)*B*sqrt(b)*w
eierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c¢) - I*sin(d*x +
c))) + 2x(3*Bxcos(d*x + c)~2 + b*Ckcos(d*x + c))*sqrt(b/cos(d*x + c))*sin(
d*x + c))/(b”4%d)

Sympy [F]

dz

/ Bsec(c + dz) + C'sec?*(c + dzx) dp — / (B + C'sec(c+ dz)) sec (c + dzx)
(bsec(c + dz))"/ (bsec(c+ dx))%

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)**2)/(bxsec(d*x+c))**(7/2),x)
[Out] Integral((B + Cxsec(c + dxx))*sec(c + dxx)/(b*sec(c + d*x))**(7/2), x)

Maxima [F]

Bsec(c + dz) + C'sec?(c + dz) C'sec (dz + ¢)* + Bsec (dz + )
2 dz = = dz
(bsec(c + dx)) (bsec (dz + ¢))?

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm="

maxima")

[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))/(b*sec(d*x + ¢))~(7/2), x)

Giac [F]

dz

/ Bsec(c + dz) + C'sec?(c + dz) dp — / C'sec (dz + ¢)? + Bsec (dz + c)
(bsec(c + dz))/2 (bsec (dz + c))%

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm="
giac")

[Out] integrate((C*sec(d*x + c)~2 + B*sec(d*x + c))/(b*sec(d*x + ¢))~(7/2), x)
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Mupad [F(-1)]

Timed out.

/ Bsec(c+ dzx) + C'sec?(c + dzx) dr — / cos(clidx) + cos(cidx)z dx
(bsec(c + dx))7/? B b 7/2
(cos(c+dm)>

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2),x%)
[Out] int((B/cos(c + d*x) + C/cos(c + d*xx)~2)/(b/cos(c + d*x))~(7/2), x)
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Optimal result

Integrand size = 32, antiderivative size = 176

/Bsec(c+dx)+Csecz(c+dx) . 6CE(3(c+ dz) ]2)
(bsec(c + dz))*/? 5btd+/cos(c + dz)\/bsec(c + dz)

1OB\ /cos(c + dz) EllipticF (1(c + dz),2) \/bsec(c + dz)
21b%d
2Bsin(c + dx) 2C'sin(c + dx) 10Bsin(c + dz)

+ Tv2d(bsec(c + dx))>/? + 5b3d(bsec(c+ dx))*?  21b4dy/bsec(c + dx)

[Out] 2/7*B*sin(d*x+c)/b~2/d/(b*sec(d*x+c)) ~(5/2)+2/5*%Cxsin(d*x+c)/b~3/d/ (b*sec(d
*x+c)) " (3/2)+10/21*B*sin(d*x+c) /b~4/d/ (bxsec(d*x+c)) ~(1/2)+6/5*C* (cos (1/2*d
*xx+1/2%c)~2)~(1/2) /cos(1/2*d*x+1/2xc)*E11lipticE(sin(1/2*d*x+1/2%c),27(1/2))
/b~4/d/cos(dxx+c) ~(1/2)/ (b*xsec(d*x+c)) " (1/2)+10/21*B* (cos (1/2*d*x+1/2%c) ~2)
~(1/2) /cos(1/2xd*xx+1/2*xc) *E1lipticF (sin(1/2*d*x+1/2%*c) ,2"(1/2))*cos (d*x+c)”

(1/2) *(b*sec(d*x+c))~(1/2)/b~5/4

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.00,
number of steps used = 10, number of rules used = 7, dumber of rules _ 4 919 Ryles used

' integrand size
= {4132, 3854, 3856, 2720, 12, 16, 2719}

/ Bsec(c + dz) + C'sec?(c + dz) p 10B+/cos(c + dz) EllipticF (3 (c + dz),2) \/bsec(c + dz)

(bsec(c + dx))9/? v 21b5d
N 10Bssin(c + dx) N 6CE(3(c+ dz)|2)
21b*d+/bsec(c + dz)  5bid\/cos(c + dz)+/bsec(c + dz)
2C'sin(c + dx) 2Bsin(c + dx)

5b3d(bsec(c + dx))3/2 ~ Tb2d(bsec(c + dx))>/?
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[In] Int[(B*Sec[c + d*x] + CxSec[c + d*x]~2)/(b*Sec[c + d*x])~(9/2),x]

[Out] (6*%C*EllipticE[(c + d*x)/2, 2])/(5%b~4*xd*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c +
d*x]]) + (10*%B*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c +
d*x]])/(21%b~6xd) + (2xB*Sin[c + d*x])/(7*b~2xd*(b*Sec[c + d*x])~(5/2)) + (
2%CxSin[c + d*x])/(56xb~3*d*(b*Sec[c + d*x])~(3/2)) + (10%BxSin[c + d*x])/(2
1xb~4*d*Sqrt [bxSec[c + d*x]])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 16

Int[(u_.)*(v_ )~ (m_.)*((b_)*(v_))~"(n_), x_Symbol] :> Dist[1/b"m, Int [u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] & IntegerQ[m]

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csc[c + d*x])~(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b~2*n), Int[(b*Csc[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] & LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d#*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])~"(m + 1), x], x] + Int[(bxCscl[e + f*x]) m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]
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Rubi steps

integral =

dz

BJ (bsec(c—}l-da:))7/2 dx / C sec?(c + dx)
b (bsec(c + dz))9/?

_ 2Bsin(c+dx) N (5B) [ W dx N / sec?(c + dx) i
~ Tb2d(bsec(c + dx))5/2 b3 (bsec(c + dx))9/?

_ 2Bsin(c+dx) 10Bsin(c + dz)

~ 7b%d(bsec(c + dz)) 5/2 21btd./bsec(c + dz)

(5B [ \/bsec(c + dz) dz Cdex
21b° b?
_ 2Bsin(c+dx) 2C'sin(c + dx) 10Bsin(c + dz)
~ 7bh2d(bsec(c+dz))5/2 * 5b3d(bsec(c + dzx))3/2 21b4d\/m

1 ——
. (30)]mdx s <5B\/cos (c + dz)+/bsec(c + dz) ) i \/de

5b* 21b°
1OB\/cos (¢ + dz) EllipticF (3 (c + dz),2) \/bsec(c + dz) 2B sin(c + dx)
21b65d Tv2d(bsec(c + dx))>/2

2C'sin(c + dx) 10Bsin(c + dz) N (3C) [ \/cos(c+ dz) dz
5b3d(bsec(c + dz))*? * 21btd+/bsec(c + dz) 5b*\/cos(c + dx)+/bsec(c + dz)
3 6CE(3(c+dz)|2)
~ 5btdy/cos(c + dx)+/bsec(c + dz)

IOB\ /cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
21b%d
2Bsin(c + dx) 2C'sin(c + dx) 10Bsin(c + dz)

Tod(bsec(c + dz))/2 | Bhd(bsec(c+ dz))*2 | 21bidy/bsec(c 1 da)

Mathematica [A] (verified)

Time = 1.32 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.59

\/bsec(c + dzx) (2520\/005 (c+ dz)E(i(c+ dz)|2) + 100B+/cos(

/ Bsec(c+ dz) + C'sec?(c + dz)

(bsec(c + dzx))%/? do=

[In] Integrate[(B*Sec[c + d*x] + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(9/2),x]

[Out] (Sqrt[b*Sec[c + d*x]]*(252%CxSqrt[Cos[c + d*x]]*EllipticE[(c + d*x)/2, 2] +
100*#B*Sqrt [Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2] + (65%B + 42xCxCos[c +
d*x] + 15%B*Cos[2*(c + d*x)])*Sin[2x(c + d*x)]))/(210%b~5%d)
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.72 (sec) , antiderivative size = 582, normalized size of antiderivative = 3.31

method | result

. 1 cos(dz+c) e . . . 1 cos(dz+c) g .
_ 2B (51\/C°s(dz+c)+1 \/cos(sdz+c)+1 EllipticF (i(— COt(dz+C)+CSC(dz+C))’Z)+5Z\/cos(dz+c)+1 \/cos(dz+c)+1 EllipticF (i(— cot(dx
21d+/bsec(dz+c) b

) d e ) . d .
_ 2(—6310\/ ot dw1+c> T \/ C;;’(Z(zf_j)cll EllipticE(i(— cot(dz+c)+csc(dz+c)),i) sec(dx-i—c)-i—SOzB\/ ot dw1+c> T \/ C;;jwf_t)cll Elli

parts

default

[In] int((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(9/2),x,method=_RETURNVERB
0SE)

[Out] -2/21%B/d/ (b*sec(d*x+c))~(1/2) /b~4* (5xI*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c
)/ (cos(d*x+c)+1))~(1/2) *E1lipticF (I*(-cot (d*x+c)+csc(d*x+c)),I)+5xI*(1/(cos
(d*x+c)+1))~(1/2) *(cos(d*x+c) / (cos(d*x+c)+1) )~ (1/2) *E1lipticF (I*(-cot (d*x+c
)+csc(d*x+c)),I)*sec(d*x+c)-3*cos (d*x+c) "2*sin(d*x+c)-5*sin(d*x+c))+2/5%C/d
/ (cos(d*x+c)+1)/(bxsec(d*x+c)) ~(1/2) /b~4x(3*xI*(1/(cos(d*x+c)+1)) " (1/2)*(cos
(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)*cos(d
*xx+c)—-3*xI*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c) /(cos(d*x+c)+1))~(1/2)*Ellipt
icF(I*(-cot (d*x+c)+csc(d*xx+c)),I)*cos(d*x+c)+6*%I*(1/(cos(d*x+c)+1))~(1/2)*(
cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E11lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)-6%
Ix(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1llipticF(I*(-
cot (d*x+c)+csc(d*x+c)),I)+3%xI*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c)/(cos (d*x
+c)+1))~(1/2)*E11lipticE(I*(-cot (d*x+c)+csc(d*x+c)) ,I)*sec(d*x+c)-3*I*(1/(co
s(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E11lipticF (I*(-cot (d*x+
c)+csc(d*x+c)),I)*sec(d*x+c)+cos (d*x+c) "2*sin(d*x+c)+sin(d*x+c)*cos (d*x+c)+
3*sin(d*x+c))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.11 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.99

/ Bsec(c + dz) + C'sec?(c + dz) , —25i /2 Bv/bweierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + c)
(bsec(c+ dzx))*/?

[In] integrate((Bxsec(d*x+c)+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(9/2),x, algorithm="
fricas")

[Out] 1/105%(-25*%Ixsqrt(2)*Bxsqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + Ix
sin(d*x + c)) + 25*%I*sqrt(2)*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x +
c) - I*sin(d*x + c)) + 63*Ixsqrt(2)*Cxsqrt(b)*weierstrassZeta(-4, 0, weier
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strassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) - 63*I*sqrt(2)*C*sqrt
(b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(
d*x + c))) + 2x(15%B*xcos(d*x + c)~3 + 21*C*cos(d*x + c)~2 + 25*%Bxcos(d*x +
c))*sqrt(b/cos(d*x + c))*sin(d*x + c))/(b~5*d)

Sympy [F(-1)]

Timed out.

/ Bsec(c+ dx) + Csec®(c + dx) dx = Timed out

(bsec(c + dzx))%/?

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)**2)/(bxsec(d*x+c))**(9/2),x)
[Out] Timed out

Maxima [F]

dx

/ Bsec(c + dz) + C'sec?(c + dzx) dp — / C'sec (dz + ¢)* + Bsec (dz + c)
(bsec(c + dz))*/2 (bsec (dz + c))?

[In] integrate((Bxsec(d*x+c)+Cxsec(d*x+c) 2)/(bxsec(d*x+c))~(9/2),x, algorithm="
maxima")

[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))/(b*sec(d*x + ¢))~(9/2), x)

Giac [F]

Bsec(c + dz) + C'sec?(c + dz) C'sec (dz + ¢)* + Bsec (dz + )
o2 dx = s dx
(bsec(c + dz)) (bsec (dz + ¢))?

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(9/2),x, algorithm="
giac")

[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))/(bxsec(d*x + ¢))~(9/2), x)



280

Mupad [F(-1)]

Timed out.

/ Bsec(c+ dzx) + C'sec?(c + dzx) dr — / cos(clidx) + cos(cidx)z dx
(bsec(c + dx))%/? B b 9/2
(cos(c+dm)>

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(9/2),x)
[Out] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(9/2), x)
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3.54 [ sec*(ct+dx) (A + Bsec(c+ dx) + C'sec’(c + dx)) d

Optimal result . . . . . . . . . . e 2Rl
Rubi [A] (verified) . . . . . . . . 28]
Mathematica [A] (verified) . . . . . . . . . .. . 283
Maple [A] (verified) . . . . . . . . . . 283
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... 284
Sympy [F] . . o o 284
Maxima [A] (verification not implemented) . . . . . . . .. ... ... 2841
Giac [B] (verification not implemented) . . . . . . .. ... ... oL 285
Mupad [B] (verification not implemented) . . . ... ... ... ... ........ 285

Optimal result

Integrand size = 29, antiderivative size = 122

/sec4(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

__ 3Barctanh(sin(c + dx)) n (5A + 4C) tan(c + dx) N 3Bsec(c + dz) tan(c + dx)

8d 5d 8d
N Bsec3(c + dzx) tan(c + dx) N C'sec*(c + dz) tan(c + dz) N (5A + 4C) tan®(c + dz)

4d 5d 15d

[Out] 3/8*Bxarctanh(sin(d*x+c))/d+1/5%(5%xA+4%C)*xtan(d*x+c)/d+3/8*B*sec (d*x+c)*tan
(d*x+c) /d+1/4xBxsec (d*x+c) ~3*tan(d*x+c)/d+1/5*C*sec (d*x+c) “4*tan(d*x+c) /d+1
/15% (5%A+4*C) xtan (d*x+c) ~3/d

Rubi [A] (verified)
Time = 0.12 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 5 number of rules _ 0.172, Rules used

' integrand size
= {4132, 3853, 3855, 4131, 3852}

/sec4(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

(5A+4C)tan*(c +dz) = (5A+4C)tan(c + dz) 4 3Barctanh(sin(c + dz))

15d 5d 8d
N Btan(c + dz) sec®(c + dz) N 3B tan(c + dz) sec(c + dz) N C'tan(c + dz) sec*(c + dx)

4d 8d 5d

[In] Int[Sec[c + d*x]~4*(A + BxSec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (3*BxArcTanh[Sin[c + d*x]])/(8*d) + ((5%A + 4xC)*Tan[c + d*x])/(5%d) + (3*B
*Sec[c + d*x]*Tan[c + d*x])/(8+*d) + (B*Sec[c + d*xx] 3*Tan[c + d*x])/(4%d) +
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(CxSec[c + d*x] 4*Tan[c + d*xx])/(5xd) + ((5%A + 4*C)*Tan[c + d*xx]~3)/(15*d
)

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, O]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Cscle + f*x]) m/(f*(m + 1)
)), x] + Dist[(C*m + A*(m + 1))/(m + 1), Int[(b*Cscl[e + f*xx])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*x((A_.) + cscl[(e_.) + (f_.)*(x_)]x*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])~"(m + 1), x], x] + Int[(bxCscl[e + f*x]) m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / sec’(c + dz) dz + /sec4(c + dz) (A+ Csec’(c+dz)) dr

_ Bsec®(c+ dz) tan(c + dx) N C'sec*(c + dz) tan(c + dx)

4d 5d
1 1
+ 4_1(33) /sec3(c +dz) dz + 5(5A +40) /sec4(c +dzx) dx
3Bsec(c + dz)tan(c + dzx) Bsec®(c+ dx)tan(c+dz) Csec*(c+ dz)tan(c+ dx)
- + +
8d 4d 5d
5A +4C)Subst ([ (1 + #?) dz,z,—t d
+ %(33)/sec(c—l—dx) dx — (54+4C)Subst(] ( +52) 7,2, — tan(c + dz))
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_ 3Barctanh(sin(c + dx)) 4 (5A + 4C) tan(c + dx) + 3Bsec(c + dz) tan(c + dx)

8d o5d 8d
N Bsec*(c + dz) tan(c + dx) N C'sec*(c + dz) tan(c + dx) N (5A + 4C) tan®(c + dz)

4d 5d 15d

Mathematica [A] (verified)

Time = 0.49 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.66

/sec4(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

__4bBarctanh(sin(c + dz)) + tan(c + dx) (45B sec(c + dz) + 30B sec®(c + dx) + 8(15(A + C) + 5(A + 2C
B 120d

[In] Integrate[Sec[c + d*x]~4*(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (45*B*ArcTanh[Sin[c + d*x]] + Tan[c + d*x]*(45%B*Sec[c + d*x] + 30*BxSec[c
+ d*x]~3 + 8%(15%(A + C) + 5%x(A + 2%C)*Tan[c + d*x]~2 + 3*CxTan[c + d*xx]~4)
))/(120%d)

Maple [A] (verified)

Time = 0.47 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.85

method result
_A (_%_ M) tan(dx-l—c)—i-B (_ (_ sec(dz+c)3 _3 sec(ga:+c) ) tan(dw—l—c)-{— 3 ln(sec(dz+c8)+tan(dm+c)) ) —C (_TSI
derivativedivides 7
_A (_2 _ sec(d§+c)2 ) tan(dm—{-c)—i-B (_ (_ SeC(dZ+C)3 _3 SeC(gx-H:) ) ta,n(dx—}-c)—i— 3 1n(sec(dm+cs)+tan(dm+c)) ) _C (_TS
3 :
default y
A (_%_ sec(da;+c)2 ) ta,n(d:E+C) B (_ (_ sec(dz+c)3 3 sec(gizﬁ—c) ) tan(dac+c)+ 3 1n(sec(dz+c8)+tan(dz+c)) ) (
parts — - + _
isch i(45B %(dz+¢) 1210 B e7i(d2+0) _240 4 e8i(dz+0) _560 4 e*i(dr+c) 6400 etH(dr+e) _210B e3i(dz+c) 4004 e?i(dzte
risc 60d(e2i(d+e) +1)°
4(25A429C) tan(%ﬂc + g)5 (8A—5B+8C) tan(dT‘E+%)9 (8A+5B+8C) tan(%ﬂc + g) (32A—3B+16C) tan(%w+§)7 (3244
norman _ 15d — 4d — 4d 5+ 6d +
2
(tan(%“rg) —1)
, —450 ((cos(OgartBe) | cosBtde) | oog(do-c) ) In(tan(L+5 ) —1)+450B ((<oCgate) 4 o320 4 oog(dgt) ) In
parallelrisch 120d(cos(5dz+ 5

[In] int(sec(d*x+c) ~4x(A+B*sec(d*x+c)+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(-A*x(-2/3-1/3*sec(d*x+c) ~2)*tan(d*x+c)+B*(-(-1/4*sec(d*x+c) ~3-3/8*sec(d
*x+c) ) *xtan (d*x+c)+3/8*1ln(sec(d*x+c)+tan(d*x+c)))-Cx(-8/15-1/5*sec (d*x+c) ~4-
4/15*sec(d*x+c) ~2) *tan(d*x+c))
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Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.00

/sec4(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

45 Bcos (dz + ¢)®log (sin (dz + ¢) + 1) — 45 Bcos (dz + ¢)’ log (—sin (dz + ¢) + 1) + 2 (16 (5A + 4 C) co
B 240 d cos (d:

[In] integrate(sec(d*x+c) 4% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="fricas
ll)

[Out] 1/240%(45%B*cos(d*x + c) 5*log(sin(d*x + c) + 1) - 45%B*cos(d*x + c) ~5*log(
-sin(d*x + c) + 1) + 2%x(16%(5*%A + 4*C)*cos(d*x + c)~4 + 45xBxcos(d*x + c)~3

+ 8%(5%A + 4xC)*cos(d*x + c)72 + 30*%B*cos(d*x + c) + 24*C)*sin(d*x + c))/(
d*cos(d*x + c)75)

Sympy [F]

/ sec’(c + dz) (A + Bsec(c+ dz) + Csec’(c + dz)) dz

= / (A + Bsec(c+ dz) + Csec® (c + dz)) sec* (c + dz) dz

[In] integrate(sec(d*x+c)**4x(A+Bxsec(d*x+c)+Cksec(d*x+c)**2) ,x)

[Out] Integral((A + Bkxsec(c + d*x) + Cksec(c + d*x)*x2)*sec(c + d*x)*x4, x)

Maxima [A] (verification not implemented)

none
Time = 0.22 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.04

/sec4(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

80 (tan (dz + ¢)® + 3 tan (dz + ¢)) A + 16 (3 tan (dz + ¢)° + 10 tan (dz + ¢)® + 15 tan (dz + ¢))C' — 15 B
B 240d

[In] integrate(sec(d*x+c) ~4*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima
ll)

[Out] 1/240%(80*(tan(d*x + c)~3 + 3*tan(d*x + c))*A + 16*%(3*tan(d*x + c)~5 + 10*t
an(d*x + c)~3 + 15xtan(d*x + c))*C - 15xBx(2*(3*sin(d*x + c)~3 - 5*xsin(d*x

+ c))/(sin(d*x + c)”"4 - 2xsin(d*x + c)”2 + 1) - 3*log(sin(d*x + c) + 1) + 3
*log(sin(d*x + ¢) - 1)))/d
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 246 vs. 2(110) = 220.

Time = 0.31 (sec) , antiderivative size = 246, normalized size of antiderivative = 2.02

/sec4(c + dz) (A + Bsec(c +dz) + Csec*(c + dz)) dz

2 (120 Atan(} do+3 ¢)°~75 Btan(} do+4 o

45Blog (|tan (3 dz +1c) +1|) —45Blog ([tan (3 dz + 1¢) — 1]) —

[In] integrate(sec(d*x+c) 4% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/120*(45*B*log(abs(tan(1/2*d*x + 1/2%c) + 1)) - 45%Bxlog(abs(tan(1/2*d*x +
1/2%c) - 1)) - 2%(120*xAxtan(1/2*d*x + 1/2%c)"9 - 75*«Bxtan(1/2*xd*x + 1/2%c)

9 + 120*%Cxtan(1/2*d*x + 1/2*%c)”9 - 320*A*xtan(1/2*d*x + 1/2*c)”7 + 30*Bxtan
(1/2*%d*x + 1/2*%c)”7 - 160*Cxtan(1/2*d*x + 1/2%c)”7 + 400*%Axtan(1/2*d*x + 1/

2%c)”~5 + 464xCxtan(1/2*d*x + 1/2%c)”5 - 320%A*xtan(1/2*xd*x + 1/2*c)”3 - 30%*B

*tan(1/2*%d*x + 1/2*c)”~3 - 160*%Cxtan(1/2*d*x + 1/2*%c)”"3 + 120*Axtan(1/2*d*x

+ 1/2%c) + 75%Bxtan(1/2%d*x + 1/2%c) + 120%Cxtan(1/2*d*x + 1/2%c))/(tan(1/2

*d*x + 1/2%c)"2 - 1)75)/d

Mupad [B] (verification not implemented)
Time = 17.67 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.61
3 Batanh(tan(% + 4))
4d
(24— 2P +20C) tan(5+%9)" + (§ — % — 57) tan(5 + §) "+ (% + 15°) tan(5 + )"+ (=
d (tan (5 + %)™ - 5tan (5 + %)" + 10tan (§ + %2)° — 10tan (

/sec4(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz =

[In] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x)~4,x)

[Out] (3*B*atanh(tan(c/2 + (d*x)/2)))/(4*d) - (tan(c/2 + (d*x)/2)"5%((20%A)/3 + (
116%C)/15) + tan(c/2 + (d*x)/2)*(2*A + (5%B)/4 + 2+C) + tan(c/2 + (d*x)/2)~

9% (2%A - (5%B)/4 + 2xC) - tan(c/2 + (d*x)/2)"3*%((16%A)/3 + B/2 + (8%C)/3) -
tan(c/2 + (d*x)/2)"7*((16%A)/3 - B/2 + (8%C)/3))/(d*(5*tan(c/2 + (d*x)/2)~

2 - 10*%tan(c/2 + (d*x)/2)"4 + 10*%tan(c/2 + (d*x)/2)"6 - Bxtan(c/2 + (d*x)/2

)"8 + tan(c/2 + (d*x)/2)710 - 1))
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3.55 [ sec®*(c+dx) (A + Bsec(c+ dzx) + C'sec’(c + dz)) dx

Optimal result . . . . . . . . . . . . 286
Rubi [A] (verified) . . . . . . .. . 280
Mathematica [A] (verified) . . . . . . . . . .. . 2]Y
Maple [A] (verified) . . . . . . . . . . 288
Fricas [A] (verification not implemented) . . . . . . . . .. .. ... ... ... ... 2891
Sympy [F] . . o o 289
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 2891
Giac [B] (verification not implemented) . . . . . ... ... ... Lo oL 290
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 290

Optimal result

Integrand size = 29, antiderivative size = 97

/sec3(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

(4A + 3C)arctanh(sin(c + dz)) + Btan(c + dx)

8d d
+ (4A + 3C) sec(c + dz) tan(c + dx) + C'sec®(c + dz) tan(c + dx) N Btan?(c + dz)

8d 4d 3d

[Out] 1/8%(4%A+3%*C)*arctanh(sin(d*x+c))/d+Bxtan(d*x+c)/d+1/8%(4*A+3*C)*sec(d*x+c)
*tan (d*x+c) /d+1/4*Cxsec (d*x+c) ~3*tan (d*x+c) /d+1/3*Bxtan (d*x+c) ~3/d

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5 number of rules _ 0.172, Rules used = {4132,

’ integrand size
3852, 4131, 3853, 3855}

/sec3(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

_ (4A + 3C)arctanh(sin(c + dz)) 4 (4A + 3C) tan(c + dz) sec(c + dx)

8d 8d
Btan®*(c+dz) Btan(c+dz) = Ctan(c+ dz)secd(c+ dz)
B A 4d

[In] Int[Secl[c + d*x]~3*(A + BxSec[c + d*x] + C*Sec[c + d*x]"2),x]

[Out] ((4%A + 3*C)*ArcTanh[Sin[c + d*x]])/(8%d) + (BxTan[c + d*x])/d + ((4%A + 3x%
C)*Sec[c + dxx]*Tan[c + d*x])/(8*%d) + (C*Sec[c + d*x] 3*Tan[c + d*x])/(4x*d)
+ (BxTan[c + d*x]~3)/(3%d)
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Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*xCsclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 4131

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AL)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Csc[e + f*x]) m/(f*x(m + 1)
)), x] + Dist[(C*m + A*(m + 1))/(m + 1), Int[(b*xCscl[e + f*xx])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[Cxm + Ax(m + 1), 0] && !'LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£f_.)*(x_)]"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])~(m + 1), x], x] + Int[(bxCscl[e + f*x]) " m*(A + CxCsc[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / sect(c + dz) dz + /sec3 (c+dz) (A+ Csec’(c +dz)) dz

3
_ Csec (c+d:c)itan(c+dx) N }1(4A+3C)/sec3(c+da:)da:
BSubst( [ (14 2?) dz, z, — tan(c + dz))
d
_ Btan(c+dx) 4 (4A + 3C) sec(c + dzx) tan(c + dx)

d 8d

Csec®(c+dz)tan(c+dz) Btan®(c+dz) 1
" 4d T3 s

(4A+30) /sec(c +dz) dz
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_ (4A + 3C)arctanh(sin(c + dz)) + Btan(c + dx)

8d d

+ (4A + 3C) sec(c + dz) tan(c + dx)

8d

C sec3(c + dz) tan(c + dz) N Btan3(c + dz)

4d 3d

Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.73

sec®(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz
_ 3(4A + 3C)arctanh(sin(c + dzx)) + tan(c + dz) (3(4A + 3C) sec(c + dx) + 6C sec®(c + dx) + 8B(3 + tan

24d

[In] Integrate[Sec[c + d*x]~3x(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (3*x(4*%A + 3*%C)*ArcTanh[Sin[c + d*x]] + Tan[c + d*xx]*(3*x(4*%A + 3*C)*Sec[c +
dxx] + 6%CxSec[c + d*x]~3 + 8*%B*(3 + Tan[c + d*x]~2)))/(24xd)

Maple [A] (verified)

Time = 0.39 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.09

method result
A ( sec(dz+c) tan(dm+c) + ln(sec(dz+c)+tan(dm+c)) _B ( 2_ sec(dm+c) ) tan(dx-{-C)—i—C (_ (_ sec(dm+c)3 __ 3sec(dz+c) ) t
. . .. 3 4 8
derivativedivides
A < sec(dz+c) tan(dm+c) + 1n(sec(dm+c)+tan(dz+c)) _B ( 2 sec(dm+c) ) tan(dz—i-C)-i-C (_ (_ sec(da:+c)3 __ 3sec(dz+c) ) t
3 4 8
default
A(sec(dz+c) tan(dz+c)+1n(sec(dz+c)+tan(dz+c))) B(_%_M> tan(dz+c) C(— <_ SEC(dZ+C)3 _3sec(é114
2
parts 2 y — +
lelrisch —48(%+w+cos(2dx+2c)) <A+%) In (tan(%z+%> —1) +48(%+%f+4°>+cos(2dx+2c)> (A+%) In (tan
parallelrisc 24d(cos(4dz+4c)+4 cos(2d
(4A+5C—8B) tan(éf+§)7 N (4A+5C+8B) tan(%z + g) (12A—9C—40B) tan(%ﬂﬂ + 5)5 (12A—9C+40B) tan(%z+ 5)3 (44
norman 4d 4d 412d 12d _
tan(d; +§) —1)
iSCh _ 'i(12A e7i(dz+c) +9C e7i(dm+c)+12A edi(dz+c) +33C edi(dz+c) _g8 B edi(dz+c) _19 A ¢3i(dz+c) _33( ¢3i(dz+c) _g4B 2i(
T 12d(62i(dm+c)+1)4

[In] int(sec(d*x+c) " 3*(A+B*sec(d*x+c)+C*sec(d*x+c)~2),x,method= RETURNVERBOSE)

[Out] 1/d*x(Ax(1/2*sec(d*x+c)*tan(d*x+c)+1/2%1n(sec(d*x+c)+tan(d*x+c)))-B*(-2/3-1/
3*xsec(d*xx+c) ~2) *xtan (d*x+c)+C* (- (-1/4*sec (d*x+c) ~3-3/8*sec (d*x+c)) *tan (d*x+c
)+3/8%1n(sec(d*x+c)+tan(d*x+c))))
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Fricas [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.21

/sec3(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

3(4A+30C)cos (dx + c)*log (sin (dz + ¢) + 1) — 3(4 A+ 3C) cos (dz + ¢)* log (—sin (dz + ¢) + 1) + 2
48 d cos (dz + ¢)*

[In] integrate(sec(d*x+c) ~3*(A+Bxsec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas
n)

[Out] 1/48%(3x(4*A + 3%C)*cos(d*x + c) 4xlog(sin(d*x + c) + 1) - 3%(4xA + 3*C)*co
s(d*x + c)”4xlog(-sin(d*x + c) + 1) + 2x(16*B*cos(d*x + c)~3 + 3x(4*A + 3xC
)*cos(d*x + c)~2 + 8*Bxcos(d*x + c) + 6*C)*sin(d*x + c))/(d*cos(d*x + c)~4)

Sympy [F]

/ sec’(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

= / (A + Bsec(c+ dz) + Csec® (c + dz)) sec® (c + dz) dz

[In] integrate(sec(d*x+c)**3x(A+Bxsec(d*x+c)+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Bxsec(c + d*x) + Cxsec(c + d*x)**2)*sec(c + d*x)**3, x)

Maxima [A] (verification not implemented)

none

Time = 0.22 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.43

/sec3(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

2 (3 sin(dz+c)®—5 sin(dz+c)
16 (tan (dz + ¢)® + 3 tan (dz + c)B-3 C( sgn(d$+c)4_2 sin(dm+c)2+1)

- 48d

— 3 log (sin (dx + ¢) + 1) + 3 log (s!

[In] integrate(sec(d*x+c) 3% (A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima
ll)

[Out] 1/48%(16x(tan(d*x + c)~3 + 3*tan(d*x + c))*B - 3xC*(2%(3*sin(d*x + c)"3 - 5
*sin(d*x + c))/(sin(d*x + c)~4 - 2xsin(d*x + c)”2 + 1) - 3xlog(sin(d*x + c)

+ 1) + 3xlog(sin(d*x + c) - 1)) - 12%Ax(2*sin(d*x + c)/(sin(d*x + ¢c)"2 - 1

) - log(sin(d*x + c) + 1) + log(sin(d*x + c) - 1)))/d
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 230 vs. 2(89) = 178.

Time = 0.31 (sec) , antiderivative size = 230, normalized size of antiderivative = 2.37

/sec3(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

L dz 107_
3(4A+30)log (|tan (Ldz+ 1¢) +1]) — 3(4A4+3C) log (Jtan (3de + L) — 1]) 4 2024 or+E

[In] integrate(sec(d*x+c) 3% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/24%(3*(4%A + 3%C)*log(abs(tan(1/2*%d*x + 1/2%c) + 1)) - 3*(4*A + 3%C)*log(
abs(tan(1/2*d*xx + 1/2%c) - 1)) + 2x(12xAxtan(1/2*d*x + 1/2%c)~7 - 24*Bxtan(
1/2%d*x + 1/2%c)”"7 + 15%Cxtan(1/2*xd*x + 1/2*c)”7 - 12xAxtan(1/2*d*x + 1/2%*c

)°5 + 40%Bxtan(1/2*d*x + 1/2%c)”5 + 9*Cxtan(1/2xd*x + 1/2*c)”5 - 12xAxtan(1
/2*%d*xx + 1/2%c)~3 - 40*Bxtan(1/2*d*x + 1/2%c)”3 + 9*Cxtan(1/2xd*x + 1/2%c)”

3 + 12%Axtan(1/2*d*x + 1/2%c) + 24*Bxtan(1/2*d*x + 1/2%c) + 15%Cxtan(1/2*xdx*

X + 1/2%c))/(tan(1/2%d*x + 1/2%c)"2 - 1)~4)/d

Mupad [B] (verification not implemented)

Time = 17.94 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.65

atanh(tan(§ + 4%)) (A + 39)

/sec3(c + dz) (A + Bsec(c + dz) + C'sec®(c + dz)) dz =

L (4-2B+5F) tan(§ +42)" + (132 — A+ 29) tan(§ + 42)° + (3 — 192 — 4) tan(§ + %)° + (4
d (tan (g + d—;)g — 4tan (g + %)6+6tan (g + ‘%””)4 — 4tan (g + %’”)2 + 1)

[In] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x)~3,x)

[Out] (atanh(tan(c/2 + (d*x)/2))*(A + (3*%C)/4))/d + (tan(c/2 + (d*x)/2)*(A + 2xB
+ (5%C)/4) + tan(c/2 + (d*x)/2)"7x(A - 2B + (5*%C)/4) - tan(c/2 + (d*x)/2)"
3x(A + (10%xB)/3 - (3*C)/4) + tan(c/2 + (d*x)/2)75%((10%B)/3 - A + (3*C)/4))
/(d*x(6xtan(c/2 + (d*x)/2)"4 - 4*tan(c/2 + (d*x)/2)"2 - 4xtan(c/2 + (d*x)/2)

~6 + tan(c/2 + (d*x)/2)°8 + 1))



291

3.56 [ sec?(c+dx) (A + Bsec(c+ dx) + C'sec’(c + dx)) d

Optimal result . . . . . . . . . . . e 29T]
Rubi [A] (verified) . . . . . . . . 291]
Mathematica [A] (verified) . . . . . . . . . .. . 293
Maple [A] (verified) . . . . . . . . .. 2931
Fricas [A] (verification not implemented) . . . . . . . .. ... .. ... ... ..., 294
Sympy [F] . . o o 294
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 294
Giac [B] (verification not implemented) . . . . . ... ... ... .o oL 295
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 2951

Optimal result

Integrand size = 29, antiderivative size = 78

/ sec’(c + dz) (A + Bsec(c+ dz) + Csec’(c + dz)) d

__ Barctanh(sin(c + dz)) 4 (3A 4 2C) tan(c + dx)

2d 3d
N Bsec(c + dzx) tan(c + dzx) n C'sec?(c + dz) tan(c + dz)

2d 3d

[Out] 1/2*Bxarctanh(sin(d*x+c))/d+1/3%(3%xA+2xC)*xtan(d*x+c)/d+1/2*Bxsec(d*x+c)*tan
(d*x+c) /d+1/3*Cxsec (d*x+c) ~2*tan (d*x+c) /d

Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6 number of rules _ 0.207, Rules used = {4132,

’ integrand size
3853, 3855, 4131, 3852, 8}

/ sec’(c + dz) (A+ Bsec(c + dz) + Csec*(c + dz)) dz

(3A + 2C) tan(c + dx) 4 Barctanh(sin(c + dz))

3d 2d
N Btan(c + dz) sec(c + dz) N C'tan(c + dz) sec®(c + dx)

2d 3d

[In] Int[Secl[c + d*x]~2*(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (BxArcTanh[Sin[c + d*x]])/(2xd) + ((3*%A + 2*C)*Tan[c + d*x])/(3*d) + (B*Sec
[c + d*x]*Tan[c + d*x])/(2*%d) + (C*Sec[c + d*x] 2*Tan[c + d*x])/(3*d)

Rule 8
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Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(bxCsclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3855

Int[cscl[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 4131

Int[(cscl(e_.) + (£f_.)*x(x_)]*(b_.)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Cscle + f*x]) m/(f*(m + 1)
)), x] + Dist[(C*m + A*(m + 1))/(m + 1), Int[(b*Cscl[e + f*xx])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) m*(A + C*Cscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / sec’(c + dz) dz + / sec’(c + dz) (A+ Csec’(c + dz)) dz

Bsec(c+ dz)tan(c+ dz)  Csec?(c + dz)tan(c + dx)
- 2d - 3d

+ %B / sec(c + dz) dz + %(314 +20) / sec’(c + dz) dz

__ Barctanh(sin(c + dz)) N Bsec(c + dzx) tan(c + dzx)

2d 2d
N C'sec®(c+dz) tan(c +dzx)  (3A+2C)Subst([ 1dz, z, —tan(c + dz))

3d 3d
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_ Barctanh(sin(c +dz))  (3A +2C)tan(c + dx)

2d 3d

4 Bsec(c + dz) tan(c + dz) 4 C'sec’(c + dz) tan(c + dz)

2d 3d

Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.65

/ sec’(c + dz) (A + Bsec(c+ dz) + Csec’(c+ dz)) dz
__ 3Barctanh(sin(c 4 dx)) + tan(c + dz) (6(A + C) + 3Bsec(c + dz) + 2C tan?(c + dx))

6d

[In] Integrate[Sec[c + d*x]~2*(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (3*B*ArcTanh[Sin[c + d*x]] + Tan[c + d*x]*(6%(A + C) + 3*B*Sec[c + d*x] + 2
*CxTan[c + d*x]~2))/(6*d)

Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.87

method result
A tan(da:+c)+B ( sec(dz—l—c);an(dm-ﬂ—c) + ln(sec(dz—i—c);—tan(dz-}—c)) ) -C (_ % _ sec(d§+c)2 ) tan(dm-l—c)
derivativedivides p
Atan(dz+c)+B ( sec(dz+c) tan(dz+c) + In(sec(dz+c)+tan(dz+c)) ) —C (_2 _ sec(d:c+c)2 ) tan(d:l:-l—c)
2 2 3 3
default 5
2
t A tan(dw+c) + B ( sec(dcv+c)2tan(da:+c) + 1n(sec(da:+c)2+tan(da:+c)) ) B C <_ % — %) tan(dx+c)
parts d d d
T Cc 3 T Cc 5 T Cc
43A+0) tan(F +§)"  (24-B+20)tan (Y +5)°  (24+B+20) tan( P +5) Bln(tan(%’”+g)—l) Bln(tan(%
norman 3d 4 3 4 — 5d + %
dz | ¢ 2
(tan<7+§) —1)
isch i(3B ebildzte) _g A etildote) 124 g2idute) _19C e2i(dnte) _3Beildote) _4—4C) | Bln(e!ld®+e)4i)  Bln(
1sc - 3d(e2i(dw+c)+1)3 + 2d -
lelrisch -9 (w+ws(dw+c)> Bln <tan <d§+%> —1> +9 (w+cos(d$+c)> Bln <tan<d§+%) -|-1> +(6A+4C) six
parallelrisc 6d(cos(3dz+3c)+3 cos(dz+c))

[In] int(sec(d*x+c) ~2x(A+B*sec(d*x+c)+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(Axtan(d*x+c)+B*(1/2*sec(d*x+c)*tan(d*x+c)+1/2*1n(sec(d*x+c)+tan(d*x+c)
))-Cx(-2/3-1/3*sec(d*x+c) ~2) *tan (d*x+c))



294

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.21

/secz(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

_ 3 Bcos(dz + c)’log (sin (dz + ¢) + 1) — 3 B cos (dz + ¢)’ log (—sin (dz +¢) + 1) +2 (2 (3 A+ 2C) cos (d
B 12dcos (dz + ¢)°

[In] integrate(sec(d*x+c) 2% (A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas
n)

[Out] 1/12%(3*B*cos(d*x + c)~3*log(sin(d*x + c) + 1) - 3*Bxcos(d*x + c) 3*log(-si
n(d*x + c) + 1) + 2%(2x(3*A + 2*C)*cos(d*x + c)~2 + 3*B*cos(d*x + c) + 2x(C)
*sin(d*x + c))/(d*xcos(d*x + c)~3)

Sympy [F]

/ sec’(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

= / (A + Bsec(c+ dz) + Csec® (c + dz)) sec? (c + dz) dz

[In] integrate(sec(d*x+c)**2x(A+Bxsec(d*x+c)+Ckxsec(d*x+c)**2) ,x)

[Out] Integral((A + Bxsec(c + d*x) + Cxsec(c + d*x)*x2)*sec(c + d*x)*x2, x)

Maxima [A] (verification not implemented)

none

Time = 0.20 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.01

/secz(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

4 (tan (dz + ¢)® + 3 tan (dz + ))C -3 B(% — log (sin (dz + ¢) + 1) + log (sin (dz + ¢) — 1)) +
12d

[In] integrate(sec(d*x+c) 2% (A+B*sec(d*x+c)+Cksec(d*x+c)~2),x, algorithm="maxima
n)

[Out] 1/12%(4x(tan(d*x + c)~3 + 3*tan(d*x + c))*C - 3*Bx(2xsin(d*x + c)/(sin(d*x
+¢c)”2 - 1) - log(sin(d*x + c) + 1) + log(sin(d*x + c) - 1)) + 12xAxtan(d*x
+¢))/d
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 162 vs. 2(70) = 140.

Time = 0.30 (sec) , antiderivative size = 162, normalized size of antiderivative = 2.08

/secz(c + dz) (A + Bsec(c +dz) + Csec*(c + dz)) dz

2 <6Atan(% dz—}-% 0)5—3Btan(% dm—i—% c)s—f-GC’

3Blog (|tan (2dz+1c) +1|) —3Blog ([tan (dz + 1c) — 1|) —

6d

[In] integrate(sec(d*x+c) 2% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/6*(3*B*log(abs(tan(1/2*d*x + 1/2xc) + 1)) - 3*Bxlog(abs(tan(1/2*d*x + 1/2
xc) — 1)) - 2x(6xAxtan(1/2xd*x + 1/2xc)”5 - 3*Bxtan(1/2*d*x + 1/2%c)”5 + 6%
Cxtan(1/2*d*x + 1/2*%c)”5 - 12xAxtan(1/2xd*x + 1/2%c)”~3 - 4*Cxtan(1/2*d*x +
1/2%c)"3 + 6xA*xtan(1/2*xd*x + 1/2*c) + 3*Bxtan(1/2*d*x + 1/2%c) + 6xCxtan(1/
2%d*x + 1/2%c))/(tan(1/2*d*x + 1/2*%c)"2 - 1)73)/d

Mupad [B] (verification not implemented)

Time = 17.10 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.58

Batanh(tan (£ + 42))
d
_(2A-B+20) tan(5 +92)" + (~44 - 49) tan($ + £)* + 24+ B+20) tan(§ + &)
 (tan (5.4 %)° = 3tan (5-+ %)+ 3tan 5+ 4)° 1)

/secz(c + dz) (A + Bsec(c+ dz) + Csec*(c + dz)) dz =

[In] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x)~2,x)

[Out] (B*atanh(tan(c/2 + (d*x)/2)))/d - (tan(c/2 + (d*x)/2)*(2xA + B + 2%C) - tan
(c/2 + (d*x)/2) 3% (4*A + (4*C)/3) + tan(c/2 + (d*x)/2)"5x(2xA - B + 2xC))/(
dx(3*tan(c/2 + (d*x)/2)"2 - 3*tan(c/2 + (d*x)/2)"4 + tan(c/2 + (d*x)/2)°6 -

1))
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3.57 [ sec(c+dz) (A + Bsec(c + dz) + Csec(c + dz)) dx

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . .. ... L L 297
Maple [A] (verified) . . . . . . . .. 298
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., . 298
Sympy [F] . . o 299
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 299
Giac [B] (verification not implemented) . . . . . . . . .. ... ... L. 299
Mupad [B] (verification not implemented) . . . ... ... .. ... ... ...... 300

Optimal result

Integrand size = 27, antiderivative size = 51

/ sec(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

(2A + C)arctanh(sin(c + dx)) Btan(c+dz) Csec(c+ dz)tan(c+ dx)
2d A 2d

[Out] 1/2*(2%A+C)*arctanh(sin(d*x+c))/d+Bxtan(d*x+c)/d+1/2*Cxsec(d*x+c)*tan(d*x+c
)/d

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _ (195 Ryjjes used = {4132,

' integrand size
3852, 8, 4131, 3855}

/ sec(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

(2A + C)arctanh(sin(c 4+ dx)) Btan(c+dzx) Ctan(c+ dx)sec(c+ dz)
2d A 2d

[In] Int[Seclc + d*x]*(A + BxSec[c + d*x] + C*Sec[c + d*x]"2),x]

[Out] ((2*xA + C)*ArcTanh([Sin[c + d*x]])/(2xd) + (BxTan[c + d*x])/d + (CxSec[c + d
*x]*Tan[c + d*xx])/(2%d)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852
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Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Cscle + f*x]) m/(f*x(m + 1)
)), x] + Dist[(C*m + A*(m + 1))/(m + 1), Int[(b*Cscl[e + f*xx])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + f*xx])"(m + 1), x], x] + Int[(b*Cscle + f*x])"m*(A + C*Cscle + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / sec?(c + dzx) dz + /sec(c + dz) (A+ C'sec’(c+ dz)) dz

_ Csec(c+dx)tan(c+dr) 1 BSubst( [ 1dz, z, — tan(c + dz))

5 +§(2A+C)/sec(c+dx) dr— ¥

(2A + C)arctanh(sin(c + dx)) Btan(c+dz) Csec(c+ dz)tan(c+ dx)
2d A 2d

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.16

/sec(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

_ Aarctanh(sin(c + dz)) 4 Carctanh(sin(c + dz))

d 2d
Btan(c+ dx) N C'sec(c + dz) tan(c + dzx)

d 2d

[In] Integrate[Sec[c + d*x]*(A + B*Sec[c + d*x] + C*Secl[c + d*x]~2),x]

[Out] (AxArcTanh[Sin[c + d*x]])/d + (CxArcTanh[Sin[c + d*x]])/(2*d) + (BxTan[c +
d*x])/d + (C*Sec[c + d*x]*Tan[c + d*x])/(2xd)
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Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.24

method result
. . . Aln(sec(dz+c)+tan(dz+c))+B tan(dz+c)+C ( Sec(dz+°);an(dm+c) + 1n<sec(d$+c)2+mn(dx+c>> )
derivativedivides 7
Aln(sec(dz+c)+tan(dz+c))+B tan(dz+c)+C ( Sec(dm+c);an(d1+c) + ln(sec(dxﬂ);tan(dxﬂ)) )
default |
sec(dz+c) tan(dz+c) | In(sec(dz+c)+tan(dz+c))
parts A 1n(sec(dx+(l:i)+tan(dz+c)) + B tanfidz—i—c) + C( 2 +d 2 )
_ c dz 4 c)_ c dz | ¢ i i
arallelrisch (A-i— 5 ) (14cos(2dz+2¢)) In (tan( 5 +5 ) 1) + <A+ 5 ) (14cos(2dz+2¢)) In (tan( 5 +5 ) +1) + B sin(2dz+2c¢)+C sin
p d(14-cos(2dz+2c))
d d 3
(25+C)tan(H+5) @B-C)wan(H+5)" 9440y (tan(%+5)-1) = @A+C)In(tan(L+5)+1)
d d
norman 5 - +
2 2d 2d
(tan(%“rg) —1)
risch _i(Ce¥ildrto) 2B 92“‘“*0) i eildste) 9B)  In(eildete) )4 In(eildr+9—i)C 4o (eilda+e) 1) A " In
d(e2i(dz+0) 11) d 2d d

[In] int(sec(d*x+c)*(A+Bxsec(d*x+c)+Cxsec(d*x+c)”2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(A*1n(sec(d*x+c)+tan(d*x+c))+Bxtan(d*x+c)+C*(1/2*sec(d*x+c)*xtan(d*x+c)+
1/2*1n(sec(d*x+c)+tan(d*x+c))))

Fricas [A] (verification not implemented)

nomne

Time = 0.27 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.61

/sec(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

(2 A+ C) cos (dz 4 ¢)*log (sin (dz + ¢) + 1) — (2 A + C) cos (dz + ¢)* log (— sin (dz + ¢) + 1) + 2 (2 B cos
4d cos (dz + ¢)®

[In] integrate(sec(d*x+c)*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas")
[Out] 1/4%((2%xA + C)*cos(d*x + c)~2xlog(sin(d*x + c) + 1) - (2%xA + C)*cos(d*x + c
)"2%log(-sin(d*x + c) + 1) + 2*%(2#B*cos(d*x + c) + C)*sin(d*x + c))/(d*cos(

d*xx + c)72)
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Sympy [F]

/sec(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) d

= / (A + Bsec(c+ dz) + C'sec? (c + dz)) sec (c + dz) dx

[In] integrate(sec(d*x+c)*(A+Bxsec(d*x+c)+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Bksec(c + d*x) + Cxsec(c + d*x)#**2)*sec(c + d*x), x)

Maxima [A] (verification not implemented)

none

Time = 0.21 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.47

/sec(c + dz) (A + Bsec(c + dz) + Csec®(c + dz)) dz =

C( 2sin(drte) _ Jog (sin (dz + ¢) + 1) + log (sin (dz + ¢) — 1)) — 4 Alog (sec (dz + ¢) + tan (dz + ¢))

sin(d:1:+c)2 -1
4d

[In] integrate(sec(d*x+c)*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima")

[Out] -1/4%(Cx(2*sin(d*x + c)/(sin(d*x + c)72 - 1) - log(sin(d*x + c) + 1) + log(
sin(d*x + c) - 1)) - 4xAxlog(sec(d*x + c) + tan(d*x + c)) - 4*Bxtan(d*x + ¢

))/d

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 115 vs. 2(47) = 94.

Time = 0.31 (sec) , antiderivative size = 115, normalized size of antiderivative = 2.25

/sec(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

2 (23tan(% dw+% c)g—Ctan(—;

(

(2A+C)log (|tan (3dz+ 3¢c) +1|) — (2A+ C)log (|tan (3 dz + 3 c) — 1|)

2d

[In] integrate(sec(d*x+c)*(A+Bxsec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/2%x((2*%A + C)*log(abs(tan(1/2*d*x + 1/2*%c) + 1)) - (2%A + C)*log(abs(tan(1l
/2%d*x + 1/2*%c) - 1)) - 2% (2*Bxtan(1/2*%d*x + 1/2%c)~3 - Cxtan(1/2*d*x + 1/2

*c) "3 - 2#Bxtan(1/2*d*x + 1/2*%c) - Cxtan(1/2*d*x + 1/2%c))/(tan(1/2*d*x + 1
/2%c)"2 - 1)°2)/d



300

Mupad [B] (verification not implemented)

Time = 15.74 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.75

/sec(c + dz) (A + Bsec(c + dz) 4+ Csec’(c + dz)) dz

_ stanh(tan(5 + %)) 24+4C) _tan(§
_ : ot

+
+ %E)B (2B —C) — tan(§
(tan (¢ + 22)* — 2tan (&
[In] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x),x)

[Out] (atanh(tan(c/2 + (d*x)/2))*(2%A + C))/d - (tan(c/2 + (d*x)/2)"3*%(2«B - C) -
tan(c/2 + (d*x)/2)*(2*xB + C))/(d*(tan(c/2 + (d*x)/2)"4 - 2xtan(c/2 + (d*x)
/2)°2 + 1))
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3.58 [ (A+ Bsec(c+ dz) + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . e 30Tl
Rubi [A] (verified) . . . . . . . . 3011
Mathematica [A] (verified) . . . . . . .. ... Lo
Maple [A] (verified) . . . . . . ... L
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .......
Sympy [F] . . o
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 3031
Giac [B] (verification not implemented) . . . . . . . ... ... Lo L.
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 304

Optimal result

Integrand size = 20, antiderivative size = 27

Barctanh(sin(c 4+ dz)) = C'tan(c + dz)
d T

/ (A+ Bsec(c+dz) + Csec’(c+dz)) dv = Az +

[Out] A*xx+B*arctanh(sin(d*x+c))/d+Cxtan(d*x+c)/d

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ 0.150, Rules used = {3855,
integrand size
3852, 8}

Barctanh(sin(c + dz)) Ctan(c + dx)
d * d

/ (A+ Bsec(c+dz) + Csec’*(c+dz)) dv = Az +

[In] Int[A + BxSec[c + d*x] + C*Secl[c + d*xx]~2,x]

[Out] A*x + (B*ArcTanh[Sin[c + d*x]])/d + (C*Tan[c + d*x])/d
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rubi steps

integral = Az + B / sec(c+dz)dz+C / sec’(c + dz) dz

= Az +

= Az +

Barctanh(sin(c +dz))  CSubst(/ 1dz,z, —tan(c + dz))

d d
Barctanh(sin(c + dz)) = C'tan(c + dz)
d + d

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00

/ (A+ Bsec(c+dz) + Csec’(c+dz)) do = Az +

Barctanh(sin(c + dz)) + C'tan(c + dx)

d d

[In] Integrate[A + BxSec[c + d*x] + CxSec[c + dx*x]~2,x]
[Out] A*x + (BxArcTanh[Sin[c + d*x]])/d + (CxTan[c + d*x])/d

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.30

method result size
default Az + Bln(sec(dx+z)+tan(dw+c)) + Ctanfidx+c) 35
parts Az + Bln(sec(dac—i—cd)—}-tan(dz—f-c)) + Ctanfidz—i—c) 35
derivativedivides (dz+c)A+B ln(sec(dx—}-c)—(ii—tan(dm—i-c))—i-c tan(dz+c) 37
. Bln i(dz+c)_i Bln i(dz+c)+i iC

risch Ag — Bhnle i ) + (e i ) d(e%(gi D) 62

. —Bln(tan( 224 ¢)—1) cos(dz+c)+Bln(tan( 42+ )+1) cos(dz+c)+C sin(dz+c)
parallelrisch (tan((+5)-1) dcos((dm +£)2 )+) + Az | 67
2 Ctan( 2L+
norman Awtan(%’+§) —Aw—:t(‘;j-w) " Bln(tan(?—l—%)-ﬁ-l) . Bln(tan(i{—i—%)—l) 87
tan(%-ﬁ-%) -1

[In] int(A+Bxsec(d*x+c)+C*sec(d*x+c)~2,x,method=_RETURNVERBOSE)

[Out] A*xx+B/d*1n(sec(d*x+c)+tan(d*x+c))+Cxtan(d*x+c)/d




303

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 71 vs. 2(27) = 54.

Time = 0.26 (sec) , antiderivative size = 71, normalized size of antiderivative = 2.63

(A + Bsec(c+ dz) 4+ Csec’(c + dz)) dz

_ 2 Adz cos (dx + ¢) + B cos (dx + c) log (sin (dz + ¢) + 1) — B cos (dz + c) log (—sin (dz +c¢) + 1) +2C'
B 2dcos (dr + )

[In] integrate(A+Bxsec(d*x+c)+C*xsec(d*x+c)~2,x, algorithm="fricas")

[Out] 1/2*%(2*%Axd*x*cos(d*x + c) + Bxcos(d*x + c)*log(sin(d*x + c) + 1) - B*cos(dx
x + c)*log(-sin(d*x + c) + 1) + 2xCxsin(d*x + c))/(d*cos(d*x + c))

Sympy [F]
/ (A + Bsec(c+ dz) + Csec’(c+ dz)) dz = / (A+ Bsec(c+ dzx) + Csec’ (c+dz)) dx

[In] integrate(A+Bxsec(d*x+c)+Ckxsec(d*x+c)**2,x)

[Out] Integral(A + Bxsec(c + d*x) + Cksec(c + d*x)**2, x)

Maxima [A] (verification not implemented)

none

Time = 0.21 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.26
Bl d tan (d
/ (A + Bsec(c + dz) + C'sec*(c + dx)) dz = Az + og (sec ( $+Z) + tan (dz + c))

+ C'tan (;lx +¢)

[In] integrate(A+Bxsec(d*x+c)+C*sec(d*x+c)~2,x, algorithm="maxima")

[Out] A*x + Bxlog(sec(d*x + c) + tan(d*x + c))/d + Cxtan(d*x + c)/d
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 60 vs. 2(27) = 54.

Time = 0.29 (sec) , antiderivative size = 60, normalized size of antiderivative = 2.22

/ (A + Bsec(c+ dz) + Csec’(c + dz)) dz

4 +B<log< Sm(dﬂ_c + sin (dz + ¢) +2D —log<
= Ax
+C’tan(;1x+c) 1

m +sin(dx-|—c) —2‘))

[In] integrate(A+Bxsec(d*x+c)+Cxsec(d*x+c)~2,x, algorithm="giac")
g g g

[Out] A*x + 1/4*B*(log(abs(1/sin(d*x + c) + sin(d*x + c) + 2)) - log(abs(1/sin(dx
x + ¢) + sin(d*x + c) - 2)))/d + Cxtan(d*x + c)/d

Mupad [B] (verification not implemented)

Time = 14.95 (sec) , antiderivative size = 161, normalized size of antiderivative = 5.96

/ (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

A 64A3tan(§+d7z> 64Athan(§+%)
2 Aatan| —giasiera B 64 A3164AB?
d
64B%tan(5+42) 6442 Btan(g+%2)
2 B atanh 5 - . E J

64 A2 B+64B 64 A2 B+64 B 2Ctan(§+ 2x)

+ _
d e dz)? _
d {tan (2 + 5 ) 1

[In] int(A + B/cos(c + d*x) + C/cos(c + d*x)~2,x)

[Out] (2xAxatan((64*A~3*tan(c/2 + (d*x)/2))/(64*xA*xB~2 + 64*%A~3) + (64*xA*xB~2xtan(c
/2 + (d*x)/2))/(64xA*xB~2 + 64%A~3)))/d + (2*Bxatanh((64*B~3*tan(c/2 + (d*x)
/2))/(64%A~2xB + 64%B~3) + (64*A~2%Bxtan(c/2 + (d*x)/2))/(64%A~2*%B + 64%B~3
)))/d - (2xCxtan(c/2 + (d*x)/2))/(d*(tan(c/2 + (d*x)/2)"2 - 1))
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3.59 [ cos(ct+dz) (A + Bsec(c+ dx) + C'sec’(c + dx)) da

Optimal result . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. 306!
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ... ...,
Sympy [F] . o o o
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 308}
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ......

Optimal result

Integrand size = 27, antiderivative size = 27

/cos(c + dz) (A + Bsec(c +dz) + Csec’(c + dz)) dz

Carctanh(sin(c + dx))  Asin(c + dz)
d T4

= Bz +

[Out] B*x+C*arctanh(sin(d*x+c))/d+Axsin(d*x+c)/d

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ 148 Ryjes used = {4132,

' integrand size
8, 4130, 3855}

/cos(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

_ Asin(c+dz) n Carctanh(sin(c + dx))

P ¥ + Bz

[In] Int[Cos[c + d*x]*(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x]
[Out] B*x + (CkArcTanh[Sin[c + d*x]])/d + (A*Sin[c + d*x])/d
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3855
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4130

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCsc[e + f*x])"m/(f*m)), x] +
Dist[(C*m + Ax(m + 1))/(b~2+%m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / ldz + /cos(c + dz) (A+ C'sec’(c+ dz)) dz
Asin(c + dz)
d

Carctanh(sin(c + dx))  Asin(c + dz)
d T

= Bx + +C/sec(c+dw)dm

= Bx +

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.41

/cos(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

Carctanh(sin(c + dz))  Acos(dz)sin(c)  Acos(c)sin(dz)
d * d * d

= Bz +

[In] Integrate[Cos[c + d*x]*(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] B*x + (CxArcTanh([Sin[c + d*x]])/d + (A*Cos[d*x]*Sin[c])/d + (A*Cos[c]*Sin[d
xx])/d



Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.37

307

Siz

method result
derivativedivides Asin(dz+c)+B(dz+c)+C In(sec(dz+c)+tan(dz+-c))
d
Asin(dz+c)+B(dz+c)+C In(sec(dz+c)+tan(dz+-c))
default
d
. Bzd+Asin(dz+c)—C'In (tan(%z—i-%) —1) +Cln (tan(‘%’”—i—%) +1)
parallelrisch i
. i A et(dz+c) i A e—t(dz+c) ln@““+®+ﬂ0 ln@““+®—ﬂ0
risch Bz 5 5d + p] p]
4 24 dx +c 24 dx e 3
than(%’ﬂ.%) —Bx— tan(dT ?)+ ta"(dT 7) Cln(tan(%’”—}—%)-{—l) Cln(tan(d{—i—%)—l)
norman

(1+tan<%“+§)2> (tan(%+%>2_1) + d

37
37

47
74

11

[In] int(cos(d*x+c)*(A+Bxsec(d*x+c)+Cxsec(d*x+c)”2),x,method=_RETURNVERBOSE)

[Out] 1/d*(A*sin(d*x+c)+B*(d*x+c)+Cx1n(sec(d*x+c)+tan(d*x+c)))

Fricas [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.67

/cos(c + dz) (A + Bsec(c + dz) + Csec’(c+ dz)) dz

_ 2Bdz + Clog (sin (dz +c) + 1) — C'log (—sin (dz + ¢) + 1) + 2 Asin (dz + c)

2d

[In] integrate(cos(d*x+c)*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/2%(2#B*d*x + Cxlog(sin(d*x + c) + 1) - Cxlog(-sin(d*x + c) + 1) + 2%Axsin

(d*x + ¢))/d

Sympy [F]

/cos(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

= / (A + Bsec(c+ dz) + C'sec? (c + dz)) cos (c + dz) dz

[In] integrate(cos(d*x+c)* (A+B*sec(d*x+c)+Cksec(d*x+c)**2) ,x)

[Out] Integral((A + Bxsec(c + d*x) + Cxsec(c + d*xx)**2)xcos(c + d*x), x)
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Maxima [A] (verification not implemented)

none

Time = 0.21 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.70

/cos(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

2(dx+c)B+ C(log (sin (dz +¢) + 1) — log (sin (dz 4+ ¢) — 1)) + 2 Asin (dz + ¢)
B 2d

[In] integrate(cos(d*x+c)*(A+B*sec(d*x+c)+Cksec(d*x+c)”2),x, algorithm="maxima")

[Out] 1/2%(2*(d*x + c)*B + Cx(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1)) + 2%
Axsin(d*x + c))/d

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 70 vs. 2(27) = 54.

Time = 0.31 (sec) , antiderivative size = 70, normalized size of antiderivative = 2.59

/cos(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

a.nl T lc
(dz+c)B+Clog (|tan (3 dz +1c) +1|) — Clog (|tan (3 dz + 1 ¢) — 1)) +%

B d

[In] integrate(cos(d*x+c)*(A+Bxsec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] ((d*x + c)*B + Cxlog(abs(tan(1/2*d*x + 1/2%c) + 1)) - Cxlog(abs(tan(1/2*d*x
+ 1/2xc) - 1)) + 2xAxtan(1/2xd*x + 1/2xc)/(tan(1/2*%d*x + 1/2%c)"2 + 1))/d

Mupad [B] (verification not implemented)

Time = 14.92 (sec) , antiderivative size = 68, normalized size of antiderivative = 2.52

/cos(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

str) 2osn(SE) punieran

d d d

2Batan(

w\n M\O
“‘a ""H

[In] int(cos(c + d*x)*(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (2xBxatan(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d + (2*Cxatanh(sin(c/2 +
(d*x)/2)/cos(c/2 + (d*x)/2)))/d + (A*sin(c + d*x))/d
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3.60 [ cos?*(c+dzx) (A + Bsec(c + dz) + Csec*(c + dz)) d

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . 309
Mathematica [A] (verified) . . . . . . . . . .. 3101
Maple [A] (verified) . . . . . . ... B11]
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ... ..., BIT
Sympy [F] . o o o 311
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 312
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 312

Optimal result

Integrand size = 29, antiderivative size = 42

/ cos’(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

Bsin(c + dx) + Acos(c + dz) sin(c + dz)

1

[Out] 1/2*%(A+2%C)*x+B*xsin(d*x+c)/d+1/2*A*xcos (d*x+c)*sin(d*x+c)/d

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ 138 Ryjos used = {4132,

' integrand size
2717, 4130, 8}

/ cos’(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

_ Asin(c+ dz) cos(c + dzx)
B 2d

Bsin(c + dx)
d

1

[In] Int[Cos[c + d*x]~2*(A + BxSec[c + d*x] + C*Sec[c + d*x]"2),x]

[Out] ((A + 2xC)*x)/2 + (B*Sin[c + d*x])/d + (A*Cos[c + d*x]*Sin[c + d*x])/(2xd)
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2717
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Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 4130

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCsc[e + f*x])"m/(f*m)), x] +
Dist[(C*m + Ax(m + 1))/(b~2+%m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / cos(c + dz) dz + / cos’(c+ dz) (A + Csec’*(c+ dz)) dz
Bsin(c+dx)  Acos(c+ dx)sin(c + dx)
-4 7 2d

Bsin(c+dz)  Acos(c+ dz)sin(c + dx)
i 2

+%(A+2C)/1dx

= %(A—F 20)z +

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.31

/cosz(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

A(c+ dz) L B cos(dz) sin(c) N B cos(c) sin(dz) N Asin(2(c + dz))
2d d d 4d

=Cx +

[In] Integrate[Cos[c + d*x]~2*(A + BxSec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] Cxx + (Ax(c + d*x))/(2%d) + (B*Cos[d*x]*Sin[c])/d + (B*Cos[c]*Sin[d*x])/d +
(A*xSin[2*(c + d*x)])/(4*d)
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Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.83

method result
s Bsin(d Asin(2dz+2
risch % +Cz + sm(d z+-c) + sm(4da:+ c)
. Asin(2dz+2c)+4B sin(dz+c)+2(A+2C)zd
parallelrisch 1
sin(dz+c) cos(dz+c) | dx | ¢ .
derivativedivides | ((sinldzte) cosldate) | do 4 £) 4 Bsin(do-+c)+C(da-+o)
d
sin(dz+c) cos(dz+c) | dx | ¢ .
default A<—2 +9+3 > +Bsin(dz+c)+C(dz+-c)
d
A A u 2 4 4 4 0, a 6 2Atan(d7x+%)3 (A—2B)
(—5—0)z+(—5—0>mtan(—+%> +(§+C>ztan<§+;) +<§+C)mtan<7$+%) + 5 —
norman
3

<1+tan(d§+%>2) ’ (tan(%z

[In] int(cos(d*x+c) ~2x(A+B*sec(d*x+c)+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/2*%A*x+Cxx+B*sin(d*x+c)/d+1/4%A/d*sin(2*xd*x+2*c)

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.79

/cosz(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

(A+2C)dx + (Acos(dx + ¢) + 2 B) sin (dz + ¢)
2d

[In] integrate(cos(d*x+c) 2% (A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas

n)
[Out] 1/2*%((A + 2*%C)*dxx + (A*cos(d*x + c) + 2*B)*sin(d*x + c))/d
Sympy [F]

/cosQ(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

= / (A + Bsec(c+ dz) + Csec? (c + dz)) cos® (c + dz) dx

[In] integrate(cos(d*x+c)**2*(A+B*xsec(d*x+c)+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Bxsec(c + d*x) + Cxsec(c + d*x)*x2)*cos(c + d*x)*x2, x)
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Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.00

/ cos’(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

_ (2dz+2c+sin(2dr +2c))A+4(dr +c)C + 4 Bsin (dz + ¢)
B 4d

[In] integrate(cos(d*x+c) 2% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="maxima

ll)
[Out] 1/4%((2*d*xx + 2%c + sin(2*d*xx + 2%c))*A + 4*x(d*x + c)*C + 4*Bxsin(d*x + c))

/d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 86 vs. 2(38) = 76.

Time = 0.29 (sec) , antiderivative size = 86, normalized size of antiderivative = 2.05

/ cos’(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz
2 (Atan(% da:—}-% c)3—2Btan(% dz—i—% c)3—Atan(% d:c—i—% c)—ZBtan(% da:—}-% c))
(tan(%dﬂc—i—% c)2+l)2

(dz+c)(A+20) —
- 2d

[In] integrate(cos(d*x+c) ~2*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/2%((d*x + c)*(A + 2%C) - 2x(Axtan(1/2%d*xx + 1/2%c)”3 - 2*Bxtan(1/2xd*x +
1/2%c)~3 - Axtan(1/2xd*x + 1/2%c) - 2*Bxtan(1/2xd*x + 1/2%c))/(tan(1/2*d*x

+ 1/2%c)"2 + 1)°2)/d

Mupad [B] (verification not implemented)

Time = 14.85 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.81

/cos2(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

Az Asin(2¢+2dz) Bsin(c+dzx)

=g TCTt 1d * d

[In] int(cos(c + d*x)~2*%(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)
[Out] (A*x)/2 + C*x + (A*sin(2*c + 2*d*x))/(4*d) + (B*sin(c + d*x))/d
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3.61 [ cos®(c+dzx) (A + Bsec(c + dz) + Csec(c + dz)) d

Optimal result . . . . . . . . . . 313l
Rubi [A] (verified) . . . . . . ... . 313
Mathematica [A] (verified) . . . . . . . . . ...
Maple [A] (verified) . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .......
Sympy [F] . . . 316
Maxima [A] (verification not implemented) . . . . . . . ... ... .. L. 3161
Giac [B] (verification not implemented) . . . . . . . . ... .. ... ... 316
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... .. .... BIT

Optimal result

Integrand size = 29, antiderivative size = 56

/cos3(c + dz) (A + Bsec(c + dz) 4+ Csec’(c + dz)) dz

_ Bz N (A+ C)sin(c+ dx) 4 Bcos(c +dz)sin(c +dz) Asin3(c + dz)
2 d 2d 3d

[Out] 1/2*B*x+(A+C)*sin(d*x+c)/d+1/2*B*cos(d*x+c)*sin(d*x+c)/d-1/3*A*sin(d*x+c)~3
/d

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5 number of rules _ 0.172, Rules used = {4132,

’ integrand size
2715, 8, 4129, 3092}

/cos3(c + dz) (A + Bsec(c + dz) 4+ Csec’(c + dz)) dz
(A+C)sin(c+dz)  Asin’(c+dw) N Bsin(c + dz) cos(c + dz) Bz

d 3d 2d 2

[In] Int[Cos[c + d*x]~3*(A + B*Sec[c + d*x] + CxSec[c + d*x]"2),x]

[Out] (B*x)/2 + ((A + C)*Sin[c + d*x])/d + (B*Cos[c + d*xx]*Sin[c + d*xx])/(2xd) -
(A*Sin[c + d*x]~3)/(3%d)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2715
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Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3092

Int[sinf(e_.) + (£_)*(x_)]1"(m_.)*((A_) + (C_.)*sin[(e_.) + (f_.)*(x_)]1"2),
x_Symbol] :> Dist[-f7(-1), Subst[Int[(1 - x72)"((m - 1)/2)*(A + C - Cxx"2)
, x], x, Cos[e + f*x]1, x] /; FreeQ[{e, f, A, C}, x] && IGtQ[(m + 1)/2, 0]

Rule 4129

Int[csc[(e_.) + (f_)*(x )] (m_.)*(cscl(e_.) + (£_.)*x(x_)]1"2%(C_.) + (A))),
x_Symbol] :> Int[(C + AxSin[e + f*x]~2)/Sinle + f*x]~(m + 2), x] /; FreeQ[
{e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && ILtQ[(m + 1)/2, 0]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])~"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / cos?(c + dz) dx + / cos®(c+ dz) (A + Csec’*(c+dz)) dz

_ Beos(e+ d;c)ism(c +do) + %B/ ldx + /cos(c + dz) (C + Acos®*(c+ dz)) dz
__ Bz N Bcos(c+ dz)sin(c + dz)  Subst([ (A + C — Az?) dz,z, —sin(c + dz))
T2 2d - d

Bz N (A+ C)sin(c + dx) N Bcos(c+dz)sin(c+dz) A sin®(c + dz)
2 d 2d 3d
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Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.95

/cos3(c + dz) (A + Bsec(c + dz) 4+ Csec’(c + dz)) dz

_ 6Bc+ 6Bdx + 3(3A + 4C) sin(c + dx) + 3B sin(2(c + dx)) + Asin(3(c + dz))
B 12d

[In] Integratel[Cos[c + d*x]~3*(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (6%Bxc + 6*%Bxd*x + 3%(3%A + 4*C)*Sin[c + d*x] + 3*B*Sin[2*(c + d*x)] + A*Si
n[3x(c + d*x)])/(12xd)

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.88

method result
parallelrisch 3Bsin(2dz+2c)+A sin(3dcv+?162);-(9A+12C) sin(dz+c)+6Bxzd
A2 d 2) sin(d :
‘ . o ( +cos( w+;:) ) sin(dz+c) +B ( s1n(dz+c)2cos(dz+c) +d7:z:+§> +Csin(da+c)
derivativedivides ]
A (2“05(‘1“;)2) sin(dete) | p ( sin(dz o) cos(da-te) | %“rg) +C'sin(dz+c)
default |
. Bz 3Asin(dz+c) C'sin(dz+c) Asin(3dz+3c) B sin(2dz+2c)
risch 5 T ¥ + y + od + id
7 8 5
6 (24—B+2C)tan(9E4+¢ 2 Botan(9Z4+< 24-3B—6C) tan( %L+ 2
B:ctan(%“”-}-%) +( )dan(T ?) —%—Bwtan(%’—}-%) + a“(? ?) ( ;da“(T 7) @
norman 3 >
dx | ¢ dz | ¢
(1+tan<7+§) > (tan(7+§> —1)

[In] int(cos(d*x+c) 3% (A+B*sec(d*x+c)+Cxsec(d*x+c) 2),x,method=_ RETURNVERBOSE)
[Out] 1/12*%(3*Bxsin(2*d*x+2%c)+A*sin(3xd*x+3*c)+(9*A+12*C) *sin (d*x+c) +6*xBxx*d) /d

Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.80

/ cos®(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

_ 3Bdz + (2 Acos (dz +c)* + 3 Bcos(dz +c) + 4 A+ 6 C) sin (dz + )
B 6d
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[In] integrate(cos(d*x+c) ~3*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas
u)

[Out] 1/6*%(3*B*d*x + (2*A*cos(d*x + c)~2 + 3*Bkcos(d*x + c) + 4*A + 6*C)*sin(d*x
+c))/d

Sympy [F]

/COS3(C + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

= / (A+ Bsec(c+ dz) + Csec’ (c+ dz)) cos® (c + dz) dx

[In] integrate(cos(d*x+c)**3*(A+B*xsec(d*x+c)+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Bxsec(c + d*x) + Cxsec(c + d*x)*x2)*cos(c + d*x)*x3, x)

Maxima [A] (verification not implemented)

none

Time = 0.20 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.98

/cos3(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) do =

4(sin(dm+c)3—3 sin (dz + ¢))A —3(2dz + 2c+sin (2dz + 2¢))B — 12C'sin (dz + ¢)
12d

[In] integrate(cos(d*x+c) 3% (A+B*sec(d*x+c)+Cksec(d*x+c)~2),x, algorithm="maxima
n)

[Out] -1/12%(4*(sin(d*x + c)~3 - 3xsin(d*x + c))*A - 3% (2*d*x + 2%c + sin(2*d*x +
2%c))*B - 12*Cxsin(d*x + c))/d

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 138 vs. 2(50) = 100.

Time = 0.30 (sec) , antiderivative size = 138, normalized size of antiderivative = 2.46

/cos3(c + dz) (A + Bsec(c +dz) + Csec*(c + dz)) dz

2 <6Atan(% dz+% 0)5—3Btan(% dm+% c)5+60tan(% da:+% c)5+4Atan(% dm-l-% c)3+120tan(% dz+% c)3+6Atan(% dz

3(d B 3
(dz +¢)B + (tan(} do+3 ¢)*+1)

6d
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[In] integrate(cos(d*x+c) ~3*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/6%(3*%(d*x + c)*B + 2*x(6xAxtan(1/2xd*x + 1/2%c)”~5 - 3*Bxtan(1/2*d*x + 1/2x%
c)"5 + 6*%Cxtan(1/2*d*x + 1/2*%c)”5 + 4xAxtan(1/2*xd*x + 1/2%c)~3 + 12*Cxtan(1l
/2%d*x + 1/2*c)”"3 + 6xAxtan(1/2*d*x + 1/2*c) + 3*Bxtan(1/2*d*x + 1/2%c) + 6
*Ckxtan(1/2xd*x + 1/2xc))/(tan(1/2*d*x + 1/2*c)"2 + 1)73)/d

Mupad [B] (verification not implemented)

Time = 14.71 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.18

/cos3(c+ dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz
_ Bz  2Asin(c+dx) + C sin(c+ dx)

2 3d d
Bcos(c+dz) sin(c+dz) Acos(c+dz)’ sin(c+ dz)
" 2d " 3d

[In] int(cos(c + d*x)~3*(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (B*x)/2 + (2*Axsin(c + d*x))/(3*d) + (Cxsin(c + d*x))/d + (Bxcos(c + d*x)x*s
in(c + d*x))/(2xd) + (A*cos(c + d*x) 2*sin(c + d*x))/(3%d)
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3.62 [ cos*(c+dz) (A + Bsec(c + dz) + Csec*(c + dx)) da

Optimal result . . . . . . . . . . . e 318
Rubi [A] (verified) . . . . . . . . . BI8
Mathematica [A] (verified) . . . . . . . . . ... 320
Maple [A] (verified) . . . . . . . . . . 320
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 3211
Sympy [F] . . o o B2T]
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. B21]
Giac [B] (verification not implemented) . . . . . . . . ... ... ... .. ...
Mupad [B] (verification not implemented) . . . ... ... .. ... .. .......

Optimal result

Integrand size = 29, antiderivative size = 88

/ cos*(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

_ é(3A +40)T 4+ B sin(2+ dz) N (3A +4C) COS(CSZ dz)sin(c + dx)
N Acos®(c + dz)sin(c+dz)  Bsin’(c+dr)
4d 3d

[Out] 1/8%(3%A+4%*C)*x+B*sin(d*x+c)/d+1/8%(3*%A+4*C)*cos (d*x+c)*sin(d*xx+c)/d+1/4%A%
cos (d*x+c) ~3*sin(d*x+c)/d-1/3*Bxsin(d*x+c) ~3/d

Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.00, number
_ _ = number of rules _ _

of steps used = 6, number of rules used = 5, integrand size 0.172, Rules used = {4132,

2713, 4130, 2715, 8}

/cos4(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

(3A 4 4C) sin(c + dz) cos(c + dz)  Asin(c + dz) cos®(c + dx)
_|_
8d 4d
Bsin®(c + dx) N Bsin(c + dz)
3d d

+ %x(SA +40) —

[In] Int[Cos[c + d*x]~4*(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] ((3*A + 4%C)*x)/8 + (B*Sin[c + d*x])/d + ((3*A + 4%C)*Cos[c + d*x]*Sin[c +
d*x])/(8xd) + (A*Cos[c + d*x]~3*Sin[c + d*x])/(4*d) - (B*Sin[c + d*x]~3)/(3
*d)



319

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x2)"((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQ[{c, 4}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*x((n - 1)/n), Int[(b*Sin[
c +d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4130

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[AxCot[e + f*x]*((b*Cscle + f*x])"m/(f*m)), x] +
Dist[(Cxm + A*(m + 1))/(b"2*m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, £, A, C}, x] && NeQ[C#m + Ax(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) m*(A + C*Cscle + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / cos®(c + dr) dr + /cos4(c + dz) (A+ Csec’(c+dz)) dz

3 |
_ Acoslerdismled) | Lsa 4 a0) [ cost(e+ doydo

4d
BSubst ([ (1 — 2?) dz,z, —sin(c + dz))
d
Bsin(c+dz) (3A+4C)cos(c + dzx) sin(c + dx)
-4 T 8d

3 ~ .3
+Acos (c—l—d:cgsm(c—i-dx) _ Bsin éz+dw) +é(3A+4C’)/1dx
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_ %(3/1 +40)s + B sin(2+ dz) + (3A+40C) cos(c8-; dz)sin(c + dx)
Acos®(c + dz)sin(c +dz)  Bsin’(c+ dx)
4d 3d

Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.80

/0034(0 + dz) (A + Bsec(c + dz) + Csec’(c+ dz)) dz

_ 36Ac+ 48¢C + 36Adx + 48Cdx + 96 Bsin(c + dx) — 32Bsin®(c 4 dx) + 24(A + O) sin(2(c + dz)) + 3As
B 96d

[In] Integrate[Cos[c + d*x]~4*(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (36xAxc + 48*c*C + 36%A*d*x + 48*Ckxd*xx + 96*BxSin[c + d*x] - 32*B*Sin[c + d
*x] "3 + 24%(A + C)*Sin[2*(c + d*x)] + 3*A*Sin[4*(c + d*x)])/(96%d)

Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.72

method result
, 24(A+C) sin(2da+2c)-+8B sin(3da+3c)+3A sin(4dz+4c)+72B sin(dw+c)+36d (A+%)w
parallelrisch
96d
. 3Azx Cz 3Bsin(dz+c) Asin(4dz+4c) B sin(3dz+3c) Asin(2dz+2c) sin(2dz+2¢)C
risch g T2 1 4d + 324 + 12d + id + 4d

coszcswsinzc i
A<< (dz+c)°+ 42 ) (dz+ )+Bgm+ssc)+B(2+cos(da:+;)2) sin(dz+-c) +C(sin(dz+c)2005(dm+c)+d7m+%)

derivativedivides 7

4 8

3, 3cos(dz+c) . .
4 < (cos(d:c+c) +‘27) sin(dz+-c) +%+ 31:) + B (2+cos(da:+;)2) sin(dz+c) +C ( sin(dz+c)2cos(da:+c) +d7z+g)
default y

norman

[In] int(cos(d*x+c) ~4x(A+B*sec(d*x+c)+Cksec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/96%(24*(A+C)*sin(2%d*x+2%c)+8*B*sin (3*d*xx+3*c)+3*A*sin(4*d*xx+4*c)+72*%B*si
n(d*x+c)+36%xd* (A+4/3*C) *xx) /d
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Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.74

/cos4(c + dz) (A + Bsec(c +dz) + Csec*(c +dz)) dz

3(3A+4C)dz + (6 Acos (dx +c)* + 8 Bcos (dz + ¢)* + 3 (3 A+ 4C) cos (dz + ¢) + 16 B) sin (dz + c)
24d

[In] integrate(cos(d*x+c) ~4*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas
ll)

[Out] 1/24%(3%(3*%A + 4xC)*d*x + (6*A*cos(d*x + c)~3 + 8xBxcos(d*x + c)~2 + 3%(3*A
+ 4xC)*cos(d*x + c) + 16%B)*sin(d*x + c))/d

Sympy [F]

/cos4(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

= / (A+ Bsec(c+ dz) + Csec’ (c + dz)) cos* (c + dz) dx

[In] integrate(cos(d*x+c)**4*(A+B*sec(d*x+c)+Cxsec(d*x+c)**2),x)

[Out] Integral((A + Bksec(c + d*x) + Cxsec(c + d*x)**2)*cos(c + d*x)**4, x)

Maxima [A] (verification not implemented)

none

Time = 0.21 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.88

/0034(0 + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

3(12dz + 12c+sin(4dz +4c) + 8 sin (2dz + 2¢)) A — 32 (sin (dz + ¢)® — 3 sin (dz+c))B+24(2dz
96d

[In] integrate(cos(d*x+c) ~4x(A+Bxsec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima
n)

[Out] 1/96%(3*(12%d*x + 12%c + sin(4xd*x + 4xc) + 8*sin(2*d*x + 2%c))*A - 32*(sin
(d*x + ¢)~3 - 3*sin(d*x + c))*B + 24x(2*d*x + 2%c + sin(2*d*x + 2xc))*C)/d
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 200 vs. 2(80) = 160.

Time = 0.29 (sec) , antiderivative size = 200, normalized size of antiderivative = 2.27

/cos4(c + dz) (A + Bsec(c +dz) + Csec*(c+dz)) dz

2 (15Atan(% dm—i—% 0)7—24Btan(% da:—}-% c)7+120’tan(% dz-l—% 0)7—9Atan(% dz—}-% c)5—4OBtan(% dm-l—% C

3(dr+c)(3A+4C) —

[In] integrate(cos(d*x+c) 4% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/24*(3*x(d*x + c)*(3*%A + 4*C) - 2x(15xAxtan(1/2*d*x + 1/2%c)”7 - 24*xBxtan(1
/2%d*x + 1/2*%c)”7 + 12*%Cxtan(1/2*d*x + 1/2*c)”7 - 9xAxtan(1/2*d*x + 1/2%c)”

5 - 40*Bxtan(1/2*d*x + 1/2*c)”5 + 12+%Cxtan(1/2*d*x + 1/2%c)”5 + 9*kA*xtan(1/2

*d*xx + 1/2%c)~3 - 40*%Bxtan(1/2*d*x + 1/2%c)”3 - 12xCkxtan(1/2*d*x + 1/2*c)”3

- 15xAxtan(1/2*xd*x + 1/2%c) - 24*Bxtan(1/2*xd*x + 1/2*c) - 12*xCxtan(1/2*d*x

+ 1/2*%c))/(tan(1/2*d*x + 1/2%c)"2 + 1)74)/d

Mupad [B] (verification not implemented)

Time = 15.06 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.92

/0084(C—|—d3’:) (A + Bsec(c+ dz) + Csec’(c+ dz)) dz
_3A:c+Cz Asin(2c+2dz) Asin(4c+4dx)

8 2 4d 32d
Bsin(3c+3dx) n Csin(2c+2dx) + 3B sin(c+dx)
12d 4d 4d

[In] int(cos(c + d*x)~4%x(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (3*A*x)/8 + (C*xx)/2 + (A*sin(2xc + 2xd*x))/(4%d) + (Axsin(4*c + 4*dx*xx))/(32
*d) + (B*sin(3*c + 3*xd*xx))/(12*%d) + (C*sin(2%c + 2xd*xx))/(4*d) + (3*B*sin(c
+ dxx))/(4xd)
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3.63 [ cos®(c+dzx) (A + Bsec(c + dz) + Csec*(c + dz)) d

Optimal result . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . . 323
Mathematica [A] (verified) . . . . . . . . . .. .
Maple [A] (verified) . . . . . . . . . . 326
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 3261
Sympy [F] . . o o 327
Maxima [A] (verification not implemented) . . . . . . . .. ... ... 3271
Giac [B] (verification not implemented) . . . . . . . . . ... ... L.
Mupad [B] (verification not implemented) . . . ... ... ... ... ........

Optimal result

Integrand size = 29, antiderivative size = 98

/cosS(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz
3Bx N (A+ C)sin(c + dz) n 3B cos(c + dz) sin(c + dx)

8 d 8d
N Bcos’(c+dz)sin(c +dz) (24 + C)sin’(c + dz) N Asin®(c + dzx)
4d 3d 5d

[Out] 3/8*B*x+(A+C)*sin(d*x+c)/d+3/8*B*cos(d*x+c)*sin(d*x+c)/d+1/4*xBxcos(d*x+c) 3
*sin(d*x+c) /d-1/3*(2xA+C) *sin (d*x+c) ~3/d+1/5%A*sin(d*x+c) ~5/d

Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.00, number
of steps used = 8, number of rules used = 6 number of rules _ 0.207, Rules used = {4132,

’ integrand size
2715, 8, 4129, 3092, 380}

/ cos’(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

(2A+ C)sin®(c+dz) (A+C)sin(c+dz) Asin®(c+ dx)
+ +
3d d 5d
Bsin(c + dx) cos®(c+dx)  3Bsin(c + dz)cos(c+dx) 3Bz
+ 4d + 8d + 8

[In] Int[Cos[c + d*x]~5*%(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (3*B*x)/8 + ((A + C)*Sin[c + d*x])/d + (3*BxCos[c + d*x]*Sin[c + d*xx])/(8*d
) + (BxCos[c + d*x]~3*Sin[c + d*x])/(4*d) - ((2*A + C)*Sin[c + d*x]~3)/(3*d
) + (AxSin[c + d*x]~5)/(5%d)
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Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 380

Int[((a ) + (b_.)*x(x_)"(0_ )" (p_.)*((c_) + (d_)*(x_)"(n_))"(q_.), x_Symbol
1 :> Int[ExpandIntegrand[(a + b*x"n) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b
, ¢, d, n}, x] && NeQ[b*c - axd, 0] && IGtQ[p, 0] && IGtQ[q, O]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*x((n - 1)/n), Int[(b*Sin[
c +d*xx])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3092

Int[sin[(e_.) + (£_)*(x_)]1"(m_.)*((A_) + (C_.)*sin[(e_.) + (f_.)*(x_)]1"2),
x_Symbol] :> Dist[-f~(-1), Subst[Int[(1 - x72)"((m - 1)/2)*(A + C - Cxx"2)
, x], x, Cosle + f*x]], x] /; FreeQ[{e, f, A, C}, x] && IGtQ[(m + 1)/2, 0]

Rule 4129

Int[cscl(e_.) + (£_)*(x_)]1"(m_.)*(cscl(e_.) + (f_.)*(x_)]1"2x(C_.) + (A)),
x_Symbol] :> Int[(C + A*Sin[e + f*x]~2)/Sin[e + f*x]"(m + 2), x] /; FreeQ[
{e, £, A, C}, x] && NeQ[C*m + A*(m + 1), 0] &% ILtQ[(m + 1)/2, 0]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) "m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / cos*(c + dz) dz + / cos’(c+ dz) (A + Csec’(c+ dz)) dx

3 |
- Beoslex dnjsled0) | 2(op) [ cos(c+ da)da

+ /0083(0 + dz) (C + Acos’(c+ dz)) dx
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. 3 .
_3B cos(c + dz) sin(c + dz) n B cos*(c + dzx) sin(c + dx) 4 1(3B) / 1 de
8d 4d 8
Subst( [ (1 — z?) (A+ C — Az?) dz, z, —sin(c + dz))
- d

3Bz  3Bcos(c+ dz)sin(c+dz) = Bcos®(c+ dz)sin(c + dz)
+ +
8 8d 4d
Subst([ (A(1+ &) — (24 + C)z? + Az*) dz,z, —sin(c + dz))
d

3Bx (A4 C)sin(c+dz) 3Bcos(c+ dz)sin(c+ dz)
I d - 8d
N Bcos*(c+ dx)sin(c+dz) (24 + C)sin®(c + dz) N Asin®(c + dz)

4d 3d 5d

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.89

/cos5(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

_ 180Bc + 180Bdzx + 60(5A + 6C) sin(c + dx) + 120B sin(2(c + dz)) + 50Asin(3(c + dz)) + 40C sin(3(c
B 480d

[In] Integrate[Cos[c + d*x]~5*%(A + BxSec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (180*Bxc + 180%*Bxd*x + 60*(5%xA + 6*C)*Sin[c + d*x] + 120%B*Sin[2*(c + d*x)]
+ B0*A*Sin[3*(c + d*x)] + 40*%C*Sin[3*(c + d*x)] + 15%B*Sin[4*x(c + d*x)] +
6xA*Sin[5%(c + d*xx)])/(480%d)
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Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.81

method result
. (50A+4-40C) sin(3dx+3c)+120B sin(2dz+2c)+15B sin(4dz+4c)+6 A sin(5dz+5¢)+(300A44-360C) sin(dz+c)+180Bzd
parallelrisch 1504
2
A<§+C°S(dx+c>4+4Ls(d3ﬂ) sin(dz+c) (cos(dm+c)3+ﬁ73 cos(dz+c) ) sin(dz+-c) 3dz | 3e C(2+cos(dw+c)2) sin(dz
5 +B 4 +% % |t 3
derivativedivides ]
4cos(dz4c)? ) .
A<%+“Bw$+®4+ggﬁggi97>mnum+@ (““Mz+@3+§gﬁ%£tg>sm@“+f) 3ds 3¢ C(2+umwz+®2)mnux+
5 +B 4 +% +% |t 3
default i
. 3Bz 5A sin(dz+c) 3C'sin(dz+c) Asin(5dz+5¢) B sin(4dz+4c) 5A sin(3dz+3c) sin(3dz+3c)C
risch 8 ' 8 + 4 T sd T 324 T 434 =12
_3Bs 3Be tan(d{-s-gf B 1Sthan(dTm+%)4 N 15Bx tan(g}-ﬁ—%)s . 3Bz can(i}+5) 10 +SBx tan(de-f-%)lQ _ (8A—9B+40C
norman 8 2 8 8 2 8 1

[In] int(cos(d*x+c) 5x(A+B*sec(d*x+c)+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/480%((50%A+40%C)*sin(3*d*x+3*c)+120*B*sin (2*d*xx+2%c)+15*%B*xsin (4*d*xx+4*c)+
6xAxsin (5xd*x+5%c)+(300*%A+360*C) *sin (d*x+c)+180*B*xx*d) /d

Fricas [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.74

/cos5(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

_ 45 Bdz + (24Acos(da:+c)4—|—3OBcos(dx—|—c)3+8(4A+5C’)cos(dw+c)2+45Bcos(dz+c) +64A
B 120d

[In] integrate(cos(d*x+c) 5% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="fricas
ll)

[Out] 1/120*(45*Bxd*x + (24*A*cos(d*x + c)~4 + 30*Bxcos(d*x + c)~3 + 8*%(4*A + 5%C
Y*xcos(d*x + c)~2 + 45xBxcos(d*x + c) + 64xA + 80*C)*sin(d*x + c))/d
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Sympy [F]

/cos5(c + dz) (A + Bsec(c +dz) + Csec*(c + dz)) dz

= / (A + Bsec(c+ dz) + Csec’ (c+ dz)) cos® (c + dz) dx

[In] integrate(cos(d*x+c)**5* (A+B*sec(d*x+c)+C*sec (d*x+c)**2) ,x)

[Out] Integral((A + B*sec(c + d*x) + Cxsec(c + d*xx)#**x2)*cos(c + d*x)**5, x)

Maxima [A] (verification not implemented)

nomne

Time = 0.20 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.91

/coss(c + dz) (A + Bsec(c+dz) + Csec*(c+ dz)) dz

_ 32 (3sin(dz+¢)° — 10 sin (dz + ¢)’ + 15 sin (dz + ¢)) A+ 15 (12dz + 12c + sin (4dz + 4 ¢) + 8 sin (2,
B 480d

[In] integrate(cos(d*x+c) 5% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="maxima

ll)

[Out] 1/480%(32*(3*sin(d*x + c)~5 - 10*sin(d*x + c)~3 + 15*sin(d*x + c))*A + 15%(
12%d*x + 12%c + sin(4*d*x + 4*xc) + 8xsin(2*d*x + 2%c))*B - 160*(sin(d*x + ¢
)~3 - 3xsin(d*x + c))*C)/d

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 222 vs. 2(88) = 176.

Time = 0.31 (sec) , antiderivative size = 222, normalized size of antiderivative = 2.27

/cos5(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

2 (120Atan(% dz+% c)9—75Btan(% dm+% c)9+1200tan(% dm+% c)9+160Atan(% d:z:-l—% 0)7—30Btan(% dm+% c)7+E

45 (dz +¢)B +

[In] integrate(cos(d*x+c) ~5*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/120%(45%(d*x + c)*B + 2% (120*%Axtan(1/2*%d*x + 1/2%c)”9 - T75%Bxtan(1/2*d*x
+ 1/2%c)”9 + 120*%Cxtan(1/2*%d*x + 1/2%c)”9 + 160*A*xtan(1/2%d*x + 1/2%c)"7 -
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30*%Bxtan(1/2*d*x + 1/2%c)”~7 + 320*%C*tan(1/2*d*x + 1/2*%c)”7 + 464xAxtan(1/2x*
d*x + 1/2*c)”5 + 400*Cxtan(1/2*xd*x + 1/2%c)”5 + 160*Axtan(1/2*d*x + 1/2%c)”
3 + 30*Bxtan(1/2xd*x + 1/2%c)”~3 + 320*%Cxtan(1/2*d*x + 1/2%c)”3 + 120*A*tan(
1/2xd*x + 1/2*c) + T75*%Bxtan(1/2*d*x + 1/2*c) + 120*%C*tan(1/2*d*x + 1/2*c))/
(tan(1/2%d*x + 1/2%c)~2 + 1)°5)/d

Mupad [B] (verification not implemented)

Time = 14.92 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.06

/ cos’(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

3Bz  5Asin(3c+3dx) + Asin(bc+5dx) N Bsin(2c+2dx)

8 + 48d 80d 4d
Bsin(4c+4dz) Csin(3c+3dz) b5Asin(c+dz) 3C sin(c+dzx)

324 + 12d + 8d + 4d

[In] int(cos(c + d*x)~5*%(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (3*B*xx)/8 + (5*%A*sin(3*c + 3*d*x))/(48%d) + (A*sin(5*c + 5%d*x))/(80*%d) + (
Bxsin(2*c + 2%d*x))/(4*xd) + (B*sin(4*c + 4xd*xx))/(32*%d) + (C*sin(3*c + 3*d*
x))/(12xd) + (5*%Axsin(c + d#*x))/(8*d) + (3*Cxsin(c + dxx))/(4x*d)
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3.64 [ cosb(c+dzx) (A + Bsec(c + dz) + Csec’(c + dz)) d

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . 329
Mathematica [A] (verified) . . . . . . . . . ... 3311
Maple [A] (verified) . . . . . . ... 331
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ....
Sympy [F(-1)] . . o o
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... B33
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 333l
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... B34

Optimal result

Integrand size = 29, antiderivative size = 132

/0036(0 + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

1 Bsin(c+dz) (5A + 6C) cos(c + dz) sin(c + dz)
= 16(5A+60)w+ y + 16d
(5A 4 6C) cos*(c + dz) sin(c + dz)
* 24d
N Acos’(c+dx)sin(c+dz)  2Bsin’(c+ dx) 4 Bsin®(c + dx)
6d 3d 5d

[Out] 1/16%(5%A+6%C)*x+B*sin(d*x+c)/d+1/16% (5*%A+6*C)*cos (d*x+c)*sin(d*x+c)/d+1/24
* (5%xA+6*C) *xcos (d*x+c) ~“3*xsin(d*x+c) /d+1/6*A*xcos (d*x+c) ~5*xsin(d*x+c)/d-2/3*Bx*
sin(d*x+c) ~3/d+1/5*B*sin(d*x+c)~5/d

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 5, Lumber of rules _ ( 179 Ryles used

' integrand size
= {4132, 2713, 4130, 2715, 8}

/ cos’®(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

(5A + 6C) sin(c + dz) cos®(c + dx) (A + 6C)sin(c + dzx) cos(c + dx)
_|_
24d5 16d
Asi 1
4 sin(c + dxﬁ)dcos (c+ dz) N Ez(5A +60)
N Bsin®(c+dz)  2Bsin’(c + dx) N Bsin(c + dz)
5d 3d d
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[In] Int[Cos[c + d*x] 6*%(A + BxSec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] ((5%A + 6%C)*x)/16 + (B*Sin[c + d*x])/d + ((5%A + 6*C)*Cos[c + d*x]*Sin[c +
d*x])/(16*xd) + ((5%A + 6%C)*Cos[c + d+*x]~3*Sin[c + d*x])/(24%d) + (A*Cos[c

+ d*x]~5*Sin[c + d*x])/(6%d) - (2xB*Sin[c + d*x]~3)/(3*d) + (B*Sin[c + d*x
17°5)/(5%d)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2713
Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa

nd[(1 - x72)~((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQ[{c, d}, xI]
&& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4130

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + fxx]*((bxCscl[e + f*x])"m/(f*m)), x] +
Dist[(C*m + A*x(m + 1))/(b~2+#m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, £, A, C}, x] && NeQ[C*m + A*x(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*x(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

integral = B / cos’(c + dz) dz + /cosﬁ(c + dz) (A + C'sec®(c + dz)) dz

. .
_ Acos’(c+ dgg sin(c +dz) | é(5A +6C) / cos* (¢ + dz) dz

BSubst ([ (1 — 222 + z*) dz,z, —sin(c + dz))
B d
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Bsin(c+dzx) (5A+ 6C) cos®*(c + dz)sin(c+dx)  Acos®(c+ dz)sin(c + dr)
= + +
d ; . 24d 6d
_2B sm3(§ + dz) + Bsin éil—i_ dz) + é(5A +6C) /cosz(c + dzx) dz
Bsin(c+dz) (5A+ 6C)cos(c+ dz)sin(c+dz) (5A + 6C) cos®*(c+ dx) sin(c + dz)
= + +
d - 16d , . 24d
Acos®(c+dzx)sin(c+ dx) 2Bsin®*(c+dz) Bsin’(c+dz) 1 /
_ .l 1
6d 34 + 5d +16(5A+6C) dz
1 Bsin(c+dzx) (5A+ 6C) cos(c + dz)sin(c + dz)
N (5A + 6C) cos®(c + dz) sin(c + dx)

24d
Acos®(c +dz)sin(c +dz)  2Bsin’(c +dx) N Bsin®(c + dzx)

6d 3d 5d

Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.77

cos’(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

_ 960Bsin(c + dx) — 640B sin®(c + dz) + 192Bsin®(c + dz) + 5(60Ac + 72¢C + 60Adz + 72Cdx + (454
a 960d

[In] Integrate[Cos[c + d*x]~6*%(A + BxSec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (960*B*Sin[c + d*x] - 640%B*Sin[c + d*x]~3 + 192%BxSin[c + d*x]~5 + 5x(60%A
*C + 72%c*C + 60*%Axd*x + 72*%Ckd*x + (45%A + 48*C)*Sin[2*%(c + d*x)] + (9%A +
6*xC)*Sin[4*(c + d*x)] + A*Sin[6*(c + d*x)]))/(960%d)

Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.72
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method result

. (225A+4-240C) sin(2dz+2c¢)+(45A+30C) sin(4dz+4c)+100B sin(3dz+3c)+12B sin(5dz+5¢)+5A sin(6dz+6¢)+600B sin
parallelrisch 5604

3 2
<cos(dm+c)5+ 5 cos(tim-kc) + 15 cos(sd:v+c) > sin(dxz+-c) B <§+cos(dm+c)4+ M&) sin(dz+-c) (cos(
A = +5d 4 5e | 4 = +C

derivativedivides i
2
(cos(dz+c)5+ 5 COS((Z.’Z)-FC)?’ + 15 COS(8d1+C) > sin(dz+-c) sa s B (%+cos(dz+c)4+ M) sin(dz+-c) (cos(
A 3 +25+16 |+ 3 +C | ~—
default
d

. 5Ax 3Czx 5B sin(dz+-c) A sin(6dz+6c¢) Bsin(5dz+5c) 3Asin(4dz+4c) sin(4dz+4c)C 5B sin
risch 6 T8 T 8d + " 9a T 80d + 64d + 32 T A

4 2 6
5A _3C 45A _ 27C dz | ¢ 25A _ 15C dz | ¢ 25A _ 15C dz | ¢ 5A , 3
(_E_T )””JF(—TG 5 )“an(7+§) +(—Te 78 )$tan(7+§> +<—Ts 78 )xtan(7+§) +(T +7

norman

[In] int(cos(d*x+c) ~6*(A+B*sec(d*x+c)+Cksec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/960%* ((225%A+240%*C) *sin (2*d*x+2*c)+(45%A+30%*C) *sin (4*d*xx+4*c)+100%B*xsin (3%
dxx+3%c)+12*%B*xsin (5xd*x+5%c) +5*%A*xsin (6*d*xx+6%c) +600*Bxsin (d*xx+c)+300*d*x* (A
+6/5%C))/d

Fricas [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.70

/coss(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

_15(5A+6C)dz + (40Acos(dx—|—c)5—|—4SBcos(dx—|—c)4+10 (5 A4 6C)cos (dz + ¢)* + 64 B cos (dz -
a 240d

[In] integrate(cos(d*x+c) 6% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="fricas
ll)

[Out] 1/240%(15%(5%A + 6*C)*d*x + (40*Axcos(d*x + c)~5 + 48*B*cos(d*x + c)~4 + 10
*(5%A + 6%C)*cos(d*x + c)~3 + 64xBxcos(d*x + c)~2 + 15%(5xA + 6%C)*cos(d*x

+ ¢) + 128%xB)*sin(d*x + c¢))/d
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Sympy [F(-1)]

Timed out.

/ cos’(c + dz) (A + Bsec(c+ dz) + C'sec®(c + dz)) dz = Timed out

[In] integrate(cos(d*x+c)**6*(A+B*sec(d*x+c)+C*sec (d*x+c)**2) ,x)

[Out] Timed out

Maxima [A] (verification not implemented)

none

Time = 0.22 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.87

/cose(c + dz) (A + Bsec(c + dz) + Csec’(c+ dz)) do =

5(4 sin(2dz +2¢)* —60dz — 60c — 9 sin (4dz + 4c) — 48 sin (2dz +2¢)) A — 64 (3 sin (dz + ¢)° —
960 d

[In] integrate(cos(d*x+c) 6% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="maxima
ll)

[Out] -1/960%(5*%(4*sin(2*d*x + 2%c)~3 - 60*d*x — 60%c — 9*sin(4*d*x + 4*c) - 48xs
in(2*d*xx + 2%c))*A - 64%(3*sin(d*x + ¢c)”5 - 10*sin(d*x + c)~3 + 15*sin(d*x
+ c))*B - 30%(12*d*x + 12%c + sin(4*d*x + 4%c) + 8*xsin(2*d*xx + 2%c))*C)/d

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 284 vs. 2(120) = 240.

Time = 0.30 (sec) , antiderivative size = 284, normalized size of antiderivative = 2.15

/cosﬁ(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

2 165Atan(ldx+l0)11—240Btan(ld:c+l0)11+15OCtan(ldz—i—lc)n—QSAtan(ldx—i-l0)9—560Bt:
15(dz + ¢)(5 A+ 6C) — ° 2T 2 2 2

[In] integrate(cos(d*x+c) 6% (A+B*sec(d*x+c)+Cksec(d*x+c)~2),x, algorithm="giac")

[Out] 1/240%(15%(d*x + c)*(5%A + 6%C) - 2x(165%A*tan(1/2*xd*x + 1/2xc)~11 - 240%*Bx*
tan(1/2xd*x + 1/2%c)”~11 + 150*Cxtan(1/2*d*x + 1/2%c)~11 - 25%Axtan(1/2*d*x
+ 1/2%c)”9 - 560*Bxtan(1/2*d*x + 1/2%c)”9 + 210*C*tan(1/2*xd*x + 1/2*c)”9 +
450*%A*xtan(1/2*d*x + 1/2%c)”7 - 1248*Bxtan(1/2*xd*x + 1/2*c)”7 + 60*Cxtan(1/2
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*dxx + 1/2%c)”7 - 450*%Axtan(1/2*d*x + 1/2%c)”5 - 1248*Bxtan(1/2xd*x + 1/2*c
)°5 - 60*%Cxtan(1/2*d*x + 1/2%c)”5 + 26%A*tan(1/2*d*x + 1/2*c)”3 - 560*Bxtan
(1/2*%d*x + 1/2*%c)"3 - 210*Cxtan(1/2xd*x + 1/2*c)”~3 - 165*xAxtan(1/2*d*x + 1/
2%c) - 240*Bxtan(1/2*d*x + 1/2%c) - 150*Cxtan(1/2*d*x + 1/2%c))/(tan(1/2*dx*

x + 1/2%c)"2 + 1)76)/d

Mupad [B] (verification not implemented)

Time = 15.01 (sec) , antiderivative size = 126, normalized size of antiderivative = 0.95

/cosG(c+dx) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz
_5Az 3Cx 15Asin(2c—|—2dz')+3Asin(4c+4dx)

6 " 8 64d 64d
Asin(60+6dx)+SBsin(3c+3dx)+Bsin(50—|—5dx)
192d 48d 80d
Csin(2c+2dzx) Csin(4dc+4dx) 5Bsin(c+dzx)
4d 32d 8d

[In] int(cos(c + d*x)~6%(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (5%A*x)/16 + (3*%C*x)/8 + (156%A*sin(2*c + 2*d*x))/(64*d) + (3*A*sin(4*xc + 4x
d*x))/(64*xd) + (A*sin(6*c + 6*d*xx))/(192%d) + (5*%B*sin(3*c + 3*d*x))/(48%*d)

+ (B*sin(5*c + 5xd*x))/(80%d) + (C*sin(2*c + 2*d#*x))/(4*d) + (C*sin(4x*c +
4xdxx))/(32xd) + (5*Bxsin(c + d*x))/(8*d)
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3.65 [(bsec(c+dz))3/? (A + Bsec(c+ dx) + C'sec(c + da

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . ... . 330
Mathematica [C] (verified) . . . . . . . . . ... . L
Maple [C] (verified) . . . . . . . . . . .
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ....... 339
Sympy [F] . . . [3401
Maxima [F] . . . . . .o 340
Giac [F] . . . o o 340
Mupad [F(-1)] . . . o o 341]

Optimal result

Integrand size = 33, antiderivative size = 178

/(b sec(c + dz))*? (A + Bsec(c + dz) + C'sec’(c + dz)) dz =

20*(5A + 3C)E(3(c+ dz)| 2)
5d+/cos(c + dz)+/bsec(c + dx)
N 2bB+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)

3d
2b(5A + 3C)/bsec(c + dz) sin(c + dz)
* 5d
2B(bsec(c + dz))*/?sin(c + dz) = 2C(bsec(c + dx))*? tan(c + dx)
" 3d " 5d

[Out] 2/3*B*(b*sec(d*x+c))~(3/2)*sin(d*x+c)/d-2/5%b"2x (5xA+3*C) * (cos (1/2*d*x+1/2x%
c)~2)~(1/2)/cos(1/2*d*x+1/2xc) *E1lipticE(sin(1/2*d*x+1/2xc) ,2~(1/2))/d/cos(
d*xx+c)~(1/2)/ (bxsec(d*x+c)) ~(1/2)+2/5*b* (5xA+3*C) *sin (d*x+c) * (b*sec (d*x+c))
~(1/2)/d+2/3xb*B* (cos (1/2*d*x+1/2%c) ~2)~(1/2) /cos(1/2*d*x+1/2xc)*E11lipticF(
sin(1/2*d*xx+1/2%c) ,27(1/2) ) *cos(d*x+c) ~(1/2) *(b*sec(d*x+c) )~ (1/2) /d+2/5*Cx(
bxsec(d*x+c) )~ (3/2) *tan(d*xx+c)/d
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Rubi [A] (verified)
Time = 0.18 (sec) , antiderivative size = 178, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 6 number of rules _ 0.182, Rules used

' integrand size
= {4132, 3853, 3856, 2720, 4131, 2719}

/(bsec(c +dz))*? (A + Bsec(c + dz) + C'sec’(c + dz)) dz =

20*(5A + 3C)E(3(c+dz)|2)  2b(5A + 3C)sin(c + dz)+/bsec(c + dz)
5d+/cos(c + dzx)+/bsec(c + dx) 5d
N 2Bsin(c + dz)(bsec(c + dx))3/?

3d
N 2bB+/cos(c + dz) EllipticF (1(c + dz),2) \/bsec(c + dz)

d
2C tan(c + dz)(bsec(c + dzx))3/?
+ 5d

—

\/w

[In] Int[(b*Sec[c + d*x])~(3/2)*(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (-2*b~2x(5%A + 3*%C)*EllipticE[(c + d#*x)/2, 2])/(5xd*Sqrt[Cos[c + d*x]]*Sqrt
[b*Sec[c + d*x]]) + (2%b*BxSqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqr
t[bxSec[c + d*x]]1)/(3*d) + (2*bx(5*A + 3*C)*Sqrt[bxSec[c + d*x]]1*Sin[c + d*
x])/(5%d) + (2xBx(b*Sec[c + d*x])~(3/2)*Sin[c + d*x])/(3xd) + (2xC*(b*Sec(c

+ d*x])~(3/2)*Tan[c + d*x])/(5%d)

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 2720

Int[1/Sqrt[sinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sinl[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
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EqQ[n~2, 1/4]

Rule 4131

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)]1"2%(C_.)
+ (AL)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x]) m/(f*x(m + 1)
)), x] + Dist[(C*m + A*(m + 1))/(m + 1), Int[(bxCscl[e + f*xx])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[Cxm + Ax(m + 1), 0] && !'LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £*x])"(m + 1), x], x] + Int[(b*Csc[e + f*x]) " m*x(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps
B 5/2
integral = J® sec(c;— dw))"" do + /(b sec(c + dz))*? (A + Csec’(c + dz)) dz
_ 2B(bsec(c + dz))*?sin(c + dx) N 2C (bsec(c + dx))%/? tan(c + dx)
- 3d 5d

+ %(bB) / V/bsec(c+ dz) dz + %(5,4 +30) / (bsec(c + dx))*/?* dx

_ 2b(5A + 3C)+/bsec(c + dz) sin(c + dx) N 2B(bsec(c + dz))/?sin(c + dx)
B 5d/ 3d
3/2
4 2C (bsec(c + dz))** tan(c +dz) 1(62(514 +30)) / 1 i
5d 5 \/bsec(c + dz)
+ % (bB\/cos(c + dx)\/bsec(c + dx)) / S S dzx

cos(c + dx)

_ 2bB\/cos(c + dx) EllipticF (5(c+ dx),2) \/bsec(c + dx)
N 3d
2b(5A + 3C)+/bsec(c + dz) sin(c + dz) =~ 2B(bsec(c + dzx))*/?sin(c + dz)
- 5d " 3d
N 2C(bsec(c + dx))*?tan(c +dz)  (b*(BA+3C)) [ \/cos(c + dz) dzx

5d 5¢/cos(c + dz)\/bsec(c + dz)
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_ 22(5A+ 3C)E(L(c+dz)|2)
~ 5dy/cos(c + dx)+/bsec(c + dx)

N 2bB+/cos(c + dz) EllipticF (1(c + dz), 2) \/bsec(c + dz)

3d
2b(5A + 3C)/bsec(c + dz) sin(c + dz)
+ 5d
2B(bsec(c + dz))¥?sin(c+ dx) = 2C(bsec(c + dzx))*/?tan(c + dx)
* 3d " 5d

Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 5.71 (sec) , antiderivative size = 308, normalized size of antiderivative = 1.73

/(b sec(c + dz))*? (A + Bsec(c + dz)
2e~(—1 + e%°) cos®(c + dx) csc(c) <5B — 15A¢tlctde) _ 3Ceictdr) _ 3() Aediletdz) _ 9

+C'sec’(c+dz)) dz=

[In] Integrate[(b*Sec[c + d*x])~(3/2)*(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (2x(-1 + E~((2*I)*c))*Cos[c + d*x] ~3*Csc[c]*(5*%B - 15%A*E~(I*(c + d*x)) - 3
*CxE~(I*x(c + d*x)) - 30*A*E~((3*I)*(c + d*x)) - 24*CxE~((3*I)*(c + d*x)) -
5+B*E~((4*I)*(c + d*x)) - 15xA*E~((5*I)*(c + d*x)) - 9*C*+E~((5*I)*(c + d*x)

) — (5%I)*xBx(1 + E~((2*I)*(c + d*x))) 2xSqrt[Cos[c + d*x]]*EllipticF[(c + d
*xx)/2, 2] + (5%A + 3*%C)*E~(I*(c + d*x))*(1 + E~((2*I)*(c + d*x)))~(5/2)*Hyp
ergeometric2F1[1/2, 3/4, 7/4, -E~((2*I)*(c + d*x))])*(bxSec[c + d*x])~(3/2)

*(A + B*Sec[c + d*xx] + CxSecl[c + d*x]~2))/(156*d*E~(I*c)*(1 + E~((2*I)*(c +
d*x))) "2+ (A + 2+%C + 2*BxCos[c + d*x] + AxCos[2*(c + d*x)]))

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 2.95 (sec) , antiderivative size = 949, normalized size of antiderivative = 5.33

method | result size
parts Expression too large to display | 949
default | Expression too large to display | 998

[In] int((b*sec(d*x+c))~(3/2)*(A+Bxsec(d*x+c)+Cxsec(d*x+c)~2),x,method=_RETURNVE
RBOSE)
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[Out] -2xA/d*(I*EllipticF(I*(cot(d*x+c)-csc(d*x+c)),I)*(1/(cos(d*x+c)+1))~(1/2)*(
cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*cos (d*x+c) "2-I*E1lipticE(I*(cot (d*x+c)-csc
(d*x+c)) ,I)*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2) *cos(
d*x+c) "2+2*%I*E11ipticF (I*(cot (d*x+c)-csc(d*x+c)),I)*(1/(cos(d*x+c)+1))~(1/2
)*(cos (d*x+c) / (cos(d*x+c)+1) )~ (1/2) *cos (d*x+c) -2*I*E11lipticE(I*(cot (d*x+c) -
csc(d*xx+c)) ,I)*(1/(cos(d*xx+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2) *c
os (d*x+c)+I*EllipticF (I*(cot (d*x+c)-csc(d*x+c)),I)*(1/(cos(d*x+c)+1))~(1/2)
* (cos(d*x+c)/(cos(d*x+c)+1))~(1/2)-I*(1/(cos(d*x+c)+1))~(1/2)*(cos (d*x+c) /(
cos(d*x+c)+1))~(1/2)*E1llipticE(I*(cot (d*x+c)-csc(d*x+c)),I)-sin(d*x+c))*(b*
sec(d*x+c) )~ (1/2)*b/ (cos (d*x+c)+1)+2/3*B/d* (b*sec (d*x+c) ) ~(1/2) *b* (-I*Ellip
ticF (I*(-cot (d*x+c)+csc(d*x+c)),I)*x(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(co
s(dxx+c)+1))~(1/2) *cos (d*x+c)-I*(1/(cos(d*x+c)+1))~(1/2) *(cos (d*x+c)/(cos(d
*xx+c)+1)) " (1/2)*E1llipticF (I*(-cot (d*x+c)+csc(d*x+c)),I)+tan(d*x+c))+2/5%C/d
* (b*sec(d*x+c)) " (1/2)*b/ (cos (d*x+c)+1) *(3*I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d
xx+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(cot (d*x+c)-csc(d*x+c)),I)*cos(d*x+
c)~2-3*%I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*Ellipti
cF(I*(cot(d*x+c)-csc(d*x+c)),I)*cos(d*x+c) ~2+6xI*(1/(cos(d*xx+c)+1))~(1/2)*(
cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E11lipticE(I*(cot (d*x+c)-csc(d*x+c)),I)*cos
(d*x+c)-6*I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E11li
pticF(I*(cot(d*x+c)-csc(d*x+c)),I)*cos(d*x+c)+3*I*(1/(cos(d*x+c)+1))~(1/2)*
(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(cot (d*x+c)-csc(d*x+c)),I)-3*
I*E1llipticF(I*(cot(d*x+c)-csc(d*x+c)),I)*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+
c)/(cos(d*x+c)+1)) "~ (1/2)+3*sin(d*x+c)+tan(d*x+c)+sec(d*x+c)*tan(d*x+c))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.11 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.26

/(b sec(c + dz))*? (A + Bsec(c + dx)

—5i v/2Bb? cos (dz + ¢)* weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) + !
+C'sec’(c+dz)) dz=

[In] integrate((b*sec(d*x+c))~(3/2)*(A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm
="fricas")

[Out] 1/15%(-5*%I*sqrt(2)*B*b~(3/2)*cos(d*x + c) 2*weierstrassPInverse(-4, 0, cos(
d*x + c) + I*sin(d*x + c)) + 5xI*sqrt(2)*Bxb~(3/2)*cos(d*x + c) 2*weierstra
ssPInverse(-4, 0, cos(d*x + c) - Ixsin(d*x + c)) - 3*%Ixsqrt(2)*(5*%A + 3xC)x*

b~ (3/2)*cos(d*x + c) 2*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, co

s(d*x + c) + Ixsin(d*x + c))) + 3*I*sqrt(2)*(5%A + 3*C)*b~(3/2)*cos(d*x + c

) "2xweierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(

d*x + c))) + 2x(3*(5*%A + 3*C)*b*cos(d*x + c)~2 + 5xBxbxcos(d*x + c) + 3*CxDb
)*sqrt(b/cos(d*x + c))*sin(d*x + c))/(d*cos(d*x + c)~2)
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Sympy [F]

/(b sec(c + dz))*? (A + Bsec(c + dx)

N[

+ Csec’(c +dz)) dz = /(bsec (c+dz))? (A+ Bsec(c+ dz) + Csec’ (c+ dz)) dz

[In] integrate((b*sec(d*x+c))**(3/2)* (A+B*sec(d*x+c)+Cksec(d*x+c)**2),x)
[Out] Integral((b*sec(c + d#*x))**(3/2)*(A + Bxsec(c + d*x) + Cxsec(c + d*x)**2),

X)

Maxima [F]

/(b sec(c + dz))*? (A + Bsec(c + dz)

+ Csec*(c+dz)) do = / (C'sec (dz + ¢)* + Bsec (dz + c) + A) (bsec (dz + 0)? do

[In] integrate((b*sec(d*x+c))~(3/2)*(A+Bxsec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm

="maxima")
[Out] integrate((C*sec(d*x + c)~2 + Bksec(d*x + c) + A)x(bxsec(d*x + ¢))~(3/2), x

)

Giac [F]

/(b sec(c + dz))*/? (A + Bsec(c + dz)

+ Csec’(c+dz)) dr = / (C'sec (dz + ¢)’ + Bsec(dz +c) + A) (bsec (dz + c))% dx

[In] integrate((b*sec(d*x+c))~(3/2)* (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm

="giac")
[Out] integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c) + A)x(b*sec(d*x + c))~(3/2), x

)
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Mupad [F(-1)]

Timed out.

/(b sec(c + dzx))3/? (A + Bsec(c + dz)

) b 3/2 B C
+ Csec (c+dx)) dz = / (cos(c-l—dx)) (A+ cos(c+dx) + cos(c+dx)2) dz

[In] int((b/cos(c + d*x))~(3/2)*(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)
[Out] int((b/cos(c + d*x))~(3/2)*(A + B/cos(c + d*x) + C/cos(c + d*x)~2), x)
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3.66 [ \/bsec(c + dz)(A + Bsec(c + dz) + C'sec?(c + dzx)

/

Optimal result . . . . . . . . . . . . e 342
Rubi [A] (verified) . . . . . . . . . . 342
Mathematica [C] (verified) . . . . . . . . . .. L 344
Maple [C] (verified) . . . . . . . . . .. 3451
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ........ 346]
Sympy [F] . . o 346
Maxima [F] . . . . . oo 340
Giac [F] . . . 347
Mupad [F(-1)] . . . . o 1347

Optimal result

Integrand size = 33, antiderivative size = 136

/ Vbsec(c+ dz) (A + Bsec(c+ dz) + Csec’(c + dz)) dz
B 2bBE(3(c+ dx)|2)
~ dy/cos(c+ dx)+/bsec(c + dz)
N 2(3A + C)+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
3d

2B\/bsec(c + dx)sin(c+dz) 2C\/bsec(c+ dz)tan(c+ dx)
" d " 3d

[Out] -2xb*B*(cos(1/2xd*x+1/2%c)~2)~(1/2)/cos(1/2*d*x+1/2%c)*E1lipticE(sin(1/2*dx*
x+1/2%c),27(1/2))/d/cos(d*x+c)~(1/2) / (b*sec(d*x+c)) " (1/2)+2*Bxsin (d*x+c) * (b

xsec (d*x+c)) ~(1/2)/d+2/3*(3*xA+C) * (cos (1/2*d*x+1/2xc) ~2) ~(1/2) /cos (1/2*d*x+1
/2%c)*E1lipticF (sin(1/2*d*x+1/2%c) ,27(1/2))*cos(d*x+c) ~(1/2)* (b*sec(d*x+c))
~(1/2)/d+2/3*C*x(b*sec(d*x+c) )~ (1/2)*tan(d*x+c)/d

Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.00,

number of steps used = 7, number of rules used = 6, number of rules _ 0.182, Rules used
integrand size
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= {4132, 3853, 3856, 2719, 4131, 2720}

/ V'bsec(c+ dz)(A+ Bsec(c+ dz) + Csec*(c+ dz)) dx
_ 2(3A+ C)+/cos(c + dz) EllipticF (3(c + dz),2) /bsec(c + dz)

3d
2Bsin(c + dz)+/bsec(c + dz) 20BE(3(c+ dz)|2)
_.'. —
d d+/cos(c + dz)+/bsec(c + dz)
N 2C tan(c + dx)+/bsec(c + dz)

3d

[In] Int[Sqrt[b*Sec[c + d*x]]1*(A + B*Sec[c + d*x] + CxSec[c + d*x]"2),x]

[Out] (-2*%b*BxEllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt[b*Seclc
11) + (2%x(3%A + C)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[
c + dxx]])/(3*d) + (2#B*Sqrt[b*Sec[c + d*x]]*Sin[c + d*x])/d + (2*C*Sqrt[b*
Sec[c + d*x]]*Tan[c + dxx])/(3xd)

Rule 2719

Int [Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*xCsclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x )]*(b_.))"(m_.)*(cscl[(e_.) + (f_.)*(x_)]1"2x(C_.)
+ (A_)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Cscle + f*x]) m/(f*(m + 1)
)), x] + Dist[(C*m + A*(m + 1))/(m + 1), Int[(b*Cscl[e + f*xx])"m, x], x] /;

+ d*xx
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FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) "m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

B [(bsec(c + dzx))*? dx

5 +/\/bsec(c—l-dx)(A+C’sec2(c+dx)) dz
_ 2B./bsec(c+ dz)sin(c + dz) N 2C\/bsec(c + dz) tan(c + dz)

integral =

d 3d
— (bB) / m dz + %(314 +C) / Vbsec(c+ dz) dz
_ 2B./bsec(c+ dz)sin(c + dz) N 2C\/bsec(c + dz) tan(c + dz)
B d 3d
(bB) [ /cos(c + dz) dz

- \/cos(c + dz)+/bsec(c + dz)
+ % <(3A + C)\/cos(c + dz)+/bsec(c + d:c)) /

1
————dz
v/ cos(c + dzx)

B 20BE(3(c+ dz)|2)
~ dy/cos(c + dx)/bsec(c + dx)
N 2(3A + C)y/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
3d
2B\/bsec(c + dz)sin(c + dz) = 2C+/bsec(c+ dz)tan(c+ dz)
" d M 3d

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 2.20 (sec) , antiderivative size = 302, normalized size of antiderivative = 2.22

/ V'bsec(c+ dz)(A+ Bsec(c+ dz) + Csec*(c+ dz)) dx

iBemera), [T (33 (14 (1)) 43 (—1+e%)

4+/bsec(c + dz)(A + Bsec(c + dz) + Csec?(c + dz)) (—

3d(A
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[In] Integrate[Sqrt[b*Sec[c + d*x]]*(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (4xSqrt([b*Sec[c + d*x]]1*(A + B*Sec[c + d*x] + CxSec[c + d*x]~2)*(((-I)*Sqrt
[2]*#Sqrt [E~(I*(c + d*x))/(1 + E~((2*I)*(c + d*x)))]1*(3*%B*(1 + E~((2*xI)*(c +
d*x))) + 3*B*x(-1 + ET((2*I)*c))*Sqrt[1 + E~((2*I)*(c + d*x))]*Hypergeometr
ic2F1[-1/4, 1/2, 3/4, -E~((2*xI)*(c + d*x))] + (3*A + C)*E~(I*(c + d*x))*(-1

+ ET((2%I)*c))*Sqrt[1 + E~((2*I)*(c + d#*x))]*Hypergeometric2F1[1/4, 1/2, 5

/4, -E7((2¥D*(c + d*x))]1))/(E"(I*(c + d*x))*(-1 + E"((2%I)*c))) + Sqrt[Sec

[c + d*x]]*(3*B*Cos[d*x]*Csc[c] + C*Tan[c + d*x])))/(3xd*x(A + 2*C + 2%B*Cos

[c + d*x] + A*Cos[2*(c + d*x)])*Sec[c + d*x]~(5/2))

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.53 (sec) , antiderivative size = 611, normalized size of antiderivative = 4.49

method | result

parts _ 22'A(cos(dz+c)—|—1)\/cos(dml*_c)+1 \/c':s&(;iii—)?l EllipticF (i(— cot(dz+c)+csc(dz+c)),i)/bsec(dz+c) n 2B (i, / m \
d

default | Expression too large to display

[In] int((b*sec(d*x+c))~(1/2)*(A+Bxsec(d*x+c)+Cxsec(d*x+c)~2),x,method=_RETURNVE
RBOSE)

[Out] -2*I*A/d*(cos(d*x+c)+1)*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1)
)~ (1/2)*EllipticF (I*(-cot (d*x+c)+csc(d*x+c)),I)*(b*sec(d*x+c))~(1/2)+2xB/d*
(I*x(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticF (I*(
-cot (d*x+c)+csc(d*x+c)),I)*cos(d*x+c) ~2-I*(1/(cos(d*x+c)+1))~(1/2) *(cos (d*x
+c)/(cos(d*x+c)+1) )~ (1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)) ,I)*cos(d*x+c
) ~2+2*%I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*Elliptic
F(I*(-cot(d*x+c)+csc(d*x+c)),I)*cos(dxx+c)-2xI*(1/(cos(d*x+c)+1))~(1/2)*(co
s(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)*cos(
dxx+c)+I*(1/(cos(d*x+c)+1))~(1/2) *(cos (d*x+c) /(cos(d*x+c)+1) )~ (1/2)*Ellipti
cF(Ix(-cot (d*x+c)+csc(d*x+c)) ,I)-I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(co
s(d*x+c)+1))~(1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)+sin(d*x+c) ) * (b*s
ec(d*x+c))~(1/2)/(cos(d*x+c)+1)-2/3*C/d* (bxsec(d*x+c) )~ (1/2)*(I*(1/(cos(d*x
+c)+1))~(1/2)*(cos(d*x+c)/(cos (d*x+c)+1)) ~(1/2)*E1lipticF (I*(-cot (d*x+c)+cs
c(dxx+c)) ,I)*cos(d*x+c)+I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+
1))~ (1/2)*E1llipticF (I*(-cot (d*x+c)+csc(d*x+c)),I)-tan(d*x+c))
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Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.09 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.42

/ V'bsec(c+ dz)(A+ Bsec(c + dz) + Csec’*(c+ dz)) dx
V2(=3i A — i C)v/bcos (dz + c) weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) + V2(3i A+ i C

[In] integrate((b*sec(d*x+c))~(1/2)*(A+Bxsec(d*x+c)+Cksec(d*x+c)”2),x, algorithm
="fricas")

[Out] 1/3*%(sqrt(2)*(-3*I*A - I*C)*sqrt(b)*cos(d*x + c)*weierstrassPInverse(-4, 0,
cos(d*x + c) + Ixsin(d*x + c)) + sqrt(2)*(3*xIxA + I*C)*sqrt(b)*cos(d*x + c

) *weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) - 3xIxsqrt(2)*B
xsqrt (b) *cos(d*x + c)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos

(d*x + c) + I*sin(d*x + c))) + 3xIxsqrt(2)*Bxsqrt(b)*cos(d*x + c)*weierstra
ssZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c))) +

2% (3*B*cos(d*x + c) + C)*sqrt(b/cos(d*x + c))*sin(d*x + c))/(d*cos(d*x + c)

)

Sympy [F]

/ bsec(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) d

:/\/bsec(c+dx)(A-|—Bsec(c-l-dm)+C’sec2(c+dz)) dx

[In] integrate((b*sec(d*x+c))**(1/2)* (A+Bxsec(d*x+c)+Cksec(d*x+c)**2) ,x)
[Out] Integral(sqrt(b*sec(c + d*x))*(A + Bxsec(c + d*x) + Cksec(c + d*x)**2), x)

Maxima [F]

/ Vbsec(c+ dz) (A + Bsec(c+ dz) + Csec’(c+ dz)) dz
=/(C’sec(dx—l—c)z+Bsec(dm+c)+A)\/bsec(dx—|—c)dx

[In] integrate((b*sec(d*x+c))~(1/2)*(A+Bxsec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm
="maxima")

[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c) + A)xsqrt(b*sec(d*x + c)), x)
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Giac [F]

/ V'bsec(c+ dz)(A+ Bsec(c+ dz) + Csec’(c+ dz)) dx
:/(Csec(dw+c)2+Bsec(dx+c)+A)\/bsec(dx+c)dx

[In] integrate((b*sec(d*x+c))~(1/2)*(A+Bxsec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm

="giac")
[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c) + A)xsqrt(b*sec(d*x + c)), x)

Mupad [F(-1)]
Timed out.

Vbsec(c + dz)(A + Bsec(c + dz) + C'sec*(c + dx)) dz

/ C
d
/ cos(c+dm cos(c+dx) cos (¢ + dx)? ) v

[In] int((b/cos(c + d*x))~(1/2)*(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)
[Out] int((b/cos(c + d*x))~(1/2)*(A + B/cos(c + d*x) + C/cos(c + d*x)~2),

X)
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Mathematica [C] (verified) . . . . . . . . ... .. L Lo 350
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Maxima [F] . . . . .
Giac [F] . . . o o 3521
Mupad [F(-1)] . . . o o

Optimal result

Integrand size = 33, antiderivative size = 110

A + Bsec(c+ dzx) + Csec?(c + dx)
/ bsec(c + dx)
_ 2(A-0)E(3(c+dx)|2)
~ dy/cos(c + dz)/bsec(c + dx)
N 2B/cos(c + dz) EllipticF ((c + dz),2) \/bsec(c + dz) N 2C tan(c + dz)
bd d+/bsec(c+ dx)

dz

[Out] 2*(A-C)*(cos(1/2*d*x+1/2%c)~2)~(1/2)/cos(1/2xd*x+1/2*c)*EllipticE(sin(1/2x*d
*x+1/2%c) ,27(1/2))/d/cos(d*x+c) ~(1/2) / (b*xsec(d*x+c) )~ (1/2) +2*B* (cos (1/2*d*x
+1/2*%c)~2)~(1/2) /cos (1/2*d*x+1/2*c)*E1lipticF (sin(1/2*d*x+1/2%c) ,27(1/2) ) *c
os(d*x+c) " (1/2)*(b*sec(d*x+c) )~ (1/2) /b/d+2xCxtan (d*x+c) /d/ (b*sec(d*x+c) )~ (1

/2)

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5 number of rules _ 0.152, Rules used

' integrand size
= {4132, 3856, 2720, 4131, 2719}

dz

A + Bsec(c+ dzx) + Csec?(c + dx)
/ bsec(c + dx)
_ 2(A-0)E(3(c+dx)|2)
~ dy/cos(c + dz)/bsec(c + dx)
N 2B/cos(c + dz) EllipticF ((c + dz),2) \/bsec(c + dz) N 2C tan(c + dz)
bd d+/bsec(c+ dx)
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[In] Int[(A + BxSec[c + d*x] + CxSec[c + d*x]~2)/Sqrt[bxSec[c + d*x]],x]

[Out] (2x(A - C)*EllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt[bxSec[c +
d*x]]) + (2xB*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d
*x]]1)/(b*d) + (2*C*Tan[c + d*x])/(d*Sqrt[b*Sec[c + d*x]])

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4131

Int[(cscl(e_.) + (£_.)*x(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Cscl[e + f*x]) m/(fx(m + 1)
)), x] + Dist[(C*m + A*(m + 1))/(m + 1), Int[(b*Cscl[e + f*xx])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCsc[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps
B ﬁd 2
integral = J V/bsec(c+ dz) dz n A+ Csec’(c+ dx) g
b bsec(c + dx)

_ 2Ctan(c+ dz) —|—(A—C)/ 1 i

 dy/bsec(c + dz) \/bsec(c+ dx)

(B\/cos(c + dz)+/bsec(c + dx)) i \/ﬁ dz
b

+
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_ 2B+/cos(c + dzx) EllipticF (3(c + dx),2) \/bsec(c + dx)
B bd
2Ctan(c+dz)  (A—-C) [+/cos(c+dz)dz
+
dv/bsec(c+dz)  \/cos(c+ dz)\/bsec(c+ dz)
_ 2(A-C)E(}(c+dx)|2)
B dy/cos(c + dz)+/bsec(c + dz)
N 2B+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c+dz)  2Ctan(c + dz)
bd d+/bsec(c + dz)

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 1.39 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.42

/ A + Bsec(c + dz) + C'sec?(c + dx) i

\/bsec(c+ dzx)
2e~"2 /bsec(c + dz)(—i cos(dx) + sin(dz)) (—3A cos(c + dzx) + 3C cos(c + dx) + 3iB+/cos(c + dz) Ellip

[In] Integrate[(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2)/Sqrt[b*Sec[c + d*x]],x]

[Out] (2*Sqrt[b*Sec[c + d*x]]1*((-I)*Cos[d*x] + Sin[d*x])*(-3*A*Cos[c + d*x] + 3*C
*Cos[c + d*x] + (3*%I)*B*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2] + (A -
C)*E~(I*(c + d*x))*Sqrt[1 + E~((2*I)*(c + d*x))]*Hypergeometric2F1[1/2, 3/

4, 7/4, -E~((2*xI)*(c + d*x))] + (3*I)*CxSin[c + d*x]))/(3*b*d*E~ (I*d*x))

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 2.73 (sec) , antiderivative size = 847, normalized size of antiderivative = 7.70

method | result size
parts Expression too large to display | 847

default | Expression too large to display | 945

[In] int((A+Bx*sec(d*x+c)+C*sec(d*x+c)~2)/(bxsec(d*x+c))~(1/2),x,method=_RETURNVE
RBOSE)

[Out] 2%A/d/(cos(d*x+c)+1)/(b*sec(d*x+c))~(1/2)*(I*E1llipticE(I*(-cot (d*x+c)+csc(d
*x+c)) ,I)*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c) /(cos(d*x+c)+1))~(1/2) *cos (d*
x+c)-I*EllipticF (I*(-cot(d*x+c)+csc(d*x+c)),I)*(1/(cos(d*x+c)+1))~(1/2)*(co
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s(d*x+c) /(cos(d*x+c)+1))~(1/2) *cos (d*x+c)+2*I*(1/(cos(d*x+c)+1))~(1/2)*(cos
(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)) ,I)-2xIx(
1/ (cos(d*x+c)+1))~(1/2)*(cos(d*x+c) /(cos(d*x+c)+1) )~ (1/2) *E1lipticF (I*(-cot
(d*x+c)+csc(d*x+c)) ,I)+I*x(1/(cos(d*x+c)+1)) " (1/2) *(cos (d*x+c) /(cos (d*x+c)+1
))~(1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)*sec(d*x+c)-I*(1/(cos(d*x+c
)+1))~(1/2) *(cos (d*x+c) / (cos (d*x+c)+1)) ~(1/2) *E1lipticF (I*(-cot (d*x+c)+csc(
d*x+c)),I)*sec(d*x+c)+sin(d*x+c))-2xI*B/d*(1/(cos(d*x+c)+1))~(1/2)*Elliptic
F(I*(-cot(d*x+c)+csc(d*x+c)),I)/ (bxsec(d*x+c))~(1/2)/(cos(d*x+c)/(cos(d*x+c
)+1))~(1/2)-2%C/d/ (cos(d*x+c)+1) / (b*sec(d*x+c) )~ (1/2) * (I*E11lipticE(I*(-cot(
d*x+c)+csc(d*x+c)) ,I)*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c) /(cos (d*x+c)+1) )~
(1/2)*cos (d*x+c)-I*E1llipticF (I*(-cot (d*x+c)+csc(d*x+c)),I)*(1/(cos(d*x+c)+1
))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1)) " (1/2) *cos (d*x+c)+2*I*(1/(cos (d*x+c)+1)
)~ (1/2)*(cos(d*x+c) /(cos(d*x+c)+1))~(1/2)*E11lipticE(I*(-cot (d*x+c)+csc(d*x+
c)),I)-2xIx(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*Ellip
ticF(I*(-cot(d*x+c)+csc(d*x+c)),I)+Ix(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(
cos(d*x+c)+1))~(1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)*sec(d*x+c)-I*(
1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c) /(cos(d*x+c)+1) )~ (1/2) *E1lipticF (I*(-cot
(d*x+c)+csc(d*x+c)) ,I) *sec(d*x+c)-tan(d*x+c))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.09 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.39

/ A + Bsec(c+ dz) + Csec?(c + dx) i

\/bsec(c+ dx)

—iv/2Bv/bweierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + c)) + i v/2Bv/bweierstrassPInverse(—4, (

[In] integrate((A+Bxsec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm
="fricas")

[Out] (-I*sqrt(2)#*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x +
c)) + Ixsqrt(2)*Bxsqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(

d*x + c)) + sqrt(2)*(I*A - I*C)*sqrt(b)*weierstrassZeta(-4, 0, weierstrassP
Inverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) + sqrt(2)*(-I*A + Ix*C)*sqrt(

b) *weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - Ix*sin(d

*x + c))) + 2xCxsqrt(b/cos(d*x + c))*sin(d*x + c))/(b*d)
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Sympy [F]

/A+Bsec(c+dx)+C’secz(c—|—dx)dz_/A+Bsec(c+d:c)—|—C’secz(c—|—dm) i

bsec(c + dx) /bsec (c+ dzx)

[In] integrate((A+B*sec(d*x+c)+Cksec(d*x+c)**2)/(bxsec(d*x+c))**(1/2),x)

[Out] Integral((A + B*sec(c + d*x) + Cxsec(c + d*x)*x2)/sqrt(b*sec(c + d*x)), x)

Maxima [F]

/A+Bsec(c+da:)+Csec2(c+dx) dx_/Csec(d:v+c)2+Bsec(da:+c)—I-Adx

bsec(c + dx) /bsec (dz + ¢)

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm
="maxima")

[Out] integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c) + A)/sqrt(bxsec(d*x + c)), x)

Giac [F]

/A—I—Bsec(c-l—da:)+Cse02(c+da:) dx_/C’sec(dx+c)2+Bsec(dx+c)—I-Adx

bsec(c + dx) /bsec (dz + ¢)

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)”2)/(b*sec(d*x+c))~(1/2),x, algorithm
="giac")
[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c) + A)/sqrt(b*sec(d*x + c)), x)

Mupad [F(-1)]

Timed out.

/ A + Bsec(c + dz) + C'sec?(c + dx) dp — / A+ cos(cidm) + cos(cidz)2 da

bsec(c + dx) \/%

[In] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(1/2),x)
[Out] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(1/2), x)
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Optimal result

Integrand size = 33, antiderivative size = 117

IS

X

/A+Bsec(c+dac)+C’sec2(c+dac) _ 2BE(3(c+dz)|2)
(bsec(c + dz))*/2 bd+\/cos(c + dz)\/bsec(c + dz)

N 2(A 4 3C)+/cos(c + dz) EllipticF (5(c + dz),2) \/bsec(c + dz)
3b2d

2A tan(c + dz)
3d(bsec(c + dx))3/2

[Out] 2#B*(cos(1/2xd*x+1/2%c)~2)~(1/2)/cos(1/2*d*x+1/2*c)*E1lipticE(sin(1/2*d*x+1
/2%xc) ,2°(1/2))/b/d/cos(d*x+c) ~(1/2)/ (b*sec(d*x+c) )~ (1/2)+2/3% (A+3*C) * (cos (1
/2%d*x+1/2%c)~2)~(1/2) /cos(1/2xd*x+1/2*c) *E1lipticF (sin(1/2*d*x+1/2%c) ,2"~ (1
/2))*cos (d*x+c) " (1/2) *(b*sec(d*x+c)) ~(1/2) /b~2/d+2/3*Axtan (d*x+c) /d/ (b*sec(
d*x+c))~(3/2)

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5, Lumber of rules _ ( 159 Ryles used

' integrand size
= {4132, 3856, 2719, 4130, 2720}

/ A + Bsec(c + dz) + C'sec?(c + dx) o — 2(A 4 3C)+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + d:
(bsec(c + dx))3/? = 3b%d
2Atan(c + dx) 2BE(3(c+dz)|2)

3d(bsec(c+ dz))*? * bd,/cos(c + dz)+/bsec(c + dz)

[In] Int[(A + BxSec[c + d*x] + CxSecl[c + d*xx]~2)/(b*Sec[c + d*x])~(3/2),x]
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[Out] (2+B#EllipticE[(c + d*x)/2, 2])/(b*d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c + d*x]
1) + (2%(A + 3*%C)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[bx*Seclc
+ dxx]11)/(3*%b"2%d) + (2*AxTan[c + d*x])/(3*d*(bxSec[c + d*x])~(3/2))

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4130

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + fxx]*((bxCscl[e + f*x])"m/(f*m)), x] +
Dist[(Cxm + A*x(m + 1))/(b"2*«m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, £, A, C}, x] && NeQ[C*m + A*x(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*x(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])~"(m + 1), x], x] + Int[(bxCscl[e + f*x]) m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

B[ Frwm \/bsec(c—i-dx A+ Csec?(c+ dx)
(bsec(c + dzx))3/?

_ 2Atan(c + dx) + (A+30) [ \/bsec(c+ dx) dx+ B [ \/cos(c+ dz) dz
3d(bsec(c + dx))3/? 3b? by/cos(c + dz)+/bsec(c + dz)
_ 2BE( ¢+ dx) | 2) 2Atan(c + dx)
bd+/cos(c + dz)+/bsec(c + dzx)  3d(bsec(c + dz))®/?
((A + 3C)\/cos(c + dz)+/bsec(c + dx))
3b?

integral = dz

1
4 f v/ cos(c+dzx) dz
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B 2BE(1(c+dz)|2)
~ bd+/cos(c + dz)+/bsec(c + dz)

N 2(A + 3C)+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
3b%d

2Atan(c + dz)
3d(bsec(c + dx))3/2

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 1.72 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.22

A+ Bsec(c + dz) + C'sec®(c + dz) . 2<6iB Hypergeometric2F1 (—1, 1,3, —e%(ctde)) — 24(A + 3C
/ (bsec(c + dx))3/? v 3b

[In] Integrate[(A + BxSec[c + dxx] + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(3/2),x]

[Out] (2*((6%I)+*BxHypergeometric2F1[-1/4, 1/2, 3/4, -E~((2*I)*(c + d*x))] - (2*I)
*x(A + 3xC)*E~(I*(c + dxx))+*Hypergeometric2F1[1/4, 1/2, 5/4, -E~((2*I)*(c +
d*x))] + Sqrt[1l + E~((2*xI)*(c + d*x))]*((-3*xI)*B + A*Sin[c + dx*x])))/(3%b*xd
*Sqrt[1 + E7((2*I)*(c + d*x))]*Sqrt[bxSec[c + d*x]])

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.59 (sec) , antiderivative size = 608, normalized size of antiderivative = 5.20

method | result

. dz+c s ie . . . dz+c o ie .
_ 2A (z\/cos(d$1+c)+l \/coc;)(id(xj—t)il EllipticF (i(— cot(dw+c)+csc(dw+c)),z)+z\/Cos(d$1+c)+l \/Cocs(id(m-zij;)-)kl EllipticF (¢(— cot(dz-
3d+/bsec(dz+c) b

parts

default | Expression too large to display

[In] int((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x,method=_RETURNVE
RBOSE)

[Out] -2/3%A/d/(b*sec(d*x+c))~(1/2) /b*(I*x(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(co
s(d*x+c)+1))~(1/2)*E1llipticF (I*(-cot (d*x+c)+csc(d*x+c)) ,I)+I*(1/(cos(d*x+c)
+1))~(1/2) *(cos (d*x+c) / (cos (d*x+c)+1) ) ~(1/2) *E1lipticF (I*(-cot (d*x+c)+csc(d
*x+c)),I)*sec(d*x+c)-sin(d*x+c))+2%B/b/d/ (cos (d*x+c)+1) / (bxsec(d*x+c) )~ (1/2
) *(I*E1llipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)*(1/(cos(d*x+c)+1))~(1/2)*(cos(
dxx+c)/(cos(d*x+c)+1))~(1/2) *cos (d*x+c) -I*E1llipticF (I*(-cot (d*x+c)+csc(d*x+
c)),I)*x(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c) /(cos(d*x+c)+1) )~ (1/2) *cos (d*x+c
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)+2*%I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1llipticE(
Ix(-cot (d*x+c)+csc(d*xx+c)),I)-2xI*x(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos
(d*x+c)+1))~(1/2)*E1llipticF (I*(-cot (d*x+c)+csc(d*x+c)),I)+I*(1/(cos(d*x+c)+
1))~ (1/2)*(cos(d*x+c) /(cos(d*x+c)+1)) ~(1/2)*E1llipticE(I*(-cot (d*x+c)+csc(d*
x+c)),I)*sec(d*x+c)-I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~
(1/2)*E1lipticF (I*(-cot(d*x+c)+csc(d*x+c)),I)*sec(d*x+c)+sin(d*x+c))-2*I*C/
d*(1/(cos(d*x+c)+1))~(1/2)*E1lipticF (I*(-cot(d*x+c)+csc(d*x+c)),I)/b/(b*sec
(d*x+c))~(1/2)/(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.10 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.37

2A, ) —— cos(d:c—i—c)sm(dx-l—c)—l—\/_( i A — 3iC)v/bwe
o — \/ (d+

/ A + Bsec(c+ dz) + Csec’(c + dx)
(bsec(c + dx))3/?

[In] integrate((A+Bxsec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm
="fricas")

[Out] 1/3*(2*A*sqrt(b/cos(d*x + c))*cos(d*x + c)*sin(d*x + c) + sqrt(2)*(-I*A - 3
*IxC) *sqrt (b) *weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c)) + s

qrt (2)*(I*A + 3*xI*C)*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - I*si

n(d*x + c)) + 3*I*sqrt(2)#*B*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInve
rse(-4, 0, cos(d*x + c) + Ixsin(d*x + c))) - 3*I*sqrt(2)*B*sqrt(b)*weierstr
assZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c¢) - I*sin(d*x + c))))/
(b~2%d)

Sympy [F]

dz

/A+Bsec(c+dx)+C’se02(c—|—dx) i _/A-I—Bsec(c—l—dx) + C'sec? (¢ + dx)
(bsec(c + dx))3/? (bsec (c + dz))%

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)**2)/(bxsec(d*x+c))**(3/2),x)

[Out] Integral((A + B*sec(c + d*x) + Cxsec(c + d*x)*x2)/(b*sec(c + d*x))**(3/2),
X)



357

Maxima [F]

dz

/A+Bsec(c+dx)+CsecQ(c+d:c) dr — / C'sec(dz +c)* + Bsec(dz +¢) + A
(bsec(c + dx))?/2 (bsec (dx+c))%

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm
="maxima")

[Out] integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c) + A)/(b*sec(d*x + c))~(3/2), x
)

Giac [F]

/A+Bsec(c+da:)+C’sec2(c+dx) dx_/C’sec(dx+c)2+Bsec(da:+c)—I-Adx
(bsec(c + dz))3/? (bsec (dz + c))%

[In] integrate((A+Bxsec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm
=“giac")

[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c) + A)/(b*sec(d*x + c))~(3/2), x
)

Mupad [F(-1)]

Timed out.

dz

/ A+ Bsec(c+ dz) + C'sec?(c + dzx) do — / A+ Cos(clidw) + cos(cidw)2
(bsec(c + dz))3/2 b 3/2
<cos(c+dac)>

[In] int((A + B/cos(c + d*x) + C/cos(c + d*xx)~2)/(b/cos(c + d*x))~(3/2),x)
[Out] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(3/2), x)
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3.69 f A+ B sec(c+dz)+C sec?(c+dx) dx
(b sec(c-l—alar:))5/2

Optimal result . . . . . . . . .. .
Rubi [A] (verified) . . . . . . . ... . 358
Mathematica [C] (verified) . . . . . . . . ... . L o 360
Maple [C] (verified) . . . . . . . . . . . 3611
Fricas [C] (verification not implemented) . . . . . . . ... ... ... . .......
Sympy [F] . . o 362
Maxima [F] . . . . . . 362
Giac [F] . . . . o o 363
Mupad [F(-1)] . . . oo 363

Optimal result

Integrand size = 33, antiderivative size = 150

/ A + Bsec(c + dzx) + Csec?(c + dx) 2(3A+5C)E(3(c+ dz)|2)
dr =
(bsec(c + dzx))>/2 5b2d/cos(c + dz)+/bsec(c + dz)
N 2B./cos(c + dz) EllipticF ((c + dz),2) \/bsec(c + dz)
3b3d
2Bsin(c + dx) 2Atan(c + dx)

+ +
3b2d+/bsec(c + dx)  5d(bsec(c+ dx))>/?

[Out] 2/3*B*sin(d*x+c)/b~2/d/(b*sec(d*x+c))~(1/2)+2/5%(3%A+5xC)* (cos(1/2*d*x+1/2%
c)~2)~(1/2)/cos(1/2*d*x+1/2*c)*E1lipticE(sin(1/2*d*x+1/2x*c),2~(1/2))/b~2/d/

cos (d*x+c)~(1/2)/ (b*sec(d*x+c)) ~(1/2)+2/3*B* (cos (1/2*xd*x+1/2*c)~2)~(1/2)/co
s(1/2xd*x+1/2*c) *E1lipticF (sin(1/2*d*x+1/2%c) ,27(1/2))*cos (d*x+c) ~(1/2) * (b*
sec(d*x+c))~(1/2)/b~3/d+2/5*A*tan (d*x+c) /d/ (b*sec (d*x+c) )~ (5/2)

Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 6, Iﬁ%{ggggg rslilzlgs = 0.182, Rules used
= {4132, 3854, 3856, 2720, 4130, 2719}

/ A + Bsec(c + dzx) + Csec?(c + dx) 2(3A+5C)E(3(c+ dz)|2)
dr =
(bsec(c + dx))5/2 5b2d+/cos(c + dz)/bsec(c + dz)
2Atan(c + dz)
5d(bsec(c + dz))>/?

N 2B./cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz) 2Bsin(c + dr)

3b3d 3b2d+/bsec(c + dx)
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[In] Int[(A + BxSec[c + d*x] + C*Secl[c + dxx]~2)/(b*Sec[c + d*xx])~(5/2),x]

[Out] (2%(3*A + 5%C)*EllipticE[(c + d*x)/2, 2])/(5xb~2*d*Sqrt[Cos[c + d*x]]*Sqrt[

bxSec[c + d*x]]) + (2xB*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b
*xSec[c + d*x]])/(3%b"3*d) + (2*B*Sin[c + d*x])/(3*b~2xd*Sqrt[b*Sec[c + d*x]
1) + (2*%AxTan[c + d*x])/(5*d*(b*Sec[c + d*x])~(5/2))

Rule 2719

Int[Sqrt[sinl[(c_.) + (d_.)*(x_)]1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xI]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csc[c + d*x])"(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Csclc +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] & LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4130

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + fxx]*((bxCscl[e + f*x])"m/(f*m)), x] +
Dist[(Cxm + A*x(m + 1))/(b"2+«m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, £, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]1*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) "m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]
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Rubi steps

dz

integral =

Bf (bsec(c—}l-da:_))3/2 dz N / A+ Csec?(c+ dx)
b (bsec(c + dz))>/2

2Bsin(c + dx) 2Atan(c + dz)
3b2d+/bsec(c + dx) 5d (bsec(c + dzx))5/2

Bf \/bsec(c + dx) dx (34+5C) [ \/bsecl(c+dw) dz
3b3 5b2

2Bsin(c + dx) 2Atan(c + dz) (3A+50) [ \/cos(c + dz) dz
 3b2dy/bsec(c+dz)  bd(bsec(c+ dx))5/? * 5b2,/cos(c + dz)+/bsec(c + dx)
<B\/cos c+ dz)+/bsec(c+ d:c)) Il \/W dz
3b3
23A+5C)E(L(c+ dx)| 2)
5b2d+/cos(c + dz)\/bsec(c + dz)

QB\ /cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
3b3d
2Bsin(c + dx) 2Atan(c + dx)

3b2d\/bsec ¢+ dz) 5d bsec(c + dx))>/?

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

+

Time = 2.20 (sec) , antiderivative size = 169, normalized size of antiderivative = 1.13

e~ /bsec(c + dzx)(cos(dz) + isin(dz)) (10B\ /cos(c + dz) El

dz =

/ A + Bsec(c + dz) + C'sec?®(c + dx)
(bsec(c + dx))5/2

[In] Integrate[(A + BxSec[c + d*x] + CxSec[c + d*x]~2)/(bxSec[c + dx*x])~(5/2),x]

[Out] (Sqrt[bxSec[c + d*x]]1*(Cos[d*x] + I*Sin[d+*x])*(10*xB*Sqrt[Cos[c + d*x]]*E1lli
pticF[(c + d*x)/2, 2] - (2*%I)*(3%A + 5*xC)*E~ (I*(c + d*x))*Sqrt[1 + E~((2xI)

*(c + dxx))]*Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2*I)*(c + d*x))] + Coslc

+ dxx]*((6%¥I)*(3*xA + 5%C) + 10%B*Sin[c + d*x] + 3*A*Sin[2*(c + d*x)])))/(1
5*b~3*d*E" (I*d*x) )
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 2.69 (sec) , antiderivative size = 956, normalized size of antiderivative = 6.37

method | result size

parts Expression too large to display | 956

default | Expression too large to display | 1004

[In] int((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x,method=_RETURNVE
RBOSE)

[Out] 2/5*%A/d/(cos(d*x+c)+1)/(b*sec(d*x+c))~(1/2) /b~ 2x(3*I*(1/(cos(d*x+c)+1))~(1/
2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I
)*cos (d*x+c)-3*I*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c) /(cos(d*x+c)+1))~(1/2)
*E11ipticF (I*(-cot(d*x+c)+csc(d*x+c)),I)*cos(d*x+c)+6*I*(1/(cos(d*x+c)+1))"
(1/2)*(cos(d*x+c) /(cos(d*x+c)+1))~(1/2)*E11lipticE(I*(-cot (d*x+c)+csc(d*x+c)
), I)-6%I%(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1llipti
cF (I*(-cot (d*x+c)+csc(d*x+c)) ,I)+3*xI*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(
cos(d*x+c)+1))~(1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)*sec(d*x+c)-3*I
*(1/ (cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1l1lipticF(I*(-c
ot (d*x+c)+csc(d*x+c)) ,I)*sec(d*x+c)+cos(d*x+c) “2xsin(d*x+c)+sin(d*x+c) *cos(
d*x+c)+3*sin(d*x+c))-2/3*B/d/ (b*sec(d*x+c))~(1/2) /b~2x (I*(1/(cos(d*x+c)+1))
~(1/2) *(cos (d*x+c) /(cos (d*x+c)+1) ) ~(1/2) *E1lipticF (I*(-cot (d*x+c)+csc(d*x+c
)),I)+I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*Elliptic
F(I*(-cot(d*x+c)+csc(d*x+c)),I)*sec(d*x+c)-sin(d*x+c))+2+%C/b~2/d/ (cos(d*x+c
)+1) / (bxsec (d*x+c)) ~(1/2) * (I*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)) ,I)*(1/(co
s(d*x+c)+1))~(1/2) *(cos(d*x+c)/(cos (d*x+c)+1))~(1/2) *cos (d*x+c)-I*EllipticF
(I*(-cot (d*x+c)+csc(d*x+c)),I)*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*
x+c)+1))~(1/2) *cos (d*x+c)+2*I*(1/(cos(d*x+c)+1)) " (1/2)*(cos (d*x+c) /(cos(d*x
+c)+1))~(1/2)*E11lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)-2xIx(1/(cos(d*x+c)+1)
)~ (1/2)*(cos(d*x+c) /(cos(d*x+c)+1) )~ (1/2)*E11lipticF (I*(-cot (d*x+c)+csc(d*x+
c)),D+Ix(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*Ellipti
cE(I*(-cot(d*x+c)+csc(d*x+c)),I)*sec(d*x+c)-I*(1/(cos(d*x+c)+1))~(1/2)*(cos
(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticF (I*(-cot (d*x+c)+csc(d*x+c)),I)*sec(d
*x+c)+sin(d*x+c))
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Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.10 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.17

A+ Bsec(c + dz) + C'sec(c + dz) —5i /2B+/bweierstrassPInverse(—4, 0, cos (dz + ¢) + 4 sin (dz -
/ (bsec(c + dx))>/2 =

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm
="fricas")

[Out] 1/15%(-5%I*sqrt(2)*Bx*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*si
n(d*x + c)) + B*I*sqrt(2)*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c)

- Ixsin(d*x + c)) - 3%sqrt(2)*(-3*xI*A - 5xIxC)*sqrt(b)*weierstrassZeta(-4,

0, weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) - 3*sqrt(2)*
(3xIxA + 5xIxC)*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, c
os(d*x + ¢c) - Ixsin(d*x + c))) + 2%(3*Axcos(d*x + c)~2 + 5*Bxcos(d*x + c))x*
sqrt(b/cos(d*x + c))*sin(d*x + c))/(b~3*d)

Sympy [F]

dx

/A+Bsec(c+dx)+Cse02(c+dx) dm_/A—i—Bsec(c—i—dx)+Cse(:2(c+dac)
(bsec(c + dz))*/? (bsec (c+ dar:))g

[In] integrate((A+B*sec(d*x+c)+Cxsec(d*x+c)**2)/(bxsec(d*x+c))**(5/2),x)
[Out] Integral((A + Bksec(c + d*x) + Cxsec(c + d*x)#**2)/(b*sec(c + d*x))**(5/2),

X)

Maxima [F]

dz

/A+Bsec(c+dw) + C'sec?(c + dzx) dr — / C'sec (dz + c)* + Bsec(dz +¢) + A
(bsec(c + dz))5/? (bsec (dx + c))g

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm
="maxima")

[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c) + A)/(bxsec(d*x + ¢c))~(5/2), x
)
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Giac [F]

/A+Bsec(c+dx)+CsecQ(c+d:c) dz_/C’sec(dx+c)2+Bsec(d3:—|—c)—|—Adx
(bsec(c + dz))5/2 (bsec (dav+c))g

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm
="giac:")

[Out] integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c) + A)/(b*sec(d*x + c))~(5/2), x
)

Mupad [F(-1)]

Timed out.

/ A + Bsec(c + dz) + C'sec?(c + dx)

B C
/ A+ cos(c+dx) + cos(ctdx)? dr
(bsec(c + dx))>/?

5 5/2
cos(c+d )

[In] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2),x)
[Out] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2), x)
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3.70 f A+ B sec(c+dz)+C sec?(c+dx) dx
(bsec(c+dx))7/?

Optimal result . . . . . . . . . . . e 364
Rubi [A] (verified) . . . . . . . . 364
Mathematica [C] (verified) . . . . . . . . ... L 360
Maple [C] (verified) . . . . . . . . . . 367l
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... .. ..., 367
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [F] . . . o o
Mupad [F(-1)] . . . 369

Optimal result

Integrand size = 33, antiderivative size = 185

/A+Bsec(c+da:)+Csec2(c+dx) . 6BE(1(c+ dz)|2)
(bsec(c + dx))7/2 5b3d/cos(c + dz)+/bsec(c + dz)
2(5A + 7C)+/cos(c + dz) EllipticF (1(c + dz),2) \/bsec(c + dz)
21b6%d
2Bsin(c + dx) 2(6A+170) sin(c + dz) 2A tan(c + dz)
5b2d(bsec(c +dx))*? ~ 21b3d\/bsec(c +dx)  Td(bsec(c+ dx))7/?

[Out] 2/5*B*sin(d*x+c)/b~2/d/ (b*sec(d*x+c))~(3/2)+2/21*(5*A+7*C)*sin(d*x+c)/b~3/d
/ (bxsec(d*x+c))~(1/2)+6/5%B*(cos (1/2*d*x+1/2%c) ~2)~(1/2) /cos (1/2*d*x+1/2*c)
*E11lipticE(sin(1/2*d*x+1/2%c),27(1/2))/b~3/d/cos(d*x+c)~(1/2) / (b*sec (d*x+c)

)" (1/2)+2/21% (5xA+7*C) * (cos (1/2*d*x+1/2%c) "2) ~(1/2) /cos (1/2*d*x+1/2*c)*E11i
pticF(sin(1/2*d*x+1/2%c) ,27(1/2))*cos(d*x+c) ~(1/2) *(b*sec(d*x+c))~(1/2)/b~4
/d+2/T*Axtan (d*x+c) /d/ (b*sec(d*x+c) )~ (7/2)

Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 185, normalized size of antiderivative = 1.00,

— 6. humber of rules _ 182,

' integrand size Rules used

number of steps used = 8, number of rules used =
= {4132, 3854, 3856, 2719, 4130, 2720}

/ A + Bsec(c + dz) + C'sec®(c + dz) o — 2(5A4 + 7C)+/cos(c + dz) EllipticF (1 (c + dz),2) \/bsec(c + da
(bsec(c + dzx))7/? 21b4d
2(5A + 7C) sin(c + dzx) + 2Atan(c + dx)
2163d/bsec(c+ dx)  Td(bsec(c+ dx))"/2
6BE(1(c+dz)| 2) 2Bsin(c + dx)
5b3dy/cos(c + dz)\/bsec(c + dx)  5b*d(bsec(c + dx))3/2
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[In] Int[(A + BxSec[c + d*x] + CxSecl[c + dxx]~2)/(b*Secl[c + d*xx])~(7/2),x]

[Out] (6*B*#EllipticE[(c + d*x)/2, 2])/(56%b~3*d*Sqrt[Cos[c + d*x]]*Sqrt[bxSec[c +
dxx]]) + (2x(5%A + 7xC)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b
*Sec[c + d*x]]1)/(21*%b~4xd) + (2xBxSin[c + d*x])/(5%b~2xd*(b*Sec[c + d*x])~(
3/2)) + (2x(5*%A + 7*C)*Sin[c + d*x])/(21*b~3*d*Sqrt [b*Sec[c + d*x]]) + (2xA
*Tan[c + d*x])/(7xd*(bxSec[c + d*x])~(7/2))

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*xx), 2], x] /; FreeQ[{c, d}, x]

Rule 2720

Int[1/Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)¥(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Cscl[c + d*x])"(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Csc[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] & LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d#*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4130

Int[(cscl(e_.) + (£f_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)

+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*xx]*((bxCscl[e + f*x])"m/(f*m)), x] +

Dist[(Cxm + A*(m + 1))/(b"2#m), Int[(b*Cscl[e + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, £, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]x*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])~(m + 1), x], x] + Int[(b*Cscle + f*x]) "m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]
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Rubi steps

dz

integral =

B[ (bsec(c—‘fl-da:))f')/? dx + / A+ Csec?(c+ dx)
b (bsec(c + dz))7/?
_ 2Bsin(c+dx) 2Atan(c + dz)
~ 5b2d(bsec(c+ dx))3/2 " 7d(bsec(c+ dx))7/2
1
i (3B) f V/bsec(c+dz) dz + (5A + 70) f (bsec(c—ll-dz))?’/2 dz
5b3 Th?
2Bsin(c + dx) 2(bA+70) sin(c + dz) 2Atan(c + dx)
5b2d(b sec(c + dz))3/2 21b3d/bsec(c + dx) 7d(bsec(c + dx))7/?

(5A+7C’ [ /bsec(c+ dz) dz N (3B) [ \/cos(c+ dz) dz

214 5%/ cos(c + dz)+/bsec(c + dz)

B 6BE(3(c+ dz)|2) 2Bsin(c + dx) 2(5A + 7C) sin(c + dx)
563d\/cos(c + dz)\/bsec(c + dz) 5b*d(bsec(c+dz))32 " 21b3d,/bsec(c + dx)

2 Atan(c + dz) ((SA + 7C)+/cos(c + dz)+/bsec(c + dz)> i —Ts(lcmx) dz
7d(bsec(c + dz))7/? * 21b*

B 6BE(3(c+ dz) |2)
~ 5b3d./cos(c + dx)+/bsec(c + dz)

2(5A + 7C)+/cos(c + dz) EllipticF (1(c + dz),2) \/bsec(c + dz)

21b%d
2Bsin(c + dx) 2(5A+ 7C)sin(c + dx) 24 tan(c + dz)

+ 5b2d(bsec(c + dx))3/? 21b3d+/bsec(c + dz) 7d(b sec(c + dz))7/?

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 2.60 (sec) , antiderivative size = 177, normalized size of antiderivative = 0.96

504 B Hypergeometric2F1 (—1,1 3 _e2i(ctdr)) _ 404(54 + 7C

11
4’2

'S

dzr =

/ A + Bsec(c+ dz) + Csec?(c + dx)
(bsec(c+ dx))7/?

[In] Integrate[(A + B*Sec[c + d*x] + CxSec[c + d*x]~2)/(bxSec[c + dx*x])~(7/2),x]

[Out] ((504*I)*BxHypergeometric2F1[-1/4, 1/2, 3/4, -E~((2*xI)*(c + d*x))] - (40%I)
*x(5%A + 7*C)*xE~(Ix(c + dxx))*Hypergeometric2F1[1/4, 1/2, 5/4, -E~((2*I)*(c

+ d*x))] + Sqrt[1 + ET((2*I)*(c + d*x))]*(5%(23*%A + 28xC)*Sin[c + d*x] + 3%
((-84#I)*B + 14#B*Sin[2*(c + d*x)] + 5*%A*Sin[3*(c + d*x)])))/(210%b~3*d*Sqr

t[1 + ET((2%I)*(c + d*x))]*Sqrt[b*Sec[c + d*x]])
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.54 (sec) , antiderivative size = 726, normalized size of antiderivative = 3.92

method | result

24 (57; \/ —— \/ cooetdete) - BllipticF (i(— cot(d:z:+c)+csc(dm+c)),z')+5i\/ S — \/ oode ) BllipticF (i(— cot (¢
21d+/bsec(dz+c) b3

parts

default | Expression too large to display

[In] int((A+B*sec(d*x+c)+Cksec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x,method=_RETURNVE
RBOSE)

[Out] -2/21%A/d/(bxsec(d*x+c))~(1/2) /b~ 3*x(5xI*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c
)/ (cos(d*x+c)+1))~(1/2) *E1lipticF (I*(-cot (d*x+c)+csc(d*x+c)),I)+5xI*(1/(cos
(d*x+c)+1))~(1/2)*(cos(d*x+c) / (cos (d*x+c)+1))~(1/2) *E1lipticF (I*(-cot (d*x+c
Y+csc(d*x+c)) ,I)*sec(d*x+c)-3*cos (d*x+c) "2%sin(d*x+c)-5*sin(d*x+c))+2/5%B/d
/ (cos(d*x+c)+1)/(bxsec(d*x+c))~(1/2) /b~3*(3*I*(1/(cos(d*x+c)+1))~(1/2)*(cos
(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)*cos(d
*xx+c)-3*xI*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c) /(cos(d*x+c)+1))~(1/2)*Ellipt
icF (I*(-cot (d*x+c)+csc(d*x+c)),I)*cos(dxx+c)+6%I*(1/ (cos(d*x+c)+1))~(1/2)*(
cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E11lipticE(I*(-cot (d*x+c)+csc(d*x+c)),I)-6%
I*x(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1) )~ (1/2)*E1llipticF (I*(-
cot (d*x+c)+csc(dxx+c)) ,I)+3*%I*x(1/(cos(d*x+c)+1))~(1/2)*(cos (d*x+c) /(cos(d*x
+c)+1))~(1/2)*E1lipticE(I*(-cot (d*x+c)+csc(d*x+c)) ,I)*sec(d*x+c)-3*I*(1/(co
s(dxx+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticF (I*(-cot (d*x+
c)+csc(d*x+c)) ,I)*sec(d*xx+c)+cos (d*x+c) "2*xsin(d*x+c)+sin(d*x+c) *cos (d*xx+c)+
3*sin(d*x+c))-2/3*C/d/ (b*sec(d*x+c))~(1/2) /b"3*(I*(1/(cos(d*x+c)+1))~(1/2)*
(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticF (I*(-cot (d*x+c)+csc(d*x+c)) ,I)+I
*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c)/(cos(d*x+c)+1) )~ (1/2)*EllipticF (I*(-c
ot (d*x+c)+csc(d*x+c)) ,I)*sec(d*x+c)-sin(d*x+c))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.11 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.04

dzr =

/ A + Bsec(c+ dz) + Csec?(c + dx)
(bsec(c + dx))7/?

5/2(5i A + 7i C)v/bweierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) + 5v/2(=5i A — 7i C)/bwe

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm
="fricas")
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[Out] -1/105%(5*sqrt(2)*(5*xIxA + 7*I*C)*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*
X + c) + I*sin(d*x + c)) + bxsqrt(2)*(-5%xI*A - 7xIxC)*sqrt(b)*weierstrassPI
nverse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) - 63*I*sqrt(2)*B*sqrt(b)*weier
strassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))

) + 63*I*sqrt(2)*B*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0

, cos(d*x + c) - Ixsin(d*x + c))) - 2*%(15*xAxcos(d*x + c)~3 + 21*Bxcos(d*x +

c)"2 + bx(5*%A + T7xC)*cos(d*x + c))*sqrt(b/cos(d*x + c))*sin(d*x + c))/(b"4

*d)

Sympy [F]

/A+Bsec(c+dx) + C'sec?(c + dz) g — / A+ Bsec (c+ dz) + C'sec? (c + dx) i
(bsec(c + dz))/2 (bsec (c + dz))

7
2

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)**2)/(bxsec(d*x+c))**(7/2),x)

[Out] Integral((A + Bksec(c + d*x) + Cxsec(c + dxx)#**2)/(bxsec(c + d*x))*x(7/2),
x)

Maxima [F]

/A+Bsec(c+da:) + C'sec?(c + dx) dp — / C'sec (dz + ¢)* + Bsec (dz + c) +Ada:
(bsec(c + dz))"/? (bsec (dx + c))%
[In] integrate((A+Bxsec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm
="maxima")
[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c) + A)/(bxsec(d*x + c))~(7/2),
)

o]

Giac [F]

/A+Bsec(c+dx)+Csec2(c+dx) dgl:_/Csec(dav—i—c)2+Bsec(daﬂ+c)+Aahlc
(bsec(c + dz))"/ (bsec (dz + c))%

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)”2)/(b*sec(d*x+c))~(7/2),x, algorithm
="giac")

[Out] integrate((C*sec(d*x + c)~2 + B*sec(d*x + c) + A)/(bxsec(d*x + ¢))~(7/2), x
)
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Mupad [F(-1)]

Timed out.

A+ Bsec(c+ dz) + C'sec?(c + dzx) A+ cos(clj-dx) + cos(cidx)Z
dx = dx
(bsec(c+ dx))7/? b 7/2
(cos(c+d z))

[In] int((A + B/cos(c + d*x) + C/cos(c + d*xx)~2)/(b/cos(c + d*x))~(7/2),x)
[Out] int((A + B/cos(c + d*x) + C/cos(c + d*xx)~2)/(b/cos(c + d*x))~(7/2), x)
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CHAPTER 4

4.1 Listing of Grading functions

APPENDIX

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)

(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)

(*
(*

(* ::Subsection:: *)

Small rewrite of logic in main function to make it*)
match Maple's logic. No change in functionality otherwis

(*GradeAntiderivative[result,optimal]*)

(* ::Text:: *)

(*If result and optimal are mathematical expressions, *)

371



372

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];
expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complez*)
If [1leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}

, (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
» (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (*ELSE*) (*result does mnot contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}
1;
finalresult

(* ::Text:: *)
(*The following summarizes the type number assigned an *)

Result,leafCor

leaf count i

f optimal. $":

al. Order "<>




(*expression based on the functions it involves*)
(*¥1 = rational function*)

(¥2 = algebraic function*)

(*¥3 = elementary function*)

(%4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(*7 = rootsum function*)

(*¥8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType[expn[[1]]],
If [Head[expn[[2]]]===Rational,
If[IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]1],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],71]1,
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
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Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
},func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);




#
#
#
#
#
#
#
#

IIFII

IICII
"BII

IIAII
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#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=", ExpnType
fi;

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

if ExpnType_result<=ExpnType_optimal then

if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non s

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",

rsion issues

. optimal);

af count of




convert (leaf_count_optimal,string)," ) = ",con

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
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print("result do not contain complex, this assumes optimal do

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;

return "B",cat("Leaf count of result is larger than twice the lea
convert(leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver

fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal. Or

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

vert (2*leaf_c

not as well")

f count of op

t (2+leaf_coun

der ",
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The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

ExpnType := proc(expn)

if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest(expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
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9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriciF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:




379

Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False
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except AttributeError as error:
return False

def expnType(expn):

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)), maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, 1list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:

,ezpn) ), Expn Ty

x')

ist,expn]],7]],
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

grade_annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation

382

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth’,'arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question /49179 /what—is—sagemath—equivalent—to—atomic—t;
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1list: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)




385

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #mazx(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn.
Add) or isinst

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

>sult is larger th

1. "+str(leaf ¢

xpnType_ resul
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	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)

	 ^m(c+d x) (A-A (1+m) ^2(c+d x)  m)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)

	 (b (c+d x))^5/2 (A+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (b (c+d x))^3/2 (A+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 b (c+d x) (A+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C ^2(c+d x)  b (c+d x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C ^2(c+d x)  (b (c+d x))^3/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C ^2(c+d x)  (b (c+d x))^5/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C ^2(c+d x)  (b (c+d x))^7/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C ^2(c+d x)  (b (c+d x))^9/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 3+3 ^2(c+d x)  (c+d x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^m(e+f x) (m-(1+m) ^2(e+f x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)

	 ^5(e+f x) (5-6 ^2(e+f x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^4(e+f x) (4-5 ^2(e+f x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^3(e+f x) (3-4 ^2(e+f x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(e+f x) (2-3 ^2(e+f x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (e+f x) (1-2 ^2(e+f x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 -^2(e+f x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 -(e+f x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(e+f x) (-2+^2(e+f x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^3(e+f x) (-3+2 ^2(e+f x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^4(e+f x) (-4+3 ^2(e+f x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^5(e+f x) (-5+4 ^2(e+f x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^3(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (c+d x) (B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (c+d x) (B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^3(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^4(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^5(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^6(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (b (c+d x))^3/2 (B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 b (c+d x) (B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 B (c+d x)+C ^2(c+d x)  b (c+d x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 B (c+d x)+C ^2(c+d x)  (b (c+d x))^3/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 B (c+d x)+C ^2(c+d x)  (b (c+d x))^5/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 B (c+d x)+C ^2(c+d x)  (b (c+d x))^7/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 B (c+d x)+C ^2(c+d x)  (b (c+d x))^9/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^4(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^3(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^3(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^4(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^5(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^6(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (b (c+d x))^3/2 (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 b (c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+B (c+d x)+C ^2(c+d x)  b (c+d x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+B (c+d x)+C ^2(c+d x)  (b (c+d x))^3/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+B (c+d x)+C ^2(c+d x)  (b (c+d x))^5/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+B (c+d x)+C ^2(c+d x)  (b (c+d x))^7/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
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